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Preface 


Are you ready for an experiment? Then please fix the first thought that comes to 
your mind when you are asked “What is a sine function?” Once you have done 
that compare your answer with the four options on page xiii. 

Did you chose (b)? Indeed most of us memorize pictures more easily than 
formulas, and an overwhelming majority of people associate with the sine function 
the wavy curve of its graph. 

However, this is a book on complex functions. So let me ask again and more 
precisely, “What is a complex sine function ?” Probably this time your inner eye 
refuses to show you a picture, and this happens for a simple reason - our brain 
is trained to visualize objects in three spatial dimensions, while the graphs of 
complex functions live in a four-dimensional space. Hence most of us are unable 
to imagine such an object. 



Figure 1: An (enhanced) phase portrait of the complex sine function 

But the situation is not completely hopeless since the missing spatial dimension 
can be added using color. The figure above shows an image of the complex sine 


IX 



X 


Preface 


function, and though you probably cannot interpret this cryptic picture yet, this 
will change when you have read this book. 

What it is about. This textbook is an introduction to theory and applications of 
complex functions. The presentation is intuitive and requires only basic knowledge 
of calculus. Volume 1 covers the standard topics of a first course in complex anal- 
ysis. With a few exceptions all results are provided with proofs. The forthcoming 
Volume 2 will be devoted to selected topics and various applications of complex 
methods, like integral transforms, boundary value problems, and signal analysis. 

What distinguishes this book from other texts in the first instance is the 
systematic use of phase portraits , a special coloring technique which visualizes 
functions as images. Readers will learn not only how properties of a function are 
reflected in and can be read off from its phase portrait, but also how experiments 
with phase portraits can be designed and adapted to answer specific questions. 

Secondly, I have gone about building the theory of complex functions in a 
manner that is somewhat out of fashion these days. It is well known that the three 
prominent protagonists of complex function theory in the 19th century, Augustin 
Louis Cauchy, Bernhard Riemann and Karl Weierstrass, considered the subject 
from differing points of view. Most contemporary textbooks 1 develop the theory 
of analytic functions along the ideas of Cauchy and Riemann, with complex differ- 
entiability as the entry point, followed by complex integrals. Here we adopt Karl 
Weierstrass’ constructive approach via power series, which also best exemplifies 
the intrinsic evolution of mathematical concepts: once the complex number sys- 
tem is established, the interplay between asking questions and looking for answers 
guides us from one step to the next till we almost inevitably end up with Riemann 
surfaces. 

Why to read it. Complex functions are everywhere. Besides their relevance in most 
fields of mathematics, they have also become indispensable tools in the natural 
sciences and engineering. It was Carl Friedrich Gauss, an outstanding pioneer of 
complex analysis, who already wrote in the first half the 19th century: 2 

“Die vollstandige Erkenntniss der Natur einer analytischen Function muss 
auch die Einsicht in ihr Verhalten bei den imaginaren Werthen des Arguments 
in sich schliefien und oft ist sogar letztere unentbehrlich zu einer richtigen Beur- 
theilung der Gebarung der Function im Gebiete der reellen Argumente . ;; 

“■ Complete knowledge of the nature of an analytic function must also include 
insight into its behavior for imaginary values of the arguments, and often the latter 
is indispensable for a proper appreciation of the behavior of the function for real 
arguments . ;; 

Complex functions sometimes have the reputation of being mysterious enti- 
ties; seeing these alien objects may help to overcome the awe one might feel while 
dealing with them. 


1 One of the rare exceptions is Noguchi [46]. 

2 Gauss Werke Vol. 10, No 1, p. 405, quoted after [56] 
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Phase portraits provide functions with an individual face and deepen our 
intuitive understanding of basic and advanced concepts in complex analysis. They 
reveal intrinsic structures behind the formulas, literally open our eyes to the won- 
derful realm of complex functions, and may serve students, teachers, scientists, 
and engineers as simple and efficient tools in their work. 

It is my conviction that even experienced mathematicians can benefit from 
this visual approach as it might help them to get a fresh perspective on old prob- 
lems and inspire them to ask new and more challenging questions. 3 

How to read it. We assume that readers have some knowledge of real numbers, cal- 
culus, and two-dimensional Euclidean geometry. Though the text is self-contained, 
it may also serve as a companion to one of the many excellent textbooks on com- 
plex analysis; this is certainly an option for those who are interested in phase 
portraits but do not like Weierstrass’ approach. Readers who are already familiar 
with complex functions may not need to do more than simply browse through 
the book, look at the illustrations, and pick out themes they find interesting to 
investigate further. 

A number of worked out examples demonstrating the use of phase portraits 
are scattered throughout the text. More importantly, readers are invited to partic- 
ipate actively and create their own experiments. With a computer and some basic 
software it is quite easy to generate nice and interesting pictures. For example, 
making a phase portrait of an elementary function requires less than ten lines of 
MATLAB® code. 4 

What it contains. After some general comments on the visualization of complex 
functions and an informal introduction to phase portraits in Chapter 1, the sys- 
tematic exposition begins in Chapter 2. Having established the system of complex 
numbers and their arithmetic operations, we investigate general properties of func- 
tions and discuss various options for their pictorial representation. 

Equipped with the toolkit of phase portraits, we explore and discover ana- 
lytic functions in Chapter 3, following some ‘natural’ line of development. We 
begin with those functions that can be formed using only the four basic arithmetic 
operations: polynomials and rational functions. In the next step, limit processes 
lead to power series, which in turn are the local building blocks of general analytic 
functions. Weierstrass’ disk chain method of analytic continuation facilitates the 
transition from local to global entities. The functions resulting from this procedure 
however, may be ‘multiple- valued’, which does not fit into the usual concept of 
a function. A satisfactory solution, functions on Riemann surfaces, is technically 
more demanding and will therefore be postponed till Chapter 7. Those unhappy 
with this proposal may continue with Chapter 7 directly after Chapter 3. 

In Chapter 4 we bring in the concept of complex differentiability. It allows 

3 Why do the orbits of the mathematical pendulum show up in the phase portrait of the sine 
function depicted in Figure 1? 

4 MATLAB is a registered trademark of the MathWorks Inc. Most images in this book have been 
created using MATLAB. 
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us to push the theory much further and helps us to avoid cumbersome manip- 
ulations with power series. Here we develop the powerful machinery of complex 
calculus, including series expansions, path (contour) integrals, integral formulas, 
and residues. 

In Chapter 5 we have collected various techniques for constructing analytic 
functions: sequences, series, products and integrals. A central theme is the notion 
of normal convergence, which in connection with Montel’s theorem provides us 
with an efficient tool for verifying the existence of solutions to extremal problems. 

The focus of Chapter 6 is on geometric aspects. Here we adopt Riemann’s 
view of complex functions as mappings between (domains of) two complex planes. 
In this geometric setting, analytic functions are characterized as angle preserving 
mappings. A large part of the chapter is devoted to bijective conformal mappings 
between specific domains, in particular to Mobius transformations, elliptic inte- 
grals, and Schwarz-Christoffel mappings. Highlights are the Riemann mapping 
theorem and the Caratheodory-Osgood theorem on boundary correspondence. 

Chapter 7 is devoted to Riemann surfaces, and we will look at them at varying 
levels of abstraction. Concrete Riemann surfaces are constructed from a patchwork 
of function elements, abstract Riemann surfaces are modelled as manifolds on a 
topological space. Since phase portraits are images, functions on Riemann surfaces 
can be depicted directly on the familiar models of such surfaces embedded in three- 
dimensional space. In the alternative representation of a function on the (flat) 
sheets of its Riemann surface, phase portraits help us to locate the branch cuts 
and to explore in which way the different sheets are glued along their edges to 
form the global surface. 

Literature. It is impossible to list the vast existing literature of introductory texts 
in complex analysis. Within the last ten years alone, more than 25 textbooks 
in English have been published in this field. In writing this text I benefitted 
especially from Ablowitz and Fokas [1], Donaldson [9], Freitag [20], Freitag and 
Busam [21], Henrici [26], Krantz [31], [33], Lin [35], Lorenz [36], Marsden and Hoff- 
man [41], Needham [44], Norton [47], Palka [52], Remmert [56], Schabat [62], and 
Ullrich [67]. Since many results, proofs and examples are standard, references are 
not often explicitly mentioned. The list of references at the end is based on the 
literature which was available and useful to me, and which I can recommend to 
students. However, this list is by no means complete and could be supplemented 
by a great number of other excellent texts. An interested reader will certainly have 
no problems in finding appropriate material for further reading which suits his or 
her taste better. 

A plea for phase. Since this is a book involving phase portraits, let us spend 
a few moments exploring the role of phase in general. Basically there are two 
representations of complex numbers, the cartesian form z = x + i y and the polar 
form z = r (cosip + i sirup). While the first one uses the real part x and the 
imaginary part y , the polar form employs the modulus r and the argument ip of z. 

5 According to Zentralblatt Mathematik. 


Preface 


xm 


Among these quantities x, y and r are uniquely determined, but this is not so for p>. 
This multi-valuedness makes the argument somewhat unwieldy, and students often 
try to avoid using it. 

A simple trick may help to resolve this complication: substitute the argu- 
ment p> by the phase cos p> + i sin p> whenever possible. Since the phase of z is just 
z/\z\, it is well defined for all complex numbers except zero. 

Compared to the modulus, the importance of phase is often underestimated. 
But the truth is, due to a subtle asymmetry between modulus and phase, the phase 
of a function sometimes delivers even more information than the modulus. 6 Since 
phase portraits depict the color-coded values of the phase on the domain of the 
function, it is my hope that their use may contribute to give phase the attention 
it deserves. 


My acquaintance with complex functions dates back almost forty years, but 
it took a long time until I could begin to see my friends. I love them even more 
ever since I know their phases. This book has been written to let you share my 

joy. 





oo 


B 

k = 0 



^2k+l 

(2k + 1 ) ! 


Figure 2: What do you associate with the sine function? 
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A picture is worth a thousand words. 
Folklore 


Chapter 1 

Getting Acquainted 


Graphical representations of functions belong to the most useful tools in mathe- 
matics and its applications. While graphs of (scalar) real-valued functions can 
be depicted easily in a plane, the graph of a complex function in one variable 
is a surface in four-dimensional space. Since our imagination is trained in three 
dimensions, most of us have difficulties in ‘seeing’ such an object. 


A traditional con- 
cept for visualizing com- 
plex functions is the so- 
called analytic landscape. 

Probably introduced by 
Edmond Maillet [40] in 
1903, it depicts the graph 
of the absolute value of 
a function. In the first 
half of the preceding cen- 
tury analytic landscapes 
became rather popular. Fi- 
gure 1.1 reproduces a his- 
torical illustration from the 
book [27] by Jahnke and 
Emde of 1909. It shows the 
analytic landscape of the 
complex Gamma function 

and reached an almost iconic status. Today it is hard to believe that this detailed 
hand-drawn picture could be created without the help of computers ! 



Figure 1.1: A historical analytic landscape 


Analytic landscapes involve only the modulus part of a function, the argument 
part is lost. In the era of black-and-white illustrations this shortcoming was often 
compensated by endowing the analytic landscape with lines of constant argument 
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as in Figure 1.1, where the argument is explicitly indicated by its numerical value. 
Modern computer techno- 
logy allows us to achieve 
the same effect much bet- 
ter using colors , which 
yields the colored analytic 
landscape shown in Fig- 
ure 1.2. One should not 
worry about the correct in- 
terpretation of colors here, 
this will be explained in 
some detail in Section 2.5, 
but comparing the figures 
reveals that the isochro- 
matic lines of Figure 1.2 
correspond to the lines of 

constant argument in the ^ n T . n 7 r 

. . . . . . fugure 1.2: Colored analytic landscape of 1 

historical .figure 1.1. 

With colored analytic landscapes the problem of depicting complex functions could 
be considered solved. But if there is such a nice way of visualization, then why 
are many textbooks on complex analysis without a single picture of a function? 

The first reason why even professional mathematicians have never seen the 
entities they are working with is that beautiful analytic landscapes are not easy 
to generate, even with contemporary software. And, honestly, does one learn so 
much more from simply seeing the towers? 




Figure 1.3: Plain and colored analytic landscape of f(z ) = exp(l/z) 

In fact there are situations where the use of plain analytic landscapes, depicting 
only the modulus of a function, can be misleading. For example, the analytic 


1 Rich sources of analytic landscapes are the Digital Library of Mathematical Functions [49], the 
accompanying Handbook of Mathematical Functions [50], the Atlas of Functions [48], and the 
Wolfram Functions Site [72]. 
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landscape of the function f(z ) = e 1 ^ shown in Figure 1.3 (left) does not differ 
very much from one with a pole and a neighboring zero, though the behavior of 
the function is quite different and much more involved, as can be seen in Figure 1.3 
(right) which has the phase information added. 

Finally, everybody who tried to use analytic landscapes seriously knows that 
it might be rather difficult to read off the information one is interested in. The 
range of the modulus of a function can be quite large, and often essential parts 
are hidden in the valleys behind mountain rims or covered by the towers of poles. 

The best one can do in such situations 
is to look at the colored analytic landscape 
straight from the top. The result is a flat 
color image, as is shown in Figure 1.4 for 
the Gamma function. This phase portrait 
represents the color coded phase (or argu- 
ment) of the function. Like the plain ana- 
lytic landscape, the phase portrait depicts 
only ‘one half’ of a function, but it turns 
out that the phase is better suited than the 
modulus to understand a function and to 
reconstruct its properties. And one goal of 
this book is to convince you that it is really 
so. 

Even if one does not know how phase portraits are constructed, it is clear that 
the functions depicted on this page are quite different, and with some intuition 
one can perhaps even guess some of their properties. 



Figure 1.4: A phase portrait of Y 




Figure 1.5: What can we learn from these phase portraits? 

How phase portraits can be decoded is a theme which runs parallel to the main 
course of the book. Since the reader might be curious to see how specific properties 
of a function are reflected in its phase portrait, we give some informal introduction 
right now. 
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A plain phase portrait of a complex function / is an image which depicts the color- 
coded phase //| /| on the domain of /. Since the values of the phase he on the 
complex unit circle, they can be represented on a ‘color wheel’. The phase portraits 
in Figures 1.4 and 1.5 are constructed in this manner, using the standard hsv color 
scheme. Of the three parameters hue , saturation , and value , only the first one is 
involved, representing saturated colors on a circle, as in the Figure 1.6 (left). The 
picture in the middle shows the color-coded phase of points in the complex plane. 




Figure 1.6: The color wheel, a plain and an enhanced phase portrait of f(z) = z 


Though phase portraits do not take into account the modulus of a function, they 
contain enough information to reconstruct analytic functions uniquely up to a 
positive factor. Nevertheless, we shall often resort to enhanced phase portraits, 
which allow one to read off particular features more easily. 

Figure 1.6 (right) depicts such an image of f(z ) = z, where pure colors 
(decoding phase) are overlayed by shades of gray. An enhanced phase portrait 
of a more complicated function is shown in Figure 1.7. How these pictures are 
generated is discussed at length in Section 2.5, here we only give some intuitive 
description. 

First of all we remark that the discontinuities of the gray-shading form two 
families of lines. One family consists of isochromatic lines , along which / has 
constant phase. The second family, perpendicular to the first one, is formed by 
(logarithmically spaced) contour lines of the absolute value |/|. Both families 
together subdivide the square depicted into ‘tiles’ of different shapes and sizes. 

Looking at Figure 1.7 we immediately discover a few exceptional points where 
all colors meet, three such points are marked Z, P and E. Comparing first Z and 
P, we see that near Z every color appears only once, while the color circle is run 
through twice when we move around P. Another difference between the two points 
is the orientation of colors. Walking around Z in the counter-clockwise direction, 
we meet the colors in the order red, yellow, green, blue, while this order is reversed 
at P. The explanation is that Z is a simple zero of /, while P is a double pole. 
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Figure 1.7: The enhanced phase portrait of an analytic function 

The behavior of the function near E is obviously rather wild. This point is an 
essential singularity. We shall see in Section 4.4 that in any neighborhood of an 
essential singularity the function attains almost all complex numbers as values. 
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Another interesting observation is the crossing of two (green) isochromatic 
lines at point S. Such points are called saddle points , they appear at the zeros of 
the derivative f of /. From the structure of the isochromatic lines through S one 
can read off that S' is a simple zero of f . There are other saddle points which are 
hidden in some amoeba-like tiles, for example in the region marked D. Though 
the isochromatic lines through this point are not enhanced, and thus the precise 
location of the saddle cannot be seen, the order of the zero of f can be determined 
from the shape of the tile D in which it is contained. Can you guess it? 

Along the black line C (which has been inserted for clear visualization) the 
colors on the left side do not fit with the colors to the right. This line of discon- 
tinuity is a branch cut If we would fix its endpoint F>, which is a branch point 
of the function /, and move the cut to the right, we would see that the left part 
of the phase portrait in fact extends to the right, and vice versa. The function / 
admits an analytic continuation across the cut. This observation gives the clue to 
the construction of Riemann surfaces. 

The phase portrait also contains information on the growth of the function. 
The isochromatic lines coincide with the line of steepest descent (or ascent) of |/|. 
Walking along such a line, we cross the (perpendicular) family of contour lines , i.e., 
the lines of constant modulus |/|. Between two consecutive crossings the modulus 
of / is always changing by the same factor c. The color scheme is chosen such 
that the value of c can be read off from the phase portrait; it is c = e 2?r / n , where 
n denotes the number of enhanced isochromatic lines of different color. In the 
example at hand there are nine such lines (which can be conveniently counted at 
the point Z, for instance), so that c = 2.009993 ... is almost 2. In which direction 
| /| decreases or increases can be seen from the ordering of the colors. For example, 
travelling along a yellow line with red to the right and green to the left, one moves 
in the direction of increasing |/|. So we see that |/| increases towards the upper 
right corner of the rectangle depicted. While the growth of |/| is still moderate 
in that region, it is much faster when we approach the point E from its ‘upper’ 
(‘wild’) side. In contrast to this, the function behaves quite tamely in the region 
‘below’ E. 

The reader may wonder why the growth of / was related to the number 
of different isochromatic lines and not to the contour lines of |/|. The reason is 
that the parameters of the enhanced phase portraits are chosen such that the 
‘densities’ of both families coincide. But while one usually can count easily how 
many enhanced isochromatic lines of different colors a phase portrait has (for 
instance in a neighborhood of a zero or a pole), similar information for the contour 
lines is not accessible directly. 

That phase portraits with equal densities of isochromatic lines and contour 
lines can be at all constructed rests on a special property of analytic functions, 
which also manifests itself in the shape of the tiles. Inspection of the phase portrait 
in Figure 1.7 reveals that almost all tiles are curvilinear quadrilaterals with right- 
angled corners and almost equal side lengths. A detailed explanation of this effect 
will be given in Chapter 6, it suffices here to say that it is based on the conformality 
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of the mapping z w := f(z ), which means that the oriented intersection angles 
between curves in the z-plane and their image curves in the re-plane are always 
the same. 



Figure 1.8: The enhanced phase portrait of a non- analytic function 


Figure 1.8 shows an enhanced phase portrait of a function which is not analytic. It 
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visualizes the superposition of three (complex) circular waves emerging from three 
points on the vertical symmetry axis of the rectangle. The ‘upper’ and the ‘lower’ 
waves are synchronized, while the ‘middle’ one has a lower frequency. The general 
appearance of this phase portrait is quite different from Figure 1.7, for instance it 
lacks the typical rectangular tiling pattern, in some regions the isochromatic lines 
are almost parallel to the contour lines. 

Practical applications of phase portraits will be presented in Volume 2. In 
order to give a idea of what it is about, we sketch an example from signal process- 
ing. 

An analog signal is a (real or complex valued) function / = f(t) on the 
real line (in an appropriate function space). The function / is also referred to 
as the time-domain representation of the signal. Signals can be decomposed into 
harmonic oscillations e 1UJt by means of the Fourier (or Laplace) transform, which 
associates with each frequency uj the magnitude a(uj) and the phase p(uj) of the 
signal. The result of this spectral analysis is a frequency -domain representation 

F(w) = a(w) e iv(w) 


of the signal, which is said to be the spectrum of /. Under appropriate assumptions 
the spectrum F of a signal extends from the real line to an analytic function in 
some domain, for instance in the upper half-plane. 

Signals can be processed in various ways. The operators which do such trans- 
formations can often conveniently be described in the frequency domain. For ex- 
ample, a filter is a system which operates such that the spectrum F of the input 
signal and the spectrum G of the output signal G are related by a simple mul- 
tiplication G(uj) = H(uj)F(uj). The function H characterizes the performance of 
the Liter and is said to be its transfer function. More precisely, the modulus of 
\H(uj)\ is the amplification (\H(uj )\ 2 is the gain) and the argument arg H(uS) is 
the phase shift induced by the filter operating on a harmonic oscillation with fre- 
quency uj. Transfer functions of filters are analytic in a half-plane (which is the 
upper half-plane in case of the Fourier transform and the right half-plane for the 
Laplace transform); typically they are even rational functions. 

Filters have to be designed for serving various purposes, and often require- 
ments are contradictory. For example, the transfer function of an ideal low pass 
filter should fulfil H{uj) = 1 for |cj| < ujq (pass-band) and H(uj) = 0 for |u;| > ujq 
(stop-band), but no transfer function satisfying these conditions can be realized. 
So Liter design is an optimization problem where one has to Lnd a compromise 
between conLicting requirements. 

The Lrst mathematical construction of an approximate low pass Liter is due 
to Stephen Butterworth in 1930. The transfer function of a Butterworth filter of 
order n is 


H(z) 


n 


n 

k= 1 


1 


(z/vo) 
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Figure 1.9: Phase portrait of a Butterworth filter with contour lines of | H 

Figure 1.9 depicts the phase portrait with enhanced contour lines of \H\ of the 
transfer function of a Butterworth filter of order 9. Since the Laplace transform 
is more common in applications than the Fourier transform we have adopted here 
the usual convention to rotate the complex plane such that H is analytic in the 
right half-plane. Consequently the frequency response is the function uj i— >> 
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The nine equally spaced white dots are the poles of H at the points zi, . . . , zg, 
the black dot in their center is the origin. The black-and-white vertical line is 
the imaginary axis on which the frequency response lives. The white segment 
corresponds to the pass-band, the black segments represent the stop-band(s) of 
the ideal low pass filter. In the white zone the amplification \H\ is almost constant 
and equal to one. Along the black segments the modulus decays with increasing 
|cj|. Between two neighboring contour lines of \H\ the modulus of H changes 
approximately by a factor of 2. The colors represent the phase shift. 

Figure 1.10 visualizes amplification (left) and phase shift (right) of the same 
filter as functions of the frequency. Note that the horizontal and the vertical axes 
are scaled logarithmically. These graphical representations are called Bode plots. 
After some training in interpreting phase portraits these diagrams can be read off 
from Figure 1.9. 



Figure 1.10: Bode plots of Butterworth filter: gain (left) and phase delay (right) 


Here our short excursion with phase portraits comes to an end. Before we begin 
the systematic investigation of complex functions, two general remarks may be 
helpful. 

The first one is a warning: never forget that phase portraits are pictures, 
and pictures can be misleading. For example, essential details may not be visible 
because of low resolution, or the values of a function can he in a range where the 
phase is almost constant. Using phase portraits for exploring a function requires 
critical thinking about what one observes. 

The second comment is to share a simple trick with you which often helps to 
make dull phase portraits more interesting. 

Adding a constant is usually considered as a minor change to a function, but 
it may (and usually does) change its phase portrait completely. For example, if 
the constant c is sufficiently large, then the phase portrait of / + c will be almost 
monochromatic, which is typically not what we want. On the other hand, adding 
an appropriate constant can be quite useful. For instance, if a phase portrait of a 
function / is almost monochromatic, choose some point z o dr the region of interest 
and consider the function / — /(zo). Since this function is small near z 0 , its phase 
portrait has a high resolution and acts like a microscope focused at this point. 
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While reading this book you may wonder about the colored stripes in the margins 
of some pages (like this one) . These are phase portraits of one of the most fascinat- 
ing functions, the Riemann Zeta function , which will be introduced in Section 5.3 
and studied further in Section 5.6 and in Volume 2. An explanation of what these 
images show is given on page 249, here we only remark that they are related to the 
famous Riemann hypothesis , which is one of the seven Millennium Prize Problems. 
The correct solution to any one of these problems will be honored by a 1,000,000 
US-dollar prize to be awarded by the Clay Mathematics Institute. 



Figure 2.1: Phase portrait of the function f(z ) = ((iz) 17 — l)/ (iz — 1)) 


Chapter 2 

Complex Functions 


The functions we shall be exploring in this book are complex- valued functions of a 
single complex variable. When we speak of complex functions, we do not necessarily 
mean that these functions are analytic, although emphasis will be placed on this 
special and extremely important class. 

We begin with a condensed introduction to the arithmetic and geometry of 
the complex number system. This is not intended as a full course on the subject; we 
shall give only a brief summary of some fundamental facts and fix some notation. 
Readers who have never worked with complex numbers before are advised to 
supplement the study of this text by consulting one of the more comprehensive 
textbooks, like Krantz [19], Lin [35], Marsden and Hoffmann[41], Needham [44], 
Palka [52], to mention a few. 

The second section reviews some basic material about functions in general, 
with emphasis on complex functions. This topic is continued in Section 2.3, where 
the focus moves to geometric aspects of complex functions as mappings between 
(subsets of) two copies of the complex plane. In particular we investigate the 
arithmetic operations as geometric transformations. 

In Section 2.4 we briefly discuss a classical approach for visualizing complex 
functions: the analytic landscape or module surface. Although traditionally it was 
used to depict only the modulus of a function as a graph, the missing information 
about the argument can be conveniently incorporated by coloring this surface. 

In Section 2.5 we lay the groundwork for the central topic of this book: 
visualization and exploration of complex functions by color representations. We 
begin by briefly touching upon the method of domain coloring, which depicts 
a function on its domain by a color representation of its values. A similar idea 
is utilized in phase portraits , which we introduce and discuss next. In contrast 
to conventional domain coloring, these images represent the color-coded phase 
(argument) of a function only and neglect its modulus. Nevertheless, the phase 
portrait contains enough information to reconstruct an analytic function uniquely 
up to a scaling factor. 


E. Wegert, Visual Complex Functions: An Introduction with Phase Portraits, 
DOI 1 0. 1 007/978-3-0348-0 1 80-5_2, © Springer Basel 2012 
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Quite a number of properties of a function can immediately be read off from 
its phase portrait. Modifications of the underlying color scheme allow us to visu- 
alize additional information, which further improves the readability. The section 
ends with a discussion about the construction of phase portraits on the Riemann 
sphere by stereographic projection. This part can be skipped on a first reading. 

In Section 2.6 we briefly consider sequences of complex numbers and study 
their convergence in the complex plane and on the Riemann sphere. We also review 
some elementary properties of continuous functions. 

Finally, in Section 2 . 7 , some relevant facts from plane geometry are summa- 
rized. Special attention is paid to the concepts of honrotopic paths and winding 
numbers. 

We will assume that the reader is familiar with the fundamental facts of 
arithmetic, linear algebra, real analysis, and plane topology. Readers with some 
background in complex numbers may skip the first three sections and go directly 
to Section 2 . 4 . 

All notation will be explained where it appears for the first time, here we 
just mention that N, Z + , Z, R, and M + denote the sets of natural numbers (in- 
cluding zero), positive integers, integers, real numbers, and positive real numbers, 
respectively. 


2.1 Complex Numbers 

The Euclidean Plane. Our starting point is M 2 , the set of ordered pairs (x,y) 
of real numbers. Interpreting x and y as Cartesian coordinates of a point in the 
plane, M 2 is said to be the Euclidean plane. We shall therefore identify points in 
the plane and pairs (x, y ) of real numbers. 

Arithmetic Operations. Next we introduce arithmetic operations with points in 
M 2 . The sum and the product of (#1,2/1) and (#2,2/2) are defined as follows : 1 

(#i, 2 /i) + (#2,2/2) := (#1 +#2,2/1 +2/2), ( 2 . 1 ) 

(#i, 2 /i) ‘ (#2,2/2) := (#i#2 - 2/12/2, #12/2 + 2/i#2). ( 2 . 2 ) 

While the rule for addition is familiar from the corresponding vector operations, 
the multiplication rule looks a bit odd. It was the Irish mathematician Rowan 
William Hamilton who discovered that the above definition of multiplication is 
the only one which is compatible with (vector) addition. Here “compatible” means 
that both operations together satisfy the ordinary arithmetic rules known from the 
real numbers, namely the associative, commutative and distributive laws. We shall 
not verify them here, but readers who are seeing this definition for the first time 
are encouraged to check them. 


Hn (2.1), (2.2), and throughout the text, the sign := indicates a definition: the object on the 
left-hand side is defined by the expression on the right. 
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The pairs (0,0) and (1,0) are the neutral elements of addition and multipli- 
cation, respectively, i.e., for all (x, y) € R 2 

(x, y) + (0, 0) = (x, y), ( x , y) ■ (1, 0) = (x, y). 

Further, the pairs of type (x, 0) obey the simple arithmetic rules 

(x,0) + 0,0) = (x + y, 0), (x, 0) • 0,0) = (xy, 0), 

which allows one to identify (x,0) with the corresponding real number x, i.e., 
x = (x,0). In particular the pairs (0,0) and (1,0) represent the real numbers 0 
and 1, respectively. 

The Imaginary Unit. Besides the two special numbers zero and one, the third 
distinguished element is the imaginary unit i := (0, 1). This extraordinary object 
satisfies the identity 


i 2 : = i • i = (0, 1) • (0, 1) = (—1, 0) = — 1, 

which demonstrates that the square of a complex number can be negative. The 
idea of denoting the imaginary unit by the symbol i dates back to a paper by 
Leonhard Euler in 1733. 

Using x = (x,0), y = (y, 0), and the definition of multiplication, we obtain 
(x,y) = (x, 0) + (0, 1) • (y, 0) = x + i ■ y, which is the complex representation of the 
pair (x,y). Omitting the dot denoting multiplication we obtain the conventional 
form x-\-i y of writing complex numbers. Usually complex numbers are denoted by 
a single letter, as in 

z := x + i y. 

Because the product is commutative, there 
plex number as x + i y or x + y i. 

The Complex Plane. Any complex 
number z = x + i y with x, y E M can 
be identified with the point in the Eu- 
clidean plane M 2 having Cartesian co- 
ordinates x and y. In this context we 
refer to M 2 as the complex plane , or the 
Gaussian plane , and denote it by C. 

The coordinates x and y are said 
to be the real part and the imaginary 
part of z, respectively, and written as 
x = Rez and y = Imz. Note that the 
imaginary part of x + \ y is the real 
number y, and not i y as its name might 
suggest. 


is no difference in representing a com- 



Figure 2.2: The complex plane 
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We point out that z = x + i y does not necessarily imply that x is the real 
part and y is the imaginary part of z, this only follows if x and y are real. However, 
here and also later we shall often automatically assume that x and y are both real 
without explicit mention. 

Complex numbers with Re z = 0 are called purely imaginary , the imaginary 
axis is the set of all purely imaginary numbers, the real line R is identified with 
the real axis consisting of all complex numbers with vanishing imaginary part. 

The unfortunate attribute “imaginary” enshrouds complex numbers with 
some kind of mystery. In fact, in the construction of number systems, the transi- 
tion from real to complex numbers is only a small step which, as we have seen, 
causes no serious problems once the right approach is found. On the other hand, 
even after a long time of historical development, the foundation of the real number 
system still remains rather technical. So the real numbers are actually the non- 
trivial objects which still have their deep secrets. Given real numbers, complex 
numbers are just pairs of reals, endowed with some additional arithmetic. 

More Arithmetic. Indeed, the arithmetic rules are the reason for writing complex 
numbers in their usual form x-\~\ y, and not as pairs (x, y). Remembering that the 
imaginary unit exhibits the fundamental property i 2 = — 1 is all what one needs to 
compute the sum and the product of complex numbers: just treat i as a variable, 
apply the arithmetic rules known from the reals, and simplify the result so that it 
gets the form x + i y. 

In the next step subtraction and division are introduced as the reverse op- 
erations of addition and multiplication, respectively. The difference z\ — z 2 of 
z\ = x\ + iyi and z 2 = £2 + i 2/2 is the unique number z which solves the equation 
Z2 -\- z = zi, i.e., 

z = Oi +iyi) ~ {x 2 -H2/2) := Oi -x 2 ) -h i (2/1 — 2/2)- 

Similarly, if Z2 0 , the quotient z\/z2 of z\ and Z2 is the solution z of Z2 • z — z\. 
It can easily be verified that this solution is unique, namely 

^ _ xi + iy 1 _ x x x 2 +yiy2 . yix 2 - %\y 2 

^2 + i y2 * A + y\ x i + y\ 

The number — z := 0 — z is termed the negative of z, and the inverse of z 7^ 0 is 
defined by z -1 := 1/z. 

There is a simple trick to remember the division formula ( 2 . 3 ). It utilizes the 
conjugate z of a complex number z = x + i 2/, defined by 

z := x — i y. 

Since zz = x 2 -\-y 2 is real, multiplying the numerator and denominator of Z1/Z2 
by Z2 allows one to separate the real and imaginary parts of the quotient, which 
yields ( 2 . 3 ). 


( 2 . 3 ) 
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The following arithmetic rules for conjugation of complex numbers can easily 
be verified: 


2 = 2, Zi ± Z2 = Zi ± Z 2 , Z 1 Z2 = Z 1 Z 2 , ^l/^2=^l/^2- 


We also mention two useful formulas expressing the real and imaginary parts of z 
in terms of z and z, 


Re z = 


z + z 


Im z = 


z — z 


2 7 2 i 

Integer powers z n are defined for positive n as the n-fold product of z with itself, 
and by z n := 1/ z~ n if n is negative and z ^ 0. Finally, if z ^ 0 we set z° := 1. 


Polar Representation. Like points in 
the plane, complex numbers have an 
alternative description in terms of po- 
lar coordinates. If z = x + i y is a com- 
plex number different from zero, the 
real and imaginary parts of z are given 
by the formulas 

x = rcos(p, y = r sin(p, (2.4) 

where r denotes the distance of the 
point z from the origin 0 , and <p is 
the oriented angle between the positive 
real axis and the ray from 0 to z (see 
Figure 2.3). Inserting (2.4) in z = x-\-\ \ 
numbers 

z = r (co 



yields the polar representation of complex 
(p -f- i sin (p). (2-5) 


If z = 0, then (2.5) holds with r = 0 and any value of p. The value of r is called 
the modulus of z and denoted by \z\. The notions absolute value or magnitude are 
commonly used as synonyms for modulus. The modulus can be expressed in terms 
of the real and imaginary part using Pythagoras’ theorem, 


r = 



\Ar 2 + y 2 = a/ (Re z) 2 + (Im z) 2 . 


For z 7 ^ 0, each real number cp for which (2.5) holds is said to be an argument of 
z. The argument of z = 0 is undefined. Polar angle or just angle are alternative 
names for the argument of a complex number. Any argument <p of z = x + i y with 
satisfies 

tan Lp = y/x = Im z/Re z. (2.6) 

However, the converse is not true since tan(p = tan {ip + ir). Consequently the 
relation ( 2 . 6 ) alone is not sufficient to find an appropriate value of (p, one must 
take into account the location of z in the four quadrants. 

Moreover, even (2.4) does not determine cp uniquely since addition of an 
integer multiple of 2tt does not change the values of the sine and cosine functions. 
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Argument and Phase. In this text the notation arg z is used to designate an 
arbitrary argument of z, which means that arg z is a set rather than a number. In 
particular, the relation arg z\ = arg z 2 is not an equation , but expresses equality 
of two sets. 

As a consequence, two non-zero complex numbers r\ (cos^i + i sin<^i) and 
V2 ( cos cp2 + i sin ip 2) are equal if and only if 

ri = 7*2, and cpi — (f2 G 27 r Z, ( 2 . 7 ) 

the latter meaning that there exists an integer k such that cpi = ip 2 + 2 k 1 r. 

In order to make the argument of z a well-defined number, it is sometimes 
restricted to the interval ( — tt, tt] . This special choice is called the principal value 
or the main branch of the argument and is written as Argz. Note that there is 
no general convention about the definition of the principal value, sometimes its 
values are supposed to be in the interval [ 0 , 27 t). This ambiguity is a perpetual 
source of misunderstandings and errors. 

Moreover, restricting the argument to its principle value has serious disad- 
vantages and we shall see applications where this is even impossible. One way out 
is to avoid the argument and to work with the phase 'ip(z) := z/\z\ of z. We shall 
discuss this issue in more detail later. 

Arithmetic Revisited. Let us now briefly reconsider the arithmetic operations in 
the polar representation of complex numbers. Suppose that z\ and Z2 are given 
in the form z\ = 7*1 (cos</?i + i siny?i) and Z2 = r 2 (cos <£>2 + i sin <^2)- A short 
computation involving the addition theorems 

sin(a + /3) = sin a • cos / 3 + cos a • sin [3 
cos(<a + /3) = cos a • cos f3 — sin a • sin f3 

yields 

z\ z 2 = 7*1 r 2 (cos(y?i + (P2) + i sin(y?i + y? 2 ))- ( 2 . 10 ) 

So the modulus of a product is the product of the moduli of its factors, while the 
argument of a product is the sum of the arguments of its factors (as long as one 
has the correct interpretation of the latter statement). 

The absolute value of z — a is the Euclidean distance between the points z 
and a, which is often used in representations of geometric objects. For example, a 
disk and a circle with center a and radius r can be described as 


( 2 . 8 ) 

(2.9) 


D r (a) := {z G C : 


z — a 


< 7*}, T r (a) := {z G C : 


z — a 


= r}, 


respectively. The special notation D and T is reserved for the unit disk and the 
unit circle 


D := {z G C : 


z 


z 


= 1 }. 


< 1}, T := {z G C : 

The following arithmetic properties of the modulus can easily be checked, 

ZlZ 2 \ = \zi\ • |z 2 |, \zi/z 2 \ = \zi\/\z 2 \, \z\ = |z|, zz=lz\ 2 . (2.11) 
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Moreover, we have the estimates 


Re z < 


z 


I 111 z < 


z 


Z\ ± Z 2 < Z\ + Z 2 


The first two relations follow immediately from the definition of the absolute value. 
Observing that |zi|, |z 2 | and \z\ — z 2 | are the lengths of the sides of the triangle 
with vertices 0, z\ and z 2 in the complex plane, the third inequality (with minus 
sign) is the triangle inequality of plane geometry. 

Complex numbers with \z\ = 1 are termed unimodular. In particular the 
phase 'ip(z) := z/\z\ of z G C \ {0} is unimodular. Since the sum of the arguments 
of two factors is an argument of their product, it follows from (2.11) that the phase 
is multiplicative: for q,z 2 G C with zi, z 2 ^ 0, 


'Ip{z 1 z 2 ) = 4>(zi) ■ 1p(z 2 ), 1p(z 1 /z 2 ) = 1 p(z 1 )/lp(Z 2 ). (2-12) 

In particular we have for z ^ 0 

ip(-z) = ip(l/z) = l/ip(z) = ip(z). (2.13) 

Powers and Roots. Applying (2.10) repeatedly with one and the same factor z, we 
get the celebrated De Moivre’s formula for the n-th power of z = r ( cos p + i sin p ) , 


z n = r n (cosnip + i sin rup). (2-14) 

It is easily seen that this formula remains valid if n is a negative integer. In 
particular, the inverse z _1 of a complex number z = r (cosy? + i sirup) G C \ {0} 
can be expressed as 

z -1 = 1/z = r -1 ( cos(— <p) + i sin (—(p)^ = r _1 (cos cp — i sin p). 

One main advantage of complex numbers over the reals is that negative numbers 
have a square root. More generally, a number z is called a n-th root of w if it 
satisfies z n = w. Writing both numbers in polar form, 


z = r ( cos p + i sin p) 


w 


= R ( cos <f> + i sin <f>) 


by (2.7), z n = w is equivalent to r n = R and up = T + 2/c7t with k G Z. Resolving 
this with respect to r and p yields 


r = 



T 2k 7T 

p — 1 

n n 


Here k is an arbitrary integer, but since adding a multiple of n to k does not change 
the value of z, it suffices to take the values k = 0, 1, . . . , n — 1. So any complex 
number w different from zero has exactly n roots of order n. In the complex plane, 
the n-th roots of a non-zero complex number form the vertices of a regular n-gon 
centered at the origin, as Figure 2.4 shows for the 7-th roots of 1. 
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If n is a natural number, the n-th roots of unity are the solutions of z n = 1. 
Introducing the primitive root of order n, 


uj := cos 


27 r 
n 


+ i sin 


27 r 
n 


the n-th roots of unity are just the powers 1 = cj°, ce 1 , cj 2 , . . . , uo n 1 of uj. 


The Point at Infinity. Having 
solved the problem of extracting 
roots in the system of complex 
numbers, we we are still left with 
another annoying problem with real 
arithmetic - that of not being able 
to divide by zero. In order to resolve 
this, we extend the complex plane 
by an ideal element, the point at 
infinity , which is denoted by oo and 
is supposed to satisfy 



q °°5 oo ^ Figure 2.4: The seventh roots of unity 

The name is motivated by the observation that the point 1 jz moves further and 
further away (to “infinity”) as z approaches zero (and vice versa). The union of 
the complex plane C with the point at infinity is called the extended complex plane 
and is denoted by C. 


The Riemann Sphere. The point at infinity is by no means a mysterious object. 
It has a simple and beautiful geometric interpretation if complex numbers are 
considered as points on a sphere. The story begins about 2000 years ago, when the 
Greek mathematician and philosopher Ptolemy invented a method for depicting 
points from a sphere (in particular from the “celestial sphere”) on a fiat map. In 
the 19th century, Bernhard Riemann proposed to utilize stereographic projection 
in the reverse direction for representing complex numbers. 

In order to describe this construction, imagine that C is the XT-plane in 
three-dimensional XY Z space. To fix the meaning of “up” and “down” we assume 
that C is seen in its usual orientation if we look at it “downward from above” (see 
Figure 2.5). 

Let § be a sphere with radius 1 centered at the common origin of C and M 3 . 
Taking recourse to concepts of geography, the unit circle T of the complex plane 
is the equator E of S, and the two points on § at maximal distance from C are 
the north pole N (above C) and the south pole S (below C). 

The stereographic image z of a point P on the sphere § is the intersection 
of C with the straight line through P and the north pole N. The point z is well 

2 Note that there is an alternative definition, where the sphere “lies on top” of the complex plane, 

touching C with its south pole. 
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defined for all P on §, with only one exception: the north pole N . If P approaches 
IV, then the distance of the corresponding point z in the plane to the origin gets 
arbitrarily large. This observation shows that the north pole on § plays the same 
role as the point at infinity with respect to the complex plane. 


N 



Figure 2.5: Stereographic projection of a sphere onto the complex plane 


Extending the stereographic projection to all of § by assigning the north pole 
N to the point at infinity results in a bijective correspondence between § and 
C. Hence we can label the points on § with the corresponding complex numbers 
of C. In what follows we shall therefore identify the sphere § and the extended 
complex plane C and call it the Riemann sphere. The spherical distance d(zi,z 2 ) 
of two points in C is the Euclidean length of the straight segment connecting the 
corresponding points on the sphere S. If Z\, z 2 GC then 


d(zi,z 2 ) = 


Zl - ^2 


\/l + \%i | 2 \A + | z 2 


d(zi, oo ) = 


aA + A 


Arithmetic on the Sphere. Stereographic projection allows us to transplant the 
arithmetic operations from C to C. Additionally we postulate that 


z / oo := 0 

for 

Z€C 


8 

O 

O 

for 

z e C \ {0} 

(2.15) 

z±oo = oo=bz:=oo 

for 

zeC 


z • oo = oo • z := oo 

for 

zeC\{ 0}. 



Note that we do not define ooToo, oo/oo, 0/0 and 0-oo. After extending modulus 


z 


and phase 'ip(z) to all points of the Riemann sphere by setting 


:= oo, -0(0) := 0, -0( oo) := oo, 


oo 
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their ranges now become the extended positive real line and the extended unit 
circle , respectively, which we define by 

M+ := U {0, oo}, T := T U {0, oo}. 


Properties of Stereographic Projection. The following properties of stereographic 
projection are immediate: 


(i) The points on the equator remain fixed. 

(ii) The lower hemisphere is mapped to the unit disk B. 

(iii) The upper hemisphere is mapped to E, the exterior of the unit circle. 


Here the exterior of the unit circle is defined such that it includes the point at 
infinity, 


E := {z G C : \z\ > 1} U {oo}. 


Stereographic projection has a remarkable property: it maps circles to circles. More 
precisely, the image of a circle on § through TV is a line in C, i.e., the union of a 
line in C with the point at infinity, while the images of all other circles are proper 
circles. So the above statement is literally true if we adopt the folkloristic aphorism 
“lines are circles with infinite radius”. 

Computing stereographic projections requires explicit formulas. For this end 
we represent points z in the complex plane by Cartesian coordinates x, y , and 
points P on the sphere § by Cartesian coordinates X, Y, Y in three-dimensional 
space. The systems are positioned such that the spatial X and Y axes coincide 
with the x and y axes in the complex plane. Then the coordinates (X, Y, Z) of a 
point P on § \ X and its stereographic projection z = x + i y are related by the 
equations 

X Y 


The north pole (X, Y, Z) = (0, 0, 1) corresponds to the point at infinity, which has 
no representation in the xy- system. Conversely, if z = x + i y E C, then 


Z 


(2.16) 


X = 


2x 


x 2 + y 2 + 1 ’ 


Y = 


2 y 


x 2 + y 2 + 1 ’ 


Z = 


x 2 + y 2 


1 


x 2 + y 2 + 1 ’ 


(2.17) 


and (X, Y, Z) = (0, 0, 1) for z = oo. 

In summary, we have four interpretations of a complex number z = x + i y: 
as a pair (x, y) of real numbers, as a vector with components x and y, as a point 
in the Gaussian plane with Cartesian coordinates x and y, and as a point on the 
Riemann sphere with Cartesian coordinates X, Y, Z given by (2.17). 
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2.2 Functions and Mappings 

A function is a “rule of correspondence” which assigns to each input element 
a well-defined output element. More precisely, if X and Y are arbitrary sets, a 
function / from X to Y assigns to any argument x in X exactly one value f(x) 
in Y. This is expressed symbolically by writing 

/ :X ->y, f 0). 

The set X is said to be the domain set (or simply the domain ), Y is called the 
target set. 

Mappings or transformations are just synonyms for functions. Though there 
is no basic difference between these concepts, they emphasize different aspects of 
a function, and the context determines which name is preferred. 

It is important to distinguish between a function and its values - while the 
symbol / stands for the (complete) function, f(x) refers to its value at x. Having 
mentioned this, we shall nevertheless sometimes say “the function f{x) = sinx”, 
whenever this is convenient and causes no confusion. Occasionally we also write 
/(•), where the dot is a placeholder for the variable x. 

Mapping Properties. The image f(A) of a subset A of X is the set of values that 
/ attains on A , and the pre-image of B C Y is the set of all x in X which are 
mapped into H, 

f(A) '■= {fix) -X € A}, / _1 (S) := {x € X : f(x) € B}. 

The image f(X) of the domain set is called the range of /. A function / : X Y 

is said to be surjective if f{X) = T, it is called injective (or one-to-one) if the 
equality f(x\) = f(x 2 ) only holds for x\ = x%- A function which is both injective 
and surjective is termed bijective. If / is bijective, there is a unique function 
/ -1 : Y —> X, the inverse of /, which is defined by f~ 1 (y) = x when f(x) = y. 

A function / : D C C C is said to be periodic if there exists a complex 
number p 7 ^ 0 such that for all z E D also z + p G D and f(z+p) = f(z). Any 
such p is called a period of /. A period is primitive if there is no integer n > 1 
such that p/n is also a period. 

Operations with Functions. Two functions / and g are equal if they have the 
same domain set X and f(x) = g(x) for all x G X. If / and g are defined on X 

and y, respectively, with X C Y and f(x) = g(x) for all x G X, then / is the 

restriction of g to X and g is an extension of / to Y . We shall often use the same 
symbol to denote a function and its restriction to some subset. 

The composition of two functions / : X Y and g : Y Z is the mapping 

g°f -X ->• z, z i-T- g(f(z)). 

In this book we mainly consider complex functions f : D C C O C, where the 
domain set D is a subset of the complex plane C and the target set is the complex 
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plane, but, more generally, we shall also encounter functions defined on (subsets 
of) the Riemann sphere C with values in C. For such functions we denote points 

zo G C where f(zo) = 0 or f(zo) = oo as zeros and poles of /, respectively. 

If / : D f C and g : D g C are complex functions, their sum / + g is 
defined on D := Df CD g by (f + g)(z) := f(z) +g(z). A similar definition is made 
for the difference f — g and the product f g, while the quotient f/g is naturally 
defined only on D \ {z E D g : g(z) = 0}. If the target set includes the point 
at infinity, these definitions can be modified accordingly, taking into account the 
arithmetic rules (2.15). 


Functions as Mappings. Figure 2.6 visualizes the action of a complex function as 
a mapping from a subset of the o-plane to the re-plane. The light yellow regions 
are the domain set and the range of the function, respectively. Any point z of 
the domain set is mapped to the corresponding point f(z) in the range. In this 
manner the function maps (“transplants”) the colored objects from the domain to 
the range. 



Figure 2.6: A complex function as a mapping which “transplants” sets 

In complex analysis the notion of domain has two different meanings. The first 
one alludes to the domain set of a function, while the second pertains to any 
open and connected subset of the complex plane or the Riemann sphere (precise 
definitions of these notions will be given in Section 2.7). Most domain sets of 
complex functions we shall encounter in this book will indeed be domains in the 
topological sense. 

Decompositions of Complex Functions. A complex function / is composed of its 
real part u = Re / and its imaginary part v = Im / as / = u + i v. Note that 
Re / and Im / are real- valued functions, having the same domain as /. Similarly, 
/ admits a multiplicative decomposition / = |/| • ^(/) into its modulus \ f\ and its 
phase 'ip(f). Unlike the argument arg /, the phase of / is a well-defined function 
'ip(f) : D T := T U {0, oo}. 

By a slight abuse of notation, we consider functions / of a complex variable 
z also as a function of two real variables x = Re z and y = Im z, thus writing, for 
example, 


f(x + iy) = f(x, y) = u(x,y) + iv(x,y). 


(2.18) 
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Conversely, if / : D C M 2 M 2 is a function of two variables x and y with 
two real- valued components u and v, then the right-hand side of (2.18) defines a 
complex- valued function of z = x + i y. Using x = (z + z)/2 and y = (z — z)/( 2i), 
we can rewrite this in the form 


f(z ) = U 



+ i v 



Since the right-hand side is an expression in z and z, some authors prefer to write 
/(z,z) instead of f(z). We shall not use this notation since it suggests, rather 
inappropriately, that the variables z and z are independent. 


2.3 Arithmetic and Geometry 

As we have seen, complex functions can be interpreted as mappings or transfor- 
mations of (subsets of) the complex plane. In this section we study the arithmetic 
operations within this framework. In contrast to Section 2.1, here we do not con- 
sider operations with two given numbers, instead we fix just one of them and let 
the second vary through the complex plane. 

Addition and Multiplication. Denoting by a and b two given complex numbers 
with b 0, we study the functions 

/:C-^C, g : C — C, zr^bz, (2.19) 


generated by addition and multiplication. Interpreting a as a vector, it is immedi- 
ate from the definition of addition that / is a translation (or shift) of the complex 
plane by the vector a. The mapping g can be more conveniently investigated using 
the polar representation of complex numbers. Here we distinguish several cases. 

If b is a positive number , then g does not change the argument (or phase) 
of z, while the modulus of z is multiplied by b. Consequently, g is a dilation. If 
b > 1 it stretches the complex plane, and if b < 1 it shrinks it, such that each ray 
emanating from the origin is mapped onto itself and all distances are multiplied 
by b. 


If b is unimodular , that is, if \b\ = 1, then g does not change the modulus of 
z, while the argument of z is increased by [3 := argfr (here one can take any fixed 
argument of b). Thus g is a rotation of the plane about the origin by the angle /3. 

If b 0, with f3 = arg b and r = |b|, then g is the composition of the mappings 
z (cos (3 + i sin f3) z and z r z, i.e., a rotation by the angle f3 about the origin 
followed by a dilation with the same center and stretching factor r. Notice that 
performing these operations in reverse order yields the same result. We propose 
to call such transformations rotostretch (for the German “Drehstreckung”). 

Note that / and g are orientation-preserving similarity transformations in 
the language of plane Euclidean geometry. In particular, the images of straight 
lines are straight lines and the images of circles are circles. 
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Division and Inversion. Finally, we investigate the quotient mapping z bjz. 
Since it is the composition of z 1/z and z bz, it suffices to study the 
transformation 

h : C \ { 0 } — > C \ { 0 }, z ^ 1/z. ( 2 . 20 ) 


We first observe that complex conjugation C C, z z reflects the point z 
along the real axis, which is an orientation-reversing similarity transformation. 
We extend this mapping to the Riemann sphere by setting oo := oo. 

Next, the modulus and the phase of 1/z satisfy the relations |l/z| = l/\z\ 
and i/(l /z) = ^(z), and hence the points z and 1/z he on the same ray emanating 
from the origin and the product of their distances from the origin is equal to one. 
This characterizes a transformation which is known as inversion in the unit circle 
or simply inversion. It sends circles through the origin to straight lines, all other 
circles are mapped to proper circles. Note that the center of the image circle is 
not the inverted center of the original circle. 

If the inversion is ex- 
tended to all of the Riemann 
sphere such that 0 ^ oo and 
oo ^ 0, it maps circles on C 
to circles on C. 

Rewriting the function h in the 
form h(z) = 1/z = 1/z shows 
that h is an inversion followed 
by a reflection across the real 
axis (or vice versa), which we 
call an anti- inversion. 

After extending the func- 
tions /, g, and h, defined in 
( 2 . 19 ) and ( 2 . 20 ), respectively, 
to the Riemann sphere by set- 
ting Figure 2 . 7 : Inversion and mapping z ->1 /z 

/(oo) := oo, <7(00) := 00, h( 00) := 0, h(0) := 00, 



all three functions become bijective mappings of C onto itself. 

Mobius Transformations. It is not difficult to see that all possible compositions 
of functions / (translation), g (rotostretch) and h (anti-inversion), with arbitrarily 
chosen values of their parameters a and b 7^ 0, have a specific form, namely 


F{z) 


Az + B 
Cz + D' 


with AC — BD 7^ 0 . 


Functions of this type play a prominent role in complex analysis. In honor of 
August Ferdinand Mobius they are called Mobius transformations. All Mobius 
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transformations are bijections of the Riemann sphere onto itself and form a group 


with respect to composition. In particular the inverse of F is 


Conversely, any Mobius transformation can be composed of at most two transla- 


tions, one rotostretch, and one anti-inversion. For C = 0 this is trivial, if C ^ 0 
then w = F(z) is a composition of 


C 2 


CD 


A 


1 


z W 2 := wi -f 



z w i := 


w 3 : = 


BC -AD 


BC -AD 


The investigation of Mobius transformations will be continued in Section 6.3 which 
is exclusively devoted to this class of functions. 


2.4 The Analytic Landscape 


By now we already know some special complex functions, and it might be inter- 


esting to see them. Real functions can be conveniently depicted by their graph. 


But when we try to do the same for a complex function f : D C C O C we are 
quickly stumped because the graph 


Gf := {(z,f(z)) G C x C : 2 € D} 


of / lives in C x C, which has four real dimensions. In order to stay in three spatial 


dimensions, we need a substitute for the missing fourth dimension. 

As has already been discussed in Chapter 1 , one option is to start with 


the traditional analytic landscapes and to incorporate the missing information by 
color. 

The analytic landscape Af (also known as 


the relief or module surface ) of a function 
/ : D C C C is the graph of its absolute 
value, 



Af := {{ z , \f( z )\) M + : z G D }. 


Analytic landscapes involve only the mod- 
ulus of a function and leave out its argu- 
ment. In order to avoid the ambiguity of 

the latter, we shall work with the phase \\ A 

instead. Since the phase of non-zero com- 

plex numbers lives on the unit circle T, and 

points on a circle can naturally be encoded 

by colors, color is an ideal candidate for 

visualizing phase. Figure 2.8: The color circle 
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Colored Analytic Landscapes. The colored analytic landscape of a complex func- 
tion is the graph of its modulus colored according to its phase. Formally, the 
colored analytic landscape Cf of a function / : D — > C can be defined as the set 

c f •■= {{z,\f(z)\Mf(z))) eCxi + xf :z€D}, 


where z is the position of the base point, \f(z)\ is interpreted as the height of the 
point, and the phase determines its color. 

The picture on the left in Figure 2.9 shows the colored analytic landscape of 
the function 

f ( z ) = (z ~ 1)/ (z 2 + 2 + 1) (2.21) 

in the square |Rez| < 2, \Imz\ < 2, which will henceforth serve as a standard 
example. The function has a zero at zq = 1, i.e., /(zq) = 0. At z\ := (— 1 + v / 3i)/2 
and Z 2 := (— 1 — y/3i)/2 the denominator of /(z) vanishes. We set / ( 2 : 1 / 2 ) := 00 
and refer to z\ and z^ as the poles of /. 

If the modulus of a function varies over a wide range, it is better to use a 
logarithmic scaling of the vertical axis. This representation is also more natural 
since log|/| and arg / are conjugate harmonic functions (see Section 4.6). The 
corresponding colored logarithmic analytic landscape of the standard example is 
depicted in Figure 2.9 (right). 



Figure 2.9: Colored analytic landscapes with conventional and logarithmic scaling 

The Color Scheme for Phase. Of course the color coding of the phase is by no 
means unique. It is clear that saturated colors are preferable because they can be 
identified and distinguished better. This, in some sense, picks out the ‘hue’ com- 
ponent of the HSV (hue, saturation, value) color scheme. The corresponding color 
wheel is shown in Figure 2.8. For psychological reasons, the standardized color 
circle has been rotated such that positive values are encoded red. Finally, the ex- 
ceptional values zero and infinity are associated with black and white, respectively. 
This color scheme will be used throughout the text. We would like to encourage 
others to adopt the same color scheme to make phase portraits comparable. 
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2.5 Color Representations 

With colored analytic landscapes the problem of visualizing complex functions 
could be considered solved. However, the module surface is a three-dimensional 
object which usually must be projected onto a two-dimensional sheet of paper or 
a screen for visualization. Often this projection causes problems since interesting 
elements (like zeros) become invisible or are hard to detect. 

Domain Coloring. But there is yet an alternative approach which is not only 
simpler but also more general. Having introduced colors, it is kind of natural to 
use them not only for representing the phase of a function, but also to completely 
encode its values , using a two-dimensional color scheme. Then, instead of drawing 
a graph, one can depict a function directly on its domain by color-coding its values, 
thus converting it to an image. 

Coloring techniques have been customary for many decades, for example 
in depicting altitudes or temperatures on maps, but in most cases they represent 
real-valued functions using a one-dimensional color scheme. Two-dimensional color 
schemes for visualizing complex valued functions have been in use at least since the 
late 1980s (Larry Crone [7], see Hans Lundmark [38]), but they became popular 
only with Frank Farris’ review [15] of Tristan Needham’s book [44]. Farris also 
coined the suggestive name domain coloring. 



Figure 2.10: Domain coloring of the function f(z ) = (z — 1 ) / (z 2 + z + 1) 

Figure 2.10 (left) shows a domain coloring for our standard example. The related 
color scheme for the values in the complex re-plane is shown in the window on 
the right. As usual, phase is encoded as “color” (in the more precise meaning of 
hue), while “lightness” corresponds to the modulus. Any point z in the domain of 
/ carries the same color like its image f(z) in the re-plane. 

Compared to the colored analytic landscape, domain coloring has the advan- 
tage that functions are represented in two dimensions, which makes it easier to 
visualize complicated functions. 
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Domain coloring pictures are often very beautiful and some are even quite 
artistic (see Crone [7], or Glaeser and Polthier [18]). On the other hand they may 
be somewhat fuzzy, which makes it difficult, for example, to locate zeros precisely. 
Moreover, typically the modulus of a function varies in a wide range, while the 
human eye normally is not very sensitive to different shades of gray. Thus the color 
scheme must be appropriately tuned to the function - using one and the same 
standardized scheme for all functions does not always give satisfactory results. 

Phase Portraits. What happens, if we forget about the modulus completely and 
just depict the color-coded phase ? This phase portrait is exactly what we see 
looking at the colored analytic landscape straight from the top in the direction 
perpendicular to the xy- plane. Figure 2.11 shows the result for the example func- 
tion defined in (2.21). 

To give a formal definition, if / is a 
complex function on Z), then the mapping 

Tj : D — )► T, z -0(/(z)) 

will be designated as the phase of /, and 
its graph 

P f :={(z,* f (z)):zeD} 

is referred to as the phase portrait or phase 
plot of /. If T := T U {0, oo} is iden- 
tified with the color circle extended by 

black (corresponding to 0) and white (cor- 

j. , \ . i , n T Figure 2.11: A phase portrait 

responding to oo), then the phase portrait G 

of a function can be interpreted as an image. 

Phase Portraits Versus Analytic Landscapes. In a sense, phase portraits are com- 
plementary to the (uncolored) analytic landscape: one neglects modulus, the other 
one omits phase. So it seems that not much is gained, but indeed there are some 
essential advantages of phase portraits over analytic landscapes. 

First of all, the phase portrait is a two-dimensional image, which does not 
need to be projected, and our brain is well trained in interpreting such images. 
Secondly, compared with the range of the modulus of a typical function, the range 
of the phase is quite small since it is a subset of the extended unit circle. Conse- 
quently the visual resolution is much higher for the phase than for the absolute 
value, which allows us to represent all functions with one and the same color 
scheme. Thirdly, the reconstruction of missing information is simpler and more 
accurate for phase plots. We cannot discuss this in detail right now, but, hope- 
fully, it will become clear in due course. 

On the other hand, one must also mention that phase portraits are not ap- 
propriate to visualize all complex functions because two different functions may 
have the same phase portrait when they differ only in their modulus. 
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The situation changes when we restrict ourselves to the important class of 
analytic functions which are of prime importance in this book. As we shall see in 
Section 3.4 (Corollary 3.4.9), such functions are completely characterized (up to a 
positive scaling factor) by their phase portraits. 

Enhanced Phase Portraits. Since phase occupies only one dimension, there is 
plenty of room in the color space to incorporate additional information. For exam- 
ple, encoding the modulus in a scale of gray would lead us back to conventional 
domain coloring. But we can make other more interesting modifications as well. 
Which one we shall choose depends on the properties which we would like to em- 
phasize and perhaps also on the function which we are investigating. In order to 
understand this better, let us reconsider the phase portrait from a slightly different 
point of view. 



Figure 2.12: The phase portrait as pull back of the colored re-plane 

Figure 2.12 shows a function / mapping the complex z-plane to the complex re- 
plan e. In order to generate the phase portrait of /, first the re-plane is colored 
according to the phase of its points. In the second step, every point z in the 
domain of definition of / gets the same color as the value f(z ) has in the re-plane. 
In short, the phase portrait on the left is the pull back of the picture on the right 
by the function /. 

Let us pause here for a moment and think about what could happen if we 
would try to transplant an image in the other direction. Pushing forward an image 
from the z-plane to the re-plane via / means that the color of every point z in the 
domain D is transplanted to the corresponding point /(z) in the range of /. But 
this causes a conflict whenever two points z\ and z 2 are colored differently and / 
attains the same value at z\ and Z 2 . 

While pushing forward may be problematic, it is clear that any picture in 
the re-plane can be pulled back to the z-plane by the function /. This provides 
many options to modify and enhance the color scheme of phase portraits. 

In this book we shall mainly use three variations of phase portraits which 
are depicted on page 32 for the standard example /(z) := (z — 1 )/(z 2 + z + 1). 



32 


Chapter 2. Complex Functions 



Figure 2.13: Generation of a phase portrait with modulus contour lines 



Figure 2.14: Generation of a phase portrait with phase contour lines 



Figure 2.15: A phase portrait with contour lines of modulus and phase 
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The visible domain is the square given by |Rez| < 2, \Imz\ < 2. Recall that the 
function has a zero at Zq = 1 and two poles at 2q/ 2 = (— 1 ± y/3i)/2. The right- 
hand windows of all three figures show the color scheme of the rc-plane, on the 
left we see the corresponding enhanced phase plots generated by pulling back the 
right image by the function /. 

The pictures in Figure 2.13 involve a gray component g which is a sawtooth 
function of log |/|, like 

9 = flog |/|1 - log I/I- 

Here x \x] is the ceiling function , which determines the smallest integer not 
less than x. Figure 2.16 shows the function x \x\ — x (left) and a typical gray 
intensity as function of |/| (right). 




Figure 2.16: The function x \x] — x and the gray value as function of |/| 


The jumps in the gray component generate contour lines of |/|, i.e., lines of con- 
stant modulus. In between two such lines darker colors correspond to smaller values 
of |/|. Though this coloring is relatively insensitive to the range of the function de- 
picted, the distance between adjacent contour lines can be adjusted by modifying 
the frequency of the sawtooth function g. 

It is worth noticing that the contour lines arise from a visual effect and need 
not really be computed. The proposed shading methods are stable, they do not 
require sophisticated numerical algorithms, and work with almost no additional 
computational effort. 

Figure 2.14 demonstrates an analogous effect for the phase. In the plain phase 
portrait the sets of constant phase are isochromatic. Here some of these lines are 
enhanced by the discontinuities of the shading. 

In Figure 2.15, the gray value is the product of two sawtooth functions de- 
pending on the logarithm of the modulus and the phase of w, respectively. In 
the re-plane the discontinuities of this shading generate a (logarithmically scaled) 
polar tiling. 

Notice that the frequencies of the sawtooth functions encoding modulus and 
phase are not independent of each other, but chosen such that the tiles are “almost 
squares”. This vague statement will be made precise in Section 6.1, it suffices here 
to say that all tiles have the property that they have four right-angled corners and 
four sides of approximately the same lengths. 

The corresponding tiles in the z-plane, generated by the pull-back via the 
function /, are shown in Figure 2.15 (left). Somewhat surprisingly, these tiles also 
seem to possess the same property, as far as visual inspection allows us to decide 
and provided that we ignore some exceptions. The reason behind this observation 
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is a specific property of the mapping z f{z ): the transplantation via / preserves 
the angle of intersection between curves. Mappings with this property are called 
angle-preserving or conformal and will be studied in Section 6.1. 

Other Color Schemes. While investigating conformal maps, functions will be 
visualized using black-and-white coloring, because it depicts conformality more 
clearly and suppresses irrelevant information. Two such schemes can be seen at 
the top and in the middle of page 35. 

The starting point of Figure 2.17 is a polar chessboard-like tiling of the w- 
plane. The corresponding coloring of the domain reflects the phase and the (loga- 
rithm of the) modulus of /. This figure is a black-and-white version of Figure 2.15. 
Observe the high resolution at the three points where / is zero or infinity. 

In Figure 2.18, the re-plane is colored in the conventional Cartesian chess- 
board style. In its pull-back to the z-plane we see an extremely fine structure near 
the poles of /, where a large number of squares from the re-plane is compressed 
into a small region. On the other hand, the zero of / cannot be seen at all, as its 
neighborhood does not have any special structure. 

The last figure neglects phase information completely. The ring-shaped al- 
ternating black and white stripes in Figure 2.19 are the sets 


{zGD: k d < log \f(z)\ < (k + 1) d}, {w E C : k d < log \w\ < (k + 1) d} 


with k G Z and some positive d. In the left picture, their boundaries are contour 
lines of /. This type of coloring is particularly useful in producing equipotential 
lines in plane electrostatics, which will be demonstrated in Section 4.6. 

The color schemes which are based on a polar grid in the re-plane yield a high 
resolution near zeros (and poles) of / in the z-plane. This ‘microscope effect’ can 
be utilized to explore the structure of a function / in a neighborhood of any other 
point of its domain as well. To enhance the resolution at a point a in the z-plane, 
just shift the origin of the polar grid in the re-plane to the point b = /(a). The 
same effect is achieved by considering the function f(z) — f(a ) in the usual scheme. 
One should be aware that this transformation changes phase and modulus of the 
function, and that there is no simple relation between the phases of the functions 
/ and f — a. 

Finally, we mention that the images on the left side of all figures are con- 
structed as the pull-back of the entire colored complex re-plane, while the windows 
on the right-hand side show only a section illustrating the color scheme. 

Since it is the declared goal of this book to promote phase portraits as a tool for 
visualizing and exploring complex functions, we refrain from using conventional 
domain coloring. Though, in principle, we will prefer to explain ideas and concepts 
using plain phase portraits as much as possible, we shall often resort to modifica- 
tions if they demonstrate relevant facts more clearly. Another motive for making 
modifications is aesthetics; for example, when the plain phase portraits lack an 
interesting structure. 
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Figure 2.17: The pull back of a polar chessboard visualizes conformality 



Figure 2.18: The pull back of a Cartesian chessboard hides zeros 



Figure 2.19: The pull back of circular rings generates modulus contour lines 
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Practical Excursion. With this much preparation, we can now try to get some 
practice in working with phase portraits. We shall introduce some more basic 
notions at a somewhat informal level as we go along. 

Figure 2.20 depicts again the familiar ex- 
ample f(z ) = (z — l)/(z 2 + z + 1). We have 
already mentioned that the three exceptional 
points where all colors come together corre- 
spond to the zero and the two poles of the 
function. Notice that zeros and poles can be 
distinguished by the ordering of colors in their 
neighborhood. 

A more careful inspection reveals that 
there might be yet another special point in 
the light blue region on the negative real axis. 

Since it is located in a diffused spot, we modify 
the phase coloring (by overlaying a discontinu- 

ous gray component) to get a sharp contrast in Figure 2.20: A phase portrait 
the color of interest. Adjusting the jump in the 
color scheme correctly, we get the result shown 

on the left in Figure 2.21. Now the exceptional point is clearly visible, it is the 
crossing point of (two) smooth curves having the same color. We shall call such 
points saddles. 




Figure 2.21: Two phase portraits with enhanced isochromatic lines 

Isochromatic Sets. In order to describe this more precisely and to explore the 
structure of phase portraits in some detail, we introduce isochromatic sets. If / is 
a function on a domain D these are defined by 

S(c) := {z G D : = c}, c E T. 

If the point c on the unit circle is identified with the corresponding color on the 
color wheel, then S(c) is the set of all points in D carrying the color c. 
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In Figure 2.21 (left) the blue line and the crossing arc constitute the isochro- 
matic set S(— 1). Similarly, in the window on the right the color changes abruptly 
across three red arcs belonging to the isochromatic set 5(1). 

Complex and Analytic Functions. If we do not impose additional restrictions, 
like continuity or differentiability, the isochromatic sets of complex functions can 
be arbitrary - but this is not so for “analytic” functions, which are the objects 
of prime interest in this text. Further investigation of this question is deferred to 
the next chapter and will be continued in more detail in Volume 2 where we shall 
see that any isochromatic set of an analytic function is the union of smooth arcs 
which can be linked only at saddle points in a very specific way. 3 

Warning. Most statements and results in the following chapters are about analytic 
functions and do not hold for complex functions in general. 

In Section 3.4, we shall see that analytic functions are (almost) uniquely 
determined by their (pure) phase portraits (compare Theorem 3.4.10), but this is 
not so for general functions. For example, the functions / (analytic) and g (not 
analytic) defined by 

f{z) = {z-l)/(z 2 +z- 1), g(z) = (z - 1) • (z 2 + z- 1), (2.22) 

have the same phase (except at their zeros and poles) though they are completely 
different. 



Figure 2.22: Enhanced phase portraits of / (left) and g (right) 

Since pure phase portraits do not always display enough information for exploring 
general complex functions, we recommend use of their enhanced versions with 
contour lines of modulus and phase in such cases. Figure 2.22 shows two such 
portraits of the functions / (left) and g (right) defined in (2.22). 


3 See also Wegert [69]. 
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A notable distinction between the two portraits is the shape of the tiles. In 
the left picture most of them are almost squares and have right-angled corners. 
In contrast, many tiles in the portrait of g are prolate and their angles differ 
significantly from tt/2 - at some points the contour lines of modulus and phase 
are even mutually tangent. We shall explore these observations in Section 6.1. 



Figure 2.23: Phase portraits with contour lines of compositions h o / o g 

The Effect of Transformations. Figure 2.23 demonstrates what happens with the 
phase portrait of a function w = f(z) when the variables z and w are transformed. 
It displays the phase portraits of the compositions h o / o g, where g corresponds 
to the rows and h is associated with the columns, and, in this order, 

g : z ^ z, z + 1, 2 z, iz, z, h : w w, i w, 1/w, w, w + 1. 
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The domain depicted is the square —2 < Rez,Imz < 2. Notice that, compared to 
the first row, the plots are shifted to the left in the second row, shrunk by a factor 
of two in the third row, rotated clockwise by tt/2 in the fourth row, and reflected 
at the real axis in the fifth row. 

Though the pure phase portraits of the third and the fourth columns would 
be identical, there is a difference in the gray shading which represents the modulus. 
The fifth column seems to have no relation to the others. 

Phase Portraits on the Sphere. Phase portraits of functions defined on the ex- 
tended complex plane can be drawn directly on the Riemann sphere. Though this 
idea is natural, and results in quite nice pictures (and I cannot resist the tempta- 
tion of showing you the transplantations of the images on page 35 to the sphere), 
it has several disadvantages. 



Figure 2.24: A function on the sphere represented by black-and-white schemes 



Figure 2.25: Three color schemes on the Riemann sphere 

Figure 2.25 shows the coloring of § according to the three color schemes on page 32, 
which can be interpreted as the (modified) phase portraits of the function f[z ) = z. 

Since only part of the sphere can be seen from a fixed position, at least 
two pictures are needed to represent the complete sphere, and due to perspective 
projection, precise localization of points is difficult. Also, the lighting and shading 
needed to make the sphere look round distorts the colors. But worst of all, when 
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we inspect a neighborhood of the point at infinity, where the value of the function 
f(z ) = z is infinite, we see a coloring which resembles a zero. Conversely, the 
neighborhood of a zero is colored in a manner similar to that for poles. Why does 
this happen? 

The reason is that stereographic projection acts between the upper side of the 
plane and the interior side of the sphere. This becomes obvious when we consider 
the projection of the lower hemisphere onto the unit disk, but it remains true for 
the upper hemisphere as well. Looking at a sphere from the outside, as we usually 
do, reverses the orientation , which makes zeros look like poles and vice versa. 

Of course, once we are aware of this phenomenon, we could live with it 
and need not change anything, except mentally altering orientation whenever we 
switch between the plane and the sphere. However, since orientation is crucial in 
the interpretation of phase portraits, this may be rather confusing. 

A simple alternative is to represent the sphere § by two charts which depict 
what we see looking at § from the inside. The first one is the stereographic pro- 
jection P/v of the sphere § from the north pole N (identified with the point at 
infinity) to a complex plane C attached to the upper side of the horizontal plane 
P. The projection P/v maps S\{7V} onto C and will be used to represent the lower 
hemisphere. 

The second chart Ps is the stereographic projection of S from the south pole 
S' to a complex plane C attached to the lower side of P. It maps § \ {S} onto C 
and will be used to represent the upper hemisphere. 

The result of transplanting the phase portrait from § to the two copies of C 
via the charts P/v and Ps is shown in Figure 2.27. In the left window the image of 
the lower hemisphere is highlighted, while the saturated colors in the right window 
emphasize the image of the upper hemisphere. In both pictures the images of the 
points 1, i, — 1, — i are marked. 

All points on §, except the two poles N and S, are represented in both 
charts. This defines a transition map between the images of the intersection of the 
domains of both charts, 

Ps o P^ 1 : C \ {0} — C \ {0}, z ^ 1/z. 

Intuitively, the colored sphere can be modelled from the two pictures in Figure 2.27 
by the following construction: cut off the two highlighted disks, put the pieces 
together face-to-face (colors inside) so that the marked points (and then all points 
on the unit circle) fit and glue them along the unit circle. Now blow it up to a 
spherical balloon ! 

After rotating the right window by an angle of i r about the origin, as shown 
in Figure 2.28, this procedure can be simplified: fold at the dashed line, glue along 
the black circle, cut off the outer part, and inflate it. 

Since this interpretation of Figure 2.28 is intuitive, we shall mainly use these 
pictures for representing colorings of the Riemann sphere. 
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Figure 2.26: Stereographic projection of phase portraits 



Figure 2.27: Two charts of the sphere corresponding to the hemispheres 



Figure 2.28: The standard representation of the sphere by two charts 
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An Example. Figure 2.29 depicts an enhanced phase portrait with modulus and 
phase contour lines of the standard example f(z ) = (z — l)/(z 2 + z + 1 ) on the 
Riemann sphere. The picture on the left shows a region which we have already 
seen before - the domain in the right is the exterior of the unit disk with the point 
at infinity in the center. 



Figure 2.29: Enhanced phase portrait of the standard example on the sphere 

It seems that something special happens at this point: it is one of the four distinc- 
tive points on the sphere where all colors of the chromatic circle meet. The other 
three points of this type are the zero and the two poles on the unit circle. Though 
the function is not yet defined at z = oo, we observe that its phase portrait in a 
neighborhood of this point resembles the typical behavior at a zero. The function 
somehow seems to request a zero at infinity ! So we satisfy its desire by setting 
/(oo) := 0. Why this is indeed the right choice will be investigated in the next 
section. 


2.6 Convergence and Continuity 

Though we assume that the reader has some familiarity with these notions, we 
review some basic facts without proofs. 

Sequences. A sequence (z n )^ =1 in a set A is a function on the set Z + of positive 
integers with values in A. For brevity we shall often use the simplified notation 
(z n ), but sometimes we also use the longish but more intuitive form zi, Z 2 , £ 3 , . . .. 
In order to indicate that (z n ) is a sequence in A we write (z n ) C A. Most sequences 
we shall meet in this book are sequences in C, or more generally, in C. 

Note that the indexing of a sequence need not necessarily start with n = 1, 
the point is that the elements of a sequence are strictly ordered, which in principle 
allows indexing by the natural numbers. 


2.6. Convergence and Continuity 
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The concept of convergent sequences in C is analogous to that for sequences 
of real numbers: a sequence (z n ) C C converges to zo G C if for every e > 0, 
there is an integer N such that n > N implies \z n — zo\ < e. If such a number 
zo exists it is unique and is said to be the limit of the sequence (z n ). Sequences 
which do not converge are termed divergent. Convergence of (z n ) to zq is written 
as 


lim z n = zq, or z. 


n— »- oo 


n 


Zo- 


Less formally, a sequence (z n ) converges to Zq if the points z n get arbitrarily close 
to zo as n gets sufficiently large. 

Limits of complex sequences have the same arithmetic properties as limits of 
real sequences, for example z n — )► zo and w n wo imply that z n + w n zo + wo- 

Convergence of sequences in C is defined in a similar manner, with only a 
single modification: the Euclidean distance \z — w\ between two points z and w 
in the plane is replaced by the spherical distance d(z,w). Convergence in C is 
compatible with this more general concept; this implies that if Zo G C, then the 
sequence (z n ) C C converges to Zo in C, if and only if it converges to zo in C. 
Convergence of z n to oo can be rephrased as l/z n —^0, that is, for every positive 
e there exists an N such that z n I > 1/e for all n > N . 


Continuity. Another fundamental concept of analysis is continuity of functions. 
Roughly speaking, a function / : X Y is continuous at a point xo G X if the 
distance of f(x) and f(pc o) becomes arbitrarily small whenever x in X is sufficiently 
close to Xo . Expressed in e-Tlanguage, and restricted to complex functions, this 
reads as follows: 


A function / : D C C C is continuous at zo G D if for every positive e there 
exists a positive S such that z G D and \z — zq\ < 5 imply \f(z) — f(z o)| < e. 


We say that / is continuous on D, if it is continuous at each point of D. Then, 
in general, the value of S depends on £ and on the chosen point zq G D. If, for 
any £ > 0, there exists a S > 0 which does the job for all z, o G D, then / is called 
uniformly continuous on D. 

The relation between continuity and convergent sequences is established in 
the following basic result. 


Theorem 2.6.1. A function f on D is continuous at a point zo G D if and only if 
for any sequence (z n ) C D, z n zq implies f(z n ) /(zq). 

Function Sequences. Next, we consider sequences (/ n ) of functions f n : D C. 
The sequence (/ n ) converges at z G D if the number sequence (/ n (z)) converges. 
If this happens for all points z in D, we say that (/ n ) converges pointwise on D. 

Pointwise convergence is often too weak to get nice results, for example the 
limit function of a pointwise convergent sequence of continuous functions is not 
necessarily continuous. Therefore we need a stronger version of convergence. 

4 By convention, the “if” in definitions has always the meaning “if and only if”. 
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The sequence (f n ) converges uniformly on D to a function / : D C if for 
every e > 0 there exists an integer N such that | f n (z) — f(z) \ < £ for all n > N 
and z <E D. 

Theorem 2.6.2. If a sequence of continuous functions f n converges uniformly on 
D, then its limit function is continuous on D. 

We remark that the definitions made above also make sense when the domain 
set D is replaced by a subset A. For functions f : D cC^C the definitions have 


to be modified accordingly, replacing the Euclidean distance 
spherical distance d(z,w). 


z 


w 


with the 


Number Series. A series Y2k=i ak com pl ex numbers converges , if the sequence 
(s n ) of its partial sums s n := Ylk=i a k converges. The limit s := lim n ^ 00 s n is 
said to be the sum of the series. The following result is a consequence of the 
completeness of C. 


Theorem 2.6.3 (Cauchy Criterion). A complex series ^2 k=1 dk converges if and 
only if for each £ > 0 there is an N such that n > m > N implies that 


n 


E 

k=m 


dk 


< £. 


Some manipulations with series (for example rearrangements of the summands) 
require an even stronger concept of convergence. 

A series YlkLi ak 1S sa id to converge absolutely , if J2kL i \ a k\ converges. It 
follows from Theorem 2.6.3 and the triangle inequality that absolute convergence 
of a series implies convergence. 

The following result on changing the order of summation will be of special 
importance in later chapters. Here we consider a double sequence ajk of complex 
numbers with j, k G and form the iterated sums 


oo 


oo 


oo 


oo 


E ( E a W 

k=l E = 1 


E ( E a i k 

3=1 'fc=l 


(2.23) 


In general, the behavior of both sums can be completely different, but the situation 
improves if one of the series converges absolutely, i.e., it converges if the ajk are 
replaced by their absolute values \dj k \- 

Theorem 2.6.4 (Weierstrass Double Series Theorem). Let ajk G C for j^k G Z+. 
If one of the iterated sums (2.23) converges absolutely, then both series converge 
and 


oo 


oo 


oo 


oo 


EE 

k = 1 y j = 1 


djk ) 


EE 

3=1 y k = 1 


djk 
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Function Series. Pointwise and uniform convergence of function series J2kLi fk(z) 

on a set D C C are defined by the corresponding properties of their partial sums. 
The next theorem is a convenient criterion for proving convergence of such series. 

Theorem 2.6.5 (Weierstrass M-Test). Let (/&) be a sequence of functions defined 
on D C C. If there is a sequence of real numbers M & such that \fk(z)\ < Mk for all 
z E A and k E Z +; and YlkL i ^k converges, then Y^kLi fk(z) converges absolutely 
and uniformly on D. 

Landau Notation. A convenient notation for comparing the asymptotic behavior 
of two functions in a neighborhood of a point Zq E C is provided by the Landau 
symbols O, o, and Following the usual conventions, we write 

(i) f(z) = 0(g(z )) if for some C and all z in a neighborhood of zq 

\f(z)\ <C\g(z)\, 

(ii) f{z) = o(g(z)) if f{z)/g(z) ->• 0 as 2 ->• z 0 , 

(iii) f(z ) ~ g(z) if f(z)/g(z ) 1 as z z 0 . 

It goes without saying that the point zo where the functions / and g are compared 
must be specified. The Landau symbols are also used without explicitly mentioning 
the variable z, i.e., / = 0(g ) , / = o(g), f ~ g. 

2.7 Some Plane Geometry 

The theory of complex functions is a fascinating blend of analysis and geometry. 
For the convenience of the reader, we assemble some related definitions and results 
from plane topology in this section. It is not necessary to work through the whole 
material at once, rather we recommend that the reader consults this section as 
and when the corresponding concepts become relevant in the ongoing course. 

Since the focus of this book is on complex functions, we do not aim to prove 
en passant theorems in plane geometry. Instead we just quote these facts and 
refer the interested reader to textbooks like Munkres [42] or Henle [25]. For an 
introduction to geometric concepts in the context of complex analysis we also 
recommend Chapter II of Palka [52] . 

Domains. When we shall study analytic functions in the next chapter, it will 
become clear that their domain sets are necessarily open subsets of the complex 
plane or the Riemann sphere (Lemma 3.3.3). Such sets can be decomposed into 
even simpler pieces which will be introduced in Definition 2.7.1. 

Recall that a set S (in a topological space) is connected if whenever S is the 
union of two non-empty disjoint sets A and B, then (at least) one of these sets 
contains a point which belongs to the closure of the other. 
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Definition 2.7.1. A domain is a non-void, open and connected subset of the com- 
plex plane or the Riemann sphere. 

Note that this definition is consistent: any subset of C which is a domain in C 
is also a domain in C. An alternative commonly used term for domain is “region”. 


The Riemann sphere C, the complex plane C, the unit disk B, the upper 
half-plane HI := {z E C : Imz > 0}, and the ring R := {z E C : 1/2 < \z\ < 2} 
are domains. The next result shows that any open subset of the Riemann sphere 
is composed of domains. 

Proposition 2.7.2. Any open set in C is the disjoint union of at most countably 
many domains. 

The domains which are the building blocks of an open set D according to Propo- 
sition 2.7.2 are said to be the components of D. 

For some purposes even the concept of a domain is too general, and we 
need a finer classification. For example, a disk and a ring-shaped domain are 
topologically different. In order to make this distinction precise we need some 
further preparation. 


Paths and Loops. Contrary to a common sense interpretation, a path is a con- 
tinuous function from some closed interval into a topological space. The following 
definition gives a more detailed description. 


Definition 2.7.3. A path from a to b in D is a continuous map 7 : [a, f3\ D with 
7 (a) = a, 7 (/ 3 ) = 6 , and a < (5. The points a and b are called the initial point and 
the terminal point of 7 , respectively. If the initial and the terminal points coincide 


we speak of a closed path or a loop. The image set [7 
trace (or trajectory) of 7 . 


7 ([a, /?]) is said to be the 


The function 7 is also referred to as a parametrization of the trace [ 7 ] . Being 
the continuous image of an interval, the trace of a path is a compact connected 
set. 



Figure 2.30: Traces of four paths with direction of increasing 


parameter indicated 


A path is an oriented object. When we depict the trace of a path, the direction 
in which the point 7 (t) traverses [ 7 ] is often indicated by an arrow. Figure 2.30 
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shows a few examples. The green and the red dots are the initial point a and 
the terminal point 6 , respectively. These two points are also known simply as the 
endpoints of the path, and we say that 7 joins (or connects ) a with b. If 7 is a 
loop, its common initial and terminal point is referred to as the base point of 7 . 

Remark 2.7.4. We do not introduce the concept of a curve here, because there is no 
need for it, at least for the moment. One should be aware that there is no general 
convention about the meaning of this notion. Some authors consider “curve” and 
“path” as synonyms, some call the trace of a path a curve, and others define a 
curve as an equivalence class of paths. In order to avoid confusion, we shall try to 
avoid using this term, except when we talk about Jordan curves , a notion which 
will be made precise below. 

There are some standard paths which will come up often in our discussion. If 27 
and Z 2 are two (not necessarily distinct) points in the plane, we denote by [27, 27] 
the path y(t) = 27 + £(27 — 27) with t G [0, 1]. So [27, 27] denotes a path with initial 
point 27 and terminal point 27, but we use the same notation also for its (oriented) 
trace, the segment [27,27]. 

Speaking of the standard parametrization of a circle with center a and radius 
r we usually mean the path y(t) = a + r exp(27ri t) with t G [0, 1]. Sometimes we 
shall also use y(t) = a -f r exp (it) with t G [0, 2tt\. 

Simple Paths. Without additional assumptions, paths may have unexpected prop- 
erties, which might be inconvenient under certain circumstances. For example, the 
space filling u Peano curve v (which is a path in our terminology) is a continuous 
surjective mapping of [0,1] onto the unit square [0,1] x [0,1]. It is constructed 
as a (uniform) limit of a sequence (y n ) of paths three of which are shown in 
Figure 2. 31. 5 Such weird objects can be excluded by additional assumptions. 





Figure 2.31: Three stages in the construction of the Peano curve 


Definition 2.7.5. A path 7 : [a, /3 

implies that s = a and t = /?. 


D is called simpleii 7 (s) = 7 (t) with s < t 


’The curves depicted are computed using the MATLAB routine peano. m by Andreas Klimke. 
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This somewhat artificial definition allows for two possibilities: either 7 (a) 7^ 7 (/?), 
(in which case 7 is not closed) and 7 is injective, or 7 (a) = 7(/3) (i.e., 7 is a loop) 
and the restriction of 7 to [a, /?) is injective. 

Change of Parameter. As it turns out, the choice of the parameter interval is not 
that essential for the definition of a path. If 71 : [ai,/?i] D is a path in D and 
r : [a 2,/y — [0:1 , / 5 i] is a linear mapping with r(a 2) = aq and r(/?2) = /?i, then 
the path 72 := 71 o r is a path in D with parameter interval [«2, We call 72 a 
linear reparametrization of 71. 

In fact there are no “essential differences” between 71 and 72, and none 
of the results which we shall encounter is affected by linear reparametrization - 
the sceptical reader is invited to formulate and prove the corresponding results 
whenever he or she has doubts. 

Any path 7 admits a (unique) linear reparametrization with the parameter 
interval [ 0 , 1 ]. In what follows we shall often assume that paths are given in this 
normalized form. 

Path Manipulations. Next we introduce some manipulations with paths. The 
reversed path (or negative path) 7“ of 7 : [a, /?] -A C is defined on [a, /?] by 
7 ~(t) := 7(a + /? — £). 

If the terminal point of 71 : [aq,/ 3 1] -A C coincides with the initial point of 
72 • [<^2,^2] —> C, the concatenation (also denoted as sum) 7 := 71 072 of 71 and 
72 is defined on [oq, ( 3 1 + ^2 — oa] by 


lit) := 


7 i (t) 

72 (i + «2 - A) 


if f G [cki , /?i] 

if t (z (p\ . Pi + P 2 — a 2 


This “sum” is associative, but not commutative. Further we set 71 ©72 := 71 ©7^, 
provided that the right-hand side makes sense. 

When working with normalized paths 71 and 72 defined on [ 0 , 1 ], we use a 
modified definition of concatenation, where the parameter interval of 71 © 72 is 
rescaled to [0, 1] so that the resultant path is also a normalized one. 

Further Properties. Sometimes we shall need paths with specific properties. 
Three such classes are described in the next definition. 


Definition 2.7.6. A path 7 is said to be smooth , if Re 7 and 11117 are continuously 
differentiable functions. A polygonal path is the sum 7 = 71 © . . . © y n of segments 
7/c = [zk-u z k]> A polygonal path is called paraxial if each of its segments is parallel 
to the real or the imaginary axis. 


Note that smoothness of a path does not necessarily imply that its trace 
looks like a smooth curve. 

Figure 2.32 shows the traces of three (polygonal) paraxial paths. They are 
members of a sequence (y n ) which converges (uniformly) to the so-called Hilbert 
curve , another continuous surjective mapping of an interval onto a square. 6 

6 The depicted curves are computed using the MATLAB routine hilbert.m by Federico Forte. 
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Figure 2.32: Three paraxial paths (stages in the construction of the Hilbert curve) 


Path Covering. The following technical 
lemma will be useful in several proofs be- 
low. More importantly, it will be crucial 
for our discussion on analytic continua- 
tion of complex functions in Section 3.6. 
Roughly speaking the result says that 
the trace of a path in a domain D can 
be covered by a finite collection of well- 
overlapping disks in D as is illustrated 
in Figure 2.33. For later applications we 
need some additional requirements on the 
location of the centers and the covering 
properties of the disks; they are made 
precise in the following definition. 



Definition 2.7.7. Let 7 : [0, 1] C be a path in the complex plane. A chain of 
disks covering 7 is a finite sequence (D 0 , Tfi, . . . , D n ) of open disks D & with the 
following properties: 


( 1 ) There exists a partition 0 — to t\ ^ ... '7 tfi — 1 of the interval [ 0 , 1 ] such 
that 7 (£&) is the center of D & for k = 0 , 1 , . . . , n. 

(ii) The section of 7 between y(tk-i) and y(tk+i) is contained in D&, more pre- 
cisely, 


7 (t) C D 0 , 
7 (t) C D fe , 
7 (t) C D n , 


to<t< ti, 
tk — l — t — tk-\- Ij 


(k = 1 , . . . , n — 1 ), 


Lemma 2.7.8 (Path Covering Lemma). Let 7 be a path in the domain D C C. Then 
there exists a chain of disks which is contained in D and covers 7 . Moreover, the 
radii of all disks can be chosen to be of the same size and arbitrarily small. 
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Proof. Since 7 is continuous on the compact interval [ 0 , 1 ], its trace [7] is a compact 
subset of D. The complement of D in C is closed, and hence the distance d between 
7] and C \ D is positive. If 0 < r < d, then all disks with radius r and centers on 
7] are contained in D. Because 7 is uniformly continuous, there exists a positive 
number <5 such that s,t G [ 0 , 1 ] and \s — t\ < S imply that |7(s) — j(t)\ < r. So 
all requirements are satisfied if the partition 0 = to < t\ < . . . < t n = 1 is chosen 


such that tk — tk-i < S. 


□ 


Homotopy. Next we sketch a powerful 
technique, which formalizes the intuitive 
concept of a continuous deformation of 
a path 70 into a path 71. The idea is to 
embed 70 and 71 into a family of paths 
7 S : t 4 h(s,t), which depend contin- 
uously on the parameter s. The tech- 
nical term for this procedure is homo- 
topy. We shall consider two situations: 
deformations of paths with fixed end- 
points and, somewhat later, free defor- 
mations of closed paths (loops) without 
this restriction. To simplify notation we 



assume that all paths are defined on [0, 1], 
which can always be achieved by a linear 


Figure 2 . 34 : Homotopic paths 


reparametrization. 

Definition 2 . 7 . 9 . Two paths 70 : [ 0 , 1 ] D and 71 : [ 0 , 1 ] D from a to b are said 


to be homotopic in D with fixed endpoints if there exists a continuous function 
h : [0, 1] x [ 0 , 1 ] D which satisfies the following conditions (i)-(iv): 


(i) h( 0 ,t) = 7o(t), 0 <t<l 

(ii) ft(l,t) = 7i(t), 0<£<1 

(iii) h(s,0) = a, 0 < s < 1 

(iv) ft(s, 1 ) = 5 , 0 < s < 1 . 


The function h will be referred to as a homotopy from 70 to 71. 


If there is no danger of confusion we shall just speak of homotopic paths without 


mentioning that the endpoints are fixed. 


Figure 2.34 illustrates that the family (y s ) of intermediate paths Is ■= h(s , .) 
with s G [ 0 , 1 ] is a continuous deformation of 70 into 71. The traces of 7 S are 


colored according to the homotopy parameter s. 


Note that the coincidence of the traces [70] and [71] does not guarantee that 


70 and 71 are homotopic. For example the paths 70 and 71 in the domain C \ { 0 }, 
defined by 



t G [ 0 , 1 ] 




5 
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have the same trace (the unit circle) though they are not homotopic in C \{ 0 }. 

It is not difficult to see that “being homotopic” is an equivalence relation. 
So the set of all paths in D with fixed endpoints a and b splits into classes of 
homotopic paths. Note also that reparametrization of a path does not change its 
homotopy class, no matter what the domain D is. 

Definition 2.7.10. A path 71 : [0, 1] — > D is said to be a reparametrization of the 
path 70 : [0, 1] D if there exists a continuous function (p : [0, 1] —> [0, 1] with 
(p(0) = 0 and <p(l) = 1 such that 71 = 70 0 p- 

Lemma 2.7.11. Let 7 be a path in D. Then any reparametrization yop is homotopic 
to 7 in D. 

Proof. The function h defined by ft(s, t) := 7 ((1 — s)t + s p(t)) maps [0, 1] x [ 0 , 1 ] 
into D and is a homotopy from 7 to 7 o p . □ 

Homotopic Paths with Specific Properties. Technically it is of great importance 
that any path in D can be approximated by homotopic paths with specific prop- 
erties. In particular, the next lemma shows that any class of homotopic paths 
contains a smooth and a paraxial path (see Definition 2.7.6). 

Lemma 2.7.12. Let 7 : [0, 1] D be a path in an open set D C C. Then there 
exist a smooth path 7 : [0, 1] —> D and a paraxial path 7 : [0, 1] — > D which are 
homotopic to 7 in D. For each positive £ both paths can be chosen such that 


max \y(t) — y(t)\ < s, max \y(t) — y(t)\ < e. 
te [ 0 , 1 ] te[o,i] 


Proof. By the path covering lemma (Lemma 2.7.8, see page 49 for the notation 
used in the following), 7 can be covered by a sequence of disks D k with radii less 
than s/2. Let 0 == to t\ ... tfl — 1 be the subdivision of the parameter 
interval [0, 1], and denote by Zk = 7 (tk) the centers of the covering disks Then 
the restriction 7 ^ of 7 to [t^-ipkl homotopic in D k (and hence in D) to the 
line segment [zk-i,Zk\ for all k = 1, . . . , n. This induces a homotopy between 7 


and the polygonal path 7 := [zq,zi 


© [z n -i,z n \. Smoothing the function 7 


at the points tk appropriately, we obtain a smooth path 7 which is homotopic to 
7 and hence to 7 . Finally, the segments [zk- 1 , Zk\ are homotopic in Dk to the sum 
Zk- 1 , Re Zk + i Im Zk- 1 ] © [Re Zk + i Im Zk- 1 , Zk\ of two segments which are parallel 
to the real and imaginary axis, respectively. □ 


Connectedness Revisited. The following result is sometimes used as a definition 
of connectedness for open sets. Note that the “only if” conclusion fails when D is 
not open. 

Proposition 2.7.13. An open set D C C is connected if and only if any two points 
a and b in D can be joined by a path 7 in D. 

In conjunction with Lemma 2.7.12 we conclude that 7 can be chosen to be smooth 
or paraxial. 
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Simply Connected Domains. The definition of homotopy implies that the initial 
points and the terminal points of two homotopic paths must coincide. In general 
the converse it not true, but the next definition singles out a class of domains for 
which the endpoint condition is also sufficient for the homotopy of paths. 


Definition 2.7.14. A domain D is called simply connected if any two paths 70 C D 
and 71 C D with 70 ( 0 ) = 71 ( 0 ) and 70 ( 1 ) = 71 ( 1 ) are homotopic in D. Domains 
which are not simply connected are said to be multiply connected. 


The Riemann sphere C, the complex 
plane C, and the unit disk D are simply 
connected, while the punctured unit disk 


ED := {z G C : 0 < \z\ < 1 }, 
and the ring domain R 


R := {z e C : 1/2 < \z\ < 2} 


are not simply connected. The two paths 
70 and 71 depicted in Figure 2.35 have 
the same initial and the same terminal 
point, but they are not homotopic in R. 



Figure 2 . 35 : Non-homotopic paths 


Homotopy of Loops. For closed paths there is a second notion of homotopy which 
is more general because it does not require that the endpoints be kept fixed. 



Figure 2 . 36 : Traces of two families of freely homotopic closed paths 

Definition 2.7.15. Two loops 70 and 71 in a set D are called freely homotopic in 
D if there exists a continuous function h : [ 0 , 1] x [ 0 , 1 \ —> D such that 

h( 0 ,t) = 70 (£), 0 < t < 1 

h{ 1,£) = 71 (£), 0 < t < 1 

/i(s, 0) = h(s, 1), 0 < s < 1. 


(i) 

(ii) 

(iii) 
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A loop which is freely homotopic in D to a constant path is said to be null- 
homotopic in D. 


Figure 2.36 illustrates the definition. Both pictures visualize a freely ho- 
motopic family of closed path. The homotopy depicted on the right-hand side 
contracts the green curve to the blue point. 


Lemma 2.7.16. For any path 7 in D the loop 707 is null-homotopic in D to its 
base point. 


Proof. We contract 707 along [ 7 ] to its base point 7(0) as illustrated on the 
left of Figure 2.37. More formally, the function h defined for s,t G [ 0 , 1 ] by 


f 7(2 st) if 0 < t < 1/2 

i 70(1 — f)) if 1/2 <t <1 


is continuous on [ 0 , 1 ] x [ 0 , 1 ], its range is contained in 
satisfies h( 0 , .) = 7 ( 0 ) and h( 1 , .) = 707 “. 


.7. 


and hence in D, and it 

□ 




Figure 2.37: Illustrations to the proofs of Lemma 2.7.16 and Lemma 2.7.17 

The following result shows that a null-homotopic loop can always be contracted 
to its base point. 

Lemma 2.7.17. If a loop with base point zq is null-homotopic in D, then it is also 
homotopic with fixed endpoints to the constant path zq . 

Proof. Let h be a homotopy from the given path 70 to a point z\. We define y s 
and 7 + by 

7s(f) := h(s, t), y (t) = h{st, 0 ), s,i€[ 0 , 1 ], 

and set 7 “ := ( 7 + ) - . Then the path 7 + lies in D and connects zq with the moving 
base point := h(s, 0) = h(s, 1) of the loop 7 S , as shown in Figure 2.37 (right). 
The family of loops 

7s := 7 S + © 7s © 7s” 

has fixed base point zq and all paths in this family are homotopic in D (Figure 2.37 
shows the trace of one such path 7 * in red). Now 70 is homotopic to Jq, Jq is 
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homotopic to 7*, and 7/ is homotopic to 7/“ ©7 X , and by Lemma 2 . 7.16 the latter 
is homotopic to the base point Zq. □ 

Lemma 2.7.18. A domain is simply connected if and only if any loop in D is 
null-homotopic in D . 

Proof 1 . Assume that D is simply connected and 7 : [ 0 , 1 ] D is a loop. If 71 and 
72 denote the restrictions of 7 to the intervals [0,1/2] and [1/2,1], respectively, 
then 7 = 71 ®72- The paths 72 and 7/" have the same initial and the same terminal 
points and hence they are homotopic in D with fixed endpoints. This implies that 
7 and 71 ® 7/" are homotopic in D (with fixed endpoints and also freely). Now 
apply Lemma 2 . 7 . 16 . 

2. Let D be a domain and suppose that any loop in D is null-homotopic. If 
70 and 71 are paths with initial point a and terminal point 5 , then 7 := 70 ® 7f is 
a loop with base point a and 70 = 7 ® 71. By assumption and Lemma 2 . 7.16 7 is 
homotopic with fixed endpoints to the constant path a via a family of paths 7 s . 
This induces the homotopic family of paths := 7 s ® 71 from 70 to 71. □ 

Winding Numbers. We now introduce a geometric characteristic of loops which 
describes how many times they “wind around” some point in the plane. Among 
other applications, this concept will be essential for understanding the complex 
logarithm function. We begin with an auxiliary result. 

Lemma 2.7.19. Let 7 : [ 0 , 1 ] —> C \w be a path. Then there exist continuous 
functions a : [0, 1] M and r : [0,1] —> R_|_ ; such that 

7 (i) =r(i)e ia O. ( 2 . 24 ) 


Proof. The function r(t) := \^ft)\ is continuous and positive. So the proof amounts 
to finding an appropriate argument aft) of 7 (t) such that t 1— >> aft) is continuous. 
For this purpose we use the path covering lemma with D := C \ {0} (see page 49 
for notation). 

At the initial point of 7 we choose the principal branch of the argument, 
a( 0 ) := Arg7(0). If t G [toAi], all points 7 ft) he in the disk Dq. Since Dq does not 
contain the origin, it is contained in a sector with vertex at 0 and opening angle 
less than 7 r. Consequently the argument aft) = arg 7 ft) can be chosen such that 
a(t)-a{ 0)| < 7 t/ 2 , which yields a continuous function a on [ 0 , ti] . 

Suppose that such a function has already been constructed on some interval 
[ 0 Ak\- Then it can be prolongated to \ 0 ,tk+i\ by choosing aft) = arg 7 ft) on 
[tkpk+i] such that | aft) — aftk) \ < tt/ 2 , which is possible since 7 ft) G D & and 
0 0 Dk- By induction, a can be extended to all of [ 0 , 1 ]. □ 


Any continuous function a satisfying ( 2 . 24 ) is called a continuous branch of 
the argument along the path 7. The difference of two such functions a\ and a 2 on 
[0, 1] is a constant integral multiple of 2tt. 
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If a is a continuous branch of the argument along a loop, then a(l) — a( 0 ) 
is an integral multiple of 2tt which does not depend on the special choice of the 
branch a. 


Definition 2.7.20. Let 7 be a loop in C \ { 0 } and denote by a a continuous branch 
of the argument along 7. Then the integer 


wind 7 := 




is called the winding number (or in- 
dex) of 7. If zo E C and 7 is a loop 
in C\ {zo}, the winding number of 7 
about zq is defined by 


wind (7, zo) := wind (7 — zq). 


Figure 2.38 shows the trace of a loop 
with winding number 1 about the ori- 
gin (marked by a black dot). The col- 
oring visualizes the winding number 
of 7 about points zq in the different 
components of C \ [7 



Stability of Winding Numbers. Next we prove the intuitive fact that small per- 
turbations of a loop do not change its winding number. In order to obtain a 
quantitative version of this result, we measure the distance between two paths 70 
and 7 defined on [0, 1] by 


7“7o 


max I y(t) 

te[o,i] 


7o (t) 


Lemma 2.7.21. Let 70 : [0, 1] — C \ {0} be a loop, and denote by d the distance 
of its trace [70] from the origin. Then for all loops 7 : [0, 1] — > C with 1 1 7 — 70 1 1 < d 


wind 7 = wind 70 


Proof. Since [70] is a compact subset of C \ { 0 }, its distance d from the origin is 
positive. Then \y(t) — 70 (^) I < d implies that j(t)/yo(t) lies in the right half-plane. 

Let ao be a continuous branch of the argument along 79. If we chose a con- 
tinuous branch of the argument along 7 such that |a(0) — ao(0)| < tt/ 2, then 
a(t) — ao(t)\ < 7r/2 for all t E [ 0 , 1 ]. Invoking the triangle inequality we see that 
(a(l) — a(0)) — (a 0 (l) — a 0 (0)) | < 7 T, and since this number is an integral multiple 
of 27 r it must be zero. □ 


Homotopic Loops in Punctured Domains. The next result describes a situation 
where the winding number alone allows one to decide if two loops are homotopic. 
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Lemma 2.7.22. Let D C C be a simply connected domain and zq G D. Then two 
loops 70 and 71 are homotopic in the punctured domain D \ {zq} if and only if 
they have the same winding number about zq. 

Proof. That homotopic loops have the same winding number follows easily from 
Lemma 2.7.21 and a compactness argument. Though the converse is plausible, its 
proof is non-trivial and we refer to the literature (for instance Hatcher [24]). □ 

Jordan Arcs and Jordan Curves. Next we turn our attention to geometric prop- 
erties of traces of simple paths. This is one of the rare occasion where we resort 
to the notion of a curve. 

Definition 2.7.23. A Jordan curve is the trace of a simple loop, the trace of a 
simple non-closed path is called a Jordan arc. 

In the definition above we have avoided spec- 
ifying the target set of the loop 7. Usually 
we assume that 7 maps into C, but occa- 
sionally we also admit more generally that 
7 : [a, /3\ C, in which case we speak of 
a Jordan curve on the Riemann sphere. The 
minor modifications which are needed in the 
formulation of the corresponding results are 
left to the reader. 

As geometric objects, Jordan curves are not 
that tame as one might expect from their 
definition. Indeed their menagerie hosts such 
badly behaved entities like the fractal Koch 
curve (the boundary of the Koch snowflake) 
and the Osgood curve which has a positive 
area (see Sagan [60]). So it is not surprising 
that the following celebrated theorem is not Figure 2.39: The Koch snowflake 
easy to prove. 

Proposition 2.7.24 (Jordan Curve Theorem). Let J be a Jordan curve in C. Then 
its complement C \ J is the union of two domains, one of which is bounded and 
simply connected (the interior of J), and the other one is unbounded ( the exterior 
of J ). The Jordan curve J is the common boundary of its interior and its exterior. 

A relatively short and elementary proof is given by Maehara [39] , another instruc- 
tive proof can be found in Henle [25]. For an account of the history of the theorem 
we refer to Hales [23]. 

We denote the interior and the exterior of J by int J and ext J, respectively. 
If 7 is a simple loop which parameterizes J, then its winding number wind (7, zo) 
about Zq is well defined for every point Zq G C \ J and we have 

wind (7, zo) = ±1 if zo G int J, wind (7, zo) =0 if zo G ext J, (2.25) 

with one and the same sign in the first equality for all Zq G int J. 
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Orientation. We say that 7 is positively oriented , if wind (7,2:0) = 1 for (one 
and then for all) zq E int J . In this case we shall also call the Jordan curve J 
parameterized by 7 positively oriented. 

Example 2 . 7.1 (Triangles). Let 27, 

27, £3 be three (not necessarily dis- 
tinct) points in the complex plane. 

The triangle A := A (27, 27, 2:3) is the 
(closed) convex hull of 27, 27, Z3, and 

7 : = [-21,-22] © [.22,2:3] © [2:3,27 

is a path along its boundary dA. If 
the interior int A of A is not empty, 
we pick a point zq E int A and define 
the standard parametrization of dA as 

r. J 7 if wind (7, zq) > 0 

\ 7 _ if wind (7, zq) < 0. 

Note that J is a positively oriented parametrization of dA. 

Jordan Domains. A Jordan domain is the interior of a Jordan curve. It is clear 
that the closure of a Jordan domain is a compact set, but in fact it has a much 
nicer property. 

Proposition 2 . 7 . 25 . The closure of a Jordan domain is homeomorphic to the closed 
unit disk. 

Spelled out explicitly, this means that there is a continuous bijective mapping (p 
of B onto K := int J U J with continuous inverse. Since such a mapping sends 
interior points to interior points, and boundary points to boundary points, the 
images </?(B) and p(T) of the unit disk and the unit circle are the Jordan domain 
int J and the Jordan curve J, respectively. In fact Jordan curves are precisely the 
homeomorphic images of circles. 

Contractability. The last result in this section tells us that every Jordan curve is 
“contractible” to any point in its interior. The precise meaning of this statement 
is made clear in the following result. 

Lemma 2 . 7 . 26 . Let 7 be a parametrization of a Jordan curve J and let z 0 E int J . 
Then 7 is null-homotopic in K := int J U J to the constant path zq. 

Proof. Let p : ED K be a homeomorphism between the closed unit disk and K 
according to Proposition 2 . 7 . 25 . Then 70 := p~ l 07 is a loop which parameterizes 
the unit circle T. The homotopy 

h(s,t) := (1 - s)yo(t) + sw 0 , s,t £ [0, 1] 

contracts 70 in the (convex) closed unit disk B to the point Wq := p~ 1 (zo). Since 
p is a homeomorphism, p o h is a homotopy of 7 to the point zq in K. □ 





Figure 2 . 40 : A Triangle A (27, 27, £3) 



Figure 3.1: Enhanced phase portrait of the function f(z ) = e 


1 



Chapter 3 

Analytic Functions 


In this chapter we shall get introduced to the most important entities of this book: 
analytic functions. Though they form just a small minority within the class of all 
complex functions, they are of crucial importance both in theory and in applica- 
tions. Moreover, they possess a number of fascinating and somewhat unexpected 
properties which we shall explore in this chapter. 

Unlike most contemporary textbooks, where the concept of complex differ- 
entiability is used as the entry point to analytic functions, the material in this 
chapter is developed without recourse to differentiation and integration. Rather, 
we follow another route with a long historical tradition, namely Karl Weierstrass’ 
approach via power series. 

Albeit somewhat technical, working with power series also has some advan- 
tages. For example, sums of power series are automatically infinitely differentiable, 
so that we do not need to worry about additional regularity assumptions, like con- 
tinuity of the derivative. Moreover, power series provide us with a rich stock of 
interesting functions right from the beginning. 

Emphasizing on the constructive aspects, we try to explore the world of func- 
tions step by step: starting with simple functions (powers, polynomials, rational 
functions), going on to power series, using analytic continuation to obtain functions 
on larger domains, and finally ending up with functions on Riemann surfaces. 

This chapter is organized as follows: after investigating polynomials and ra- 
tional functions in Section 3.1, we develop the basic results of power series in 
Section 3.2. Readers who are distracted by the technical details may just read the 
main results and skip the more involved computational parts. In any case, this text 
is not the place for an in-depth treatment of the topic. We recommend Henrici’s 
book [26] to readers who wish to gain a deeper understanding of the rich subject 
of power series. 

In Section 3.3 we introduce analytic functions as those complex functions 
which can be locally represented by power series. A central result is the Weierstrass 
rearrangement theorem, which will play a basic role in Section 3.6. Furthermore, 
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we shall establish local normal forms of analytic functions, and investigate how 
these are reflected in the phase portraits. 

In Section 3.4 we obtain a number of results about analytic functions, viz. the 
uniqueness principle, the maximum modulus principle, the open mapping princi- 
ple, and the argument principle. Several further properties will be derived from 
these basic facts. 

In Section 3.5 we extend the concept of analyticity so as to allow the point 
at infinity to belong to the domain or the range of a function. Readers who are 
not willing to spend their time with this more general class of analytic functions 
may skip Section 3.5 at the first reading. 

The main theme of Section 3.6 is the Weierstrass disk chain method, a con- 
structive approach for extending an analytic function to a larger domain. Using 
this technique we shall explore analytic functions along paths and gain new insights 
into their global structure. 

During this process, Riemann surfaces arise naturally and (almost) unavoid- 
ably, but including this rich subject would go beyond the scope of this chapter. 
Having finished Section 3.6, the interested reader may go directly to Chapter 7 
where we shall continue this line of investigation. 


3.1 Polynomials and Rational Functions 


In this section we study rational functions , which can be generated from the con- 
stant functions and the identity function f(z ) = z solely using the four basic 
arithmetic operations addition, subtraction, multiplication, and division. All these 
functions will be defined on the complex plane and then extended to the Riemann 
sphere. 

Power Functions. Besides the Mobius transformations which were introduced in 
Section 2.3, the simplest rational functions are the power functions f(z) = z n with 
integer exponent n. These functions are naturally defined for n G Z and z G C\{0} 
and extended to C by 

{ 0 if (n > 0 and z = 0) or (n < 0 and z = oo) 

1 if (n = 0 and z = 0) or (n = 0 and z = oo) 

oo if (n < 0 and z = 0) or (n > 0 and z = oo). 


So, if n > 0, then z n has a zero at z = 0 and a pole at z = oo, while for n < 0 it 
has a pole at z = 0 and a zero at z = oo. In all these cases, the number \n\ is said 
to be the order or multiplicity of the zero or the pole, respectively. 

Note that we have set z° := 1 for all z G C, including z = 0 and z = oo. 
These definitions guarantee that all power functions f(z) = z n are continuous as 
mappings / : C C. For n / 0, all points w G C but w = 0 and w = oo have 
exactly \n\ pre-images. In a certain sense, the mapping z ^ w = z n wraps the z 
sphere In times around the w sphere. 
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Some phase portraits of the power functions f(z ) = z n in the unit square 
U := {z G C : |Rez| < 1, |Im z | < 1} are shown in Figure 3.2. 



To interpret these pictures we invoke de Moivre’s formula. It tells us that the 
phase of z n is constant along the rays emerging from the origin. Moreover, when z 
moves around the unit circle, say in a counterclockwise direction, then the phase 
f(z n ) = z n rotates on the unit (color) circle with n-times the speed of z. If n < 0, 
then f(z n ) travels in the reverse (clockwise) direction of z. Consequently, poles 
and zeros can be distinguished by the orientation of the colors which appear in 
their neighborhood: for a zero the colors have the same orientation as on the color 
circle, for a pole the orientation is reversed. The order of a zero or a pole can also 
be easily seen, it is just the number of isochromatic rays of one (arbitrarily chosen) 
color which meet at that point. 

Though the reasoning must be slightly modified when we consider poles and 
zeros at infinity, the above assertions remain valid in toto. Figure 3.2 depicts the 
corresponding phase portraits of z~ 2 , z _1 , z°, z 1 , and z 2 in a neighborhood of the 
point at infinity (see Section 2.5 for details of the construction and the orientation 
of the pictures). 



Figure 3.3: Phase portraits of the functions z 2 , z 1 , z°, z 1 , z 2 near z = oo 


Polynomials. Power functions are the elementary building blocks of polynomials , 
the most general functions that can be formed using only the operations of addi- 
tion, subtraction and multiplication. Customarily, polynomials are written in the 
normal form 

f (z) = do T z T $2 % T • • • a n z n , z G C. (3.1) 

The complex numbers ao, cq, . . . , a n are the coefficients of the polynomial. If the 
leading coefficient a n does not vanish, which we usually assume, then the number 
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n is referred to as the degree of the polynomial, n = deg/. For the zero polynomial 
f = 0 this normalization is impossible, and we set its degree to — oo. 

Definition (3.1) is inappropriate for assigning a value to / at infinity, since 
it would involve undefined expressions like oo + oo and, possibly, 0 • oo. However, 
there is still a natural definition of /(oo). If we wish to extend / to a continuous 
mapping / : C C, there can be at most one value for /(oo) which will do the 
job. For the moment let us assign 


/( oo) 


oo if deg / > 1 
ao otherwise. 



That this is indeed the right choice will be shown in Theorem 3.1.1. 

Theorem 3.1.1. The polynomials defined by (3.1) and (3.2) are continuous func- 
tions f : C C. 

Proof If / is constant, the result is obvious, so assume that deg / > 1. The 
continuity of / at points zq E C follows from the continuity of g(z) = z and the fact 
that sum and product of continuous functions are continuous functions. It remains 
to show that / is continuous at the point at infinity. Since then distances must 
be measured in the spherical metric, continuity of / at infinity can be rephrased 
as follows: for any positive e there exists a positive S such that \z\ > 1/S implies 
|/(z)| > 1/e. In order to verify this claim, we rewrite /(z) as 


f{z ) = zU («n + 


a n - 1 «1 «o 

I” • • • I -i ~l 


z 


z 


n— 1 


z 


n 


Z 0. 


(3.3) 


Since | a n is positive, we find a positive S such that for all z with z 1/6 


ttn —1 ^0 

a n H h • • • H — z — i — h 


2) 


Z 


n— 1 


Z 


n 


> 


a 


n 


ttn — 1 
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T • • • T 


a i 


n— 1 


Z 


Choosing S small enough, so that S n < e |a n |/2, we get 
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ao 


z 
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\m\ > 
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£ 


if \z\ > 1/S. 


Figure 3.4 shows a phase portrait of the polynomial f(z) = z 5 — z 4 — z + 1 on two 
domains covering the lower hemisphere (left) and the upper hemisphere (right) of 
C. For the construction of these two images we refer to page 41. The left window 
is the square |Rez| < 1.2, |Imz| < 1.2, the four distinctive points where all colors 
meet are z\ = 1,Z2 = i,Z3 = —1 and Z4 = — i. These points are also seen in the 
right window. The point Z5 = 00 is at the center of the square. 

Let us compare the phase portrait of / in a neighborhood of the points 
zi, . . . , Z5 with the portraits of the power functions z n near the origin. We observe 
that, up to a translation and a slight distortion, the phase portrait of / at z\ 
looks like the portrait of z 2 at z = 0. Similarly, the phase portrait of / at Z2, Z3, Z4 
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resembles the portrait of z near the origin (for Z2 and Z4 we need to add a rotation), 
while it mimics z -5 at z. 5. 



Figure 3 . 4 : Phase portraits of a polynomial of degree 5 on the two hemispheres 

In order to analyze these observations we have to do some groundwork. First of 
all let us study algebraic manipulations with polynomials. 

Polynomial Algebra. Let / and g be two polynomials. Then the sum / + g, the 
difference / — g, and the product / • g (often denoted by / g) are polynomials with 

deg(/±sO < max(deg /, deg 5), deg (f ■ g) = deg / + deg g. 

After defining n + (—00) := —00, and max(n, —00) = max(— 00, n) := n if n is an 
integer or n = —00, these relations remain valid if one or both of / and g is the 
zero polynomial. 

The quotient of two polynomials / and g is, in general, not a polynomial. 
We say that g divides f (or f is divisible by g), if there exists a polynomial q such 
that / = g • q. In order to study this further, we utilize the technique of division 
with remainder. 

Theorem 3.1.2 (Division with Remainder). Let f and g ^ 0 be polynomials. Then 
there exist uniquely defined polynomials q (the partial quotient of f and g) and r 
(the remainder^ with degr < degg such that f = g q + r. 

Proof. 1 . In the first step we prove the existence of q and r. If deg / < degg then 
we can set q := 0 and r := /. So let 


/ (z) — a n z n + . . . + a\ z + uq? ^ m T • • • T b\ z + 

with a n , bm 0 and n > m. Setting qi(z) := (a n /b m ) z n ~ m and /1 := / — gqi we 
get a polynomial /1 with deg f\ < deg /. If deg /1 < deg g we are done, setting 
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r := /i, otherwise the procedure is repeated with / replaced by /i, so that the 
polynomial f 2 '= fi ~ 9 Q 2 has degree less than deg /i. After a finite number of steps 
we arrive at f k := fk-i - gqk with deg f k < deg g, and setting q := (q 1 + . . . + q k ), 
r := fk yields / = g q + r with deg r < deg g. 

2. In order to prove the uniqueness of the polynomials q and r, we assume 
that / = g qi + rq = g q 2 + r 2 with degri < degg and degr 2 < degg. Then 
g (q 2 — qi) = r 2 — rq. If q 2 ^ < 7 i, then the left-hand side has degree at least degg, 
while the degree of the right-hand side is less than degg. Consequently q^ = gi, 
and then also r 2 = rq. □ 

So, g divides / if and only if the remainder r of the partial division of / by 
g is the zero polynomial. In what follows we apply this result to study zeros of 
polynomials. 

Lemma 3.1.3. Let f be a polynomial of degree not less than 1. If zq G C and 
f(z o) = 0, then f is divisible by the polynomial g(z) := z — z q. 

Proof Division with remainder yields f(z) = (z — z o) q{z) + c with a constant c. 
Inserting z = zq we get c — 0, i.e., f(z) = (z — zq) q(z). □ 

This procedure of factoring off zeros can be repeated. If z\ is a zero of < 7 , 
(not necessarily distinct from zo), then we get f(z) = (z — zq)(z — z\) qi(z), and 
so on. Since the degree of the quotients qk decreases in every step, this process 
must come to an end. Collecting all linear factors (z — Zj) with the same value of 
Zj and renumbering the Zj we finally arrive at 

f(z) = (z- ^) mi • (z - z 2 p 2 ZkP k • p(z), (3.4) 

where p is a polynomial of degree deg / — (mi + m 2 + . . . + m^) without zeros. It is 
now easy to see that the zeros of / are precisely the numbers Zj with j = 1, . . . , k. 
The exponent mj of the factor (z — Zj) mj in the representation (3.4) is called the 
multiplicity (or the order ) of the corresponding zero Zj. 

Let us pause here for a moment and discuss how the factorization (3.4) can 
be utilized to explain some of the observations on the phase portrait we have 
made earlier. Denoting the product of all but the single factor (z — Zj) rnj on the 
right-hand side of (3.4) by pj, we obtain 

f(z) = (z-z j ) m ip j (z). (3.5) 

Since Pj(zj ) 7 ^ 0, the phase of p 3 is continuous at zy such that 

V’C f( z )) = - z i) mj ) ~ c ■ ip ([Z — Zj) m q, c:=ip( Pj (z j )), (3.6) 

for all z sufficiently close to Zj. So, in a small neighborhood of Zj, the phase portrait 
of / looks like the phase portrait of z rrlj at z = 0 , shifted to Zj, and rotated by an 
angle of 


Vj = ~a/ m j) arg Pj( z j)- 


(3.7) 
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The rotation angle in (3.7) is probably not what one would expect at the first 
glance. To verify that it is correct, one should take into account that the phase 
portrait is generated by a pull-back operation, which explains the negative sign 
and the factor 1/mj. 

In order to interpret the phase portrait of / at z = oo, we use the represen- 
tation 


£/ \ _ n ( | a n—l a l 

f(z)-z ya n H - !-•••+ [ + 


<2o 


Z 


n 


Z 7^0, 



and obtain 

^(f( z )) ~ c- V’(V), c := ip (an). (3.9) 


Extremal Values. Now one crucial question remains: how many zeros does a 
polynomial of degree n have? The representation (3.4) tells us that this number 
is deg / — degp, counting all zeros according to their multiplicities. So, what can 
be said about the polynomial pi One approach to answer these questions is the 
following result on local extremal values of polynomials. 


Theorem 3.1.4 (Maximum /Minimum Principle for Polynomials). 

(i) If the modulus \f\ of a polynomial f has a local maximum at some point 
zq G C, then f is constant. 


(ii) If f is a polynomial of degree at least one, and \ f\ has a local minimum at 
some point zo G C, then f(zo) = 0. 

Proof. 1. We assume that n := deg / > 1 and pick any zo G C with f(z o) ^ 0. 
Then both assertions follow, once we have shown that |/| attains neither a local 
maximum nor a local minimum at zq. 

2. Inserting z = zq + (z — Zq) into (3.1) we can represent / as a polynomial in 
2 - Zq, 

f(z ) = Co + Cl (z - Z 0 ) + C 2 (z - Z 0 ) 2 + . . . + C n (z - Z 0 ) U , (3.10) 

where cq = f(zo) ^ 0. Since / is not a constant, not all coefficients c \, . . . , c n can 
vanish. Consequently we can rewrite (3.10) as 


f(z) =c 0 +c k (z- z 0 ) k (l + g{z)) , 


where g is a polynomial with g(zo) = 0. Since g is continuous, there exists a 
positive S such that \g(z)\ < 1/2 for all z with \z — zq\ < S. 

3. Now let £ be an arbitrary positive number. In order to prove (i), we choose uj 
as a kth root of co/c^, that is, co k = co/ck . Setting z = zo + ruo with r G R and 
0 < r < min(l, e/\cj\, 8/\u)\), we have \z — zo\ < min so that \g(z)\ < 1/2. 
Then 

f(z) = Co (l +r k +r k g(z)), 
and, by the triangle inequality, 


f(z ) | > |c 0 | (1 + r k - (1/2 )r k ) > |c 0 | = f(z 0 ) 


k 
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In order to prove (ii) we choose uj such that uo k = —Co/c kl and get analogously 


/0) |= c 0 (l - r k - r k g(z)) < \c 0 \ (1 - r k + (l/ 2 )r k ) < \c 0 \ = f(z 0 ). 


k 




□ 


Corollary 3.1.5. Any polynomial f of degree at least one has a zero zq in C, 


Proof. We consider the closed disk K := {z E C : \z\ < R}. Since /( oo) = oo and 
/ : C C is continuous, the radius R can be chosen so large that \f(z)\ > |/(0)| 
for all z with \z\ > R. The function |/| is continuous on the compact set K. By 
Weierstrass’ theorem, it must attain a minimum at some point zq E K. Since 
|/0o)| < |/(0) |, we infer from the first step that Zq must be an inner point of K. 
By Theorem 3.1.4 (ii), this can only happen if f(zo) = 0. □ 


Zeros. The following celebrated theorem on zeros of polynomials was first proved 
by different techniques (and according to modern standards still with some gaps) 
by Carl Friedrich Gauss in 1799. 

Theorem 3.1.6 (Fundamental Theorem of Algebra). Any polynomial f of degree 
n > 1 has exactly n complex zeros. More precisely, denoting the different zeros of f 
by zi, Z 2 , . . . , z k , their multiplicities mi, m 2 , . . . , m k satisfy mi +777,2 + . . .+m k = n, 
and f admits the canonical factorization 

f(z) = c(z - z.r 1 ■ (Z - z 2 ) m 2 •...•(*- Z k ) m k , c E C \ {0}. 

Proof. Factoring off all zeros of / (allowing also for the case when / has no zeros 
at all) we represent / in the form (3.4), with a polynomial p having no zeros, and 
c G C \ {0}. By Corollary 3.1.5, p must be constant. □ 


The next result is an immediate consequence of Theorem 3.1.6. 

Corollary 3.1.7 (Identity Theorem for Polynomials). Let n > 0 and assume that 
f(z) = ao + a\ z + . . . + a n z n and g(z) = + b\ z + . . . + b n z n are polynomials of 

degree not exceeding n. If f(zj) = g{zj) for n + 1 distinct points z 0 , z±, . . . , z n E C ; 
then aj = bj for j = 0, . . . , n. In particular f(z) = g(z) for all zGC. 

Proof. If aj yl bj for some j E {1, . . . , n}, then deg (/ — g) > 1, which contradicts 
Theorem 3.1.6. Thus f(z) — g(z) = ao — bo, and then ao = bo. □ 

An Example. The polynomial f(z) = z 5 — z 4 — z + 1 has zeros at z\ — 1, 
Z 2 = i, Z 3 = — 1, and Z 4 = — i. While z\ has multiplicity two, z 2 , z 3 , and Z 4 have 
multiplicity one, so that / has the canonical factorization 


m = (z- l) 2 (; z + l)(z 2 + l) . 
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Figure 3.5: Zooming in to the phase portrait of the polynomial f(z ) = z 5 — z 4 — z+ 1 

Let us look again at the phase portrait of this function. The three windows of 
Figure 3.5 are centered at the origin and have side lengths 100, 10 and 4, re- 
spectively. In the window on the left with the smallest zoom factor all details are 
indiscernible, and we just see a phase portrait similar to that of the function z 5 , 
which is a consequence of (3.9). Moving closer, the zeros show up. 



Figure 3.6: Zooming out at infinity of the phase portrait of the polynomial / 

An Alternative Proof? Looking at these pictures for a while with attention fo- 
cused to one color, say yellow, we observe that any zero is linked to the point at 
infinity by an isochromatic line of that color. Or conversely, each of the five yellow 
lines emerging at z = oo ends up at a zero. This can be seen best in Figure 3.6 
(left) which depicts a neighborhood of the point at infinity. Note that two yellow 
lines end up at the double zero z\ = 1. 

If this observation could be confirmed for general polynomials, it would give 
an intuitive interpretation of the fundamental theorem of algebra: the number of 
yellow lines emerging at infinity is equal to the degree of the polynomial, every 
line ends up at a zero, and the number of lines terminating at a zero is equal to 
its multiplicity. We shall convert these observations into actual results when we 
study phase diagrams in Volume 2. 

Equipped with these tools we can go even further: fix a zero Zq of / and 
consider all isochromatic lines (of all colors) ending up at zq. These lines fill some 
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region B in the complex plane. If we pick a point in B and let it travel along 
the corresponding isochromatic line it will finally end up at zq. So, B is the basin 
of attraction of the zero zq. Considering all zeros of /, their basins of attraction 
(almost) cover the complex plane. 


Interpolation. Corollary 3.1.7 tells us that any polynomial / of degree n is 
uniquely determined by its values Wj = f(zj ) at n + 1 distinct points Zj. Con- 
versely, we may ask if the numbers Wj can be prescribed arbitrarily. Indeed there is 
a positive answer and the interpolation problem of finding a polynomial / from its 
values Wj at Zj can even be solved algorithmically. Here we consider only a special 
situation, where the coefficients of the interpolating polynomial / are given by a 
beautiful formula. 1 

Lemma 3.1.8. Let f = ao + a\ z + z 2 + . . . + a n z n be a polynomial of degree at 
most n, and let c o denote the principal (n + 1) th root of unity, 


Then 


27 r 

oj := cos 

n + 1 


.. 2tt 

+ i sin . 

n + 1 


a>k 


1 

n + 1 




3=0 


k = 0, 1, . . . , n. 


(3.11) 


Proof First of all we observe that for any (n + 1) th root of unity w with w f 1 


\ (jJ ~\~ io ~\ ~ UJ 


w n+1 - 1 




Consequently, summing up the equations 


n n 

u- jk f(u j ) = y j a i u j{i ~ k) = J2 a i C ~ k Y 

i — 0 i — 0 


for j = 0, . . . , n all terms get cancelled except those with i — k, in which case we 
have (w l ~ k y = 1, and hence the sum equals (n + 1) a^. □ 

If the polynomial is evaluated at n + 1 uniformly distributed points on a circle 
with radius r and center 0, one can use a scaled version of formula (3.11), 


1 


n 


r k a k = — — Vw ° k k = 0,1, 

n + 1 


, n. 


(3.12) 


3=0 


x The experienced reader will notice the connection with the discrete Fourier transform. 
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Rational Functions. In the next step of constructing complex functions we also 
allow division , and enter the realm of rational functions. These functions are quo- 
tients of polynomials 



uq ~1“ a\ z T 0-2 zA T . . . T a n z n 
bo T b\ z + 62 zA + . . . + z 171 


(3.13) 


with q ^ 0. The natural domain set of / consists of all points zGC where q does 
not vanish. If the numerator p and the denominator q have a common zero zo with 
multiplicities m p and m g , respectively, then the common factor (z — z o) m with 
m := min(m p , m q ) in the canonical factorization of p and q can be cancelled in the 
quotient p/q. If this is done for all common zeros of p and q we get the irreducible 
representation of a rational function. The degree of a rational function is defined 
as deg / = max(degp, deg q), where / = p/q is the irreducible representation of /. 

In order to extend a rational function to all of C we represent it in the 
irreducible form / = p/q. In doing so we may have already extended its domain 
of definition. Further we define f(z) := 00 for all z G C with q(z) = 0. Finally we 
set 

{ 00 if degp>degg 

a n /b n if deg p = deg q = n (3-14) 

0 if degp<degg. 

These definitions are natural since they guarantee the continuity of the extended 
function. 

Theorem 3.1.9. Any rational function f is a continuous mapping f : C C. 

Proof. We may assume that / = p/q is the irreducible form of /. Then / is 
continuous at all points Zq G C with q{z o) 7^ 0. If Zo G C and q(zo) = 0 then 
f(zo) := 00 = lim^oo f(z). Finally, the definition of /( 00 ) is such that it coincides 
with lim^oo f(z). □ 


Zeros and Poles. The zeros of the extended function / on C coincide with the 
zeros of p. If zo G C is a zero of p with multiplicity k then f(z) ~ c(z — zo) k at 
zo with c 7^ 0, 2 and zo is said to be a zero of / with multiplicity k. Analogously, 
if zo G C is a zero of q with multiplicity /c, then f(z) ~ c(z — zo)~ k , and zo is 
called a pole of / with multiplicity k. Define k := deg p — deg q. If k< 0, the point 
at infinity is said to be a zero with multiplicity fc, if k > 0 then / has a pole of 
multiplicity \k\ at infinity. 

The phase portrait had taken note of all this all the while and has done the 
cancellation automatically. Hence it looks similar to the portraits of the corre- 
sponding power functions c(z — zo) k in a neighborhood of poles and zeros. 

2 For the definition of the symbol ~ see page 45. 
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Zero-Pole-Cancellation. It should be mentioned that, in contrast to zeros of poly- 
nomials, which always have a “long range effect” , zeros and poles at small distances 
can almost cancel each other, so that they may be invisible in the phase portrait. 
This effect is demonstrated in Figure 3.7 for a zero-pole pair approaching the 
center of the square depicted. 




Figure 3.7: An almost zero-pole-cancellation may be invisible 

A- Values. That the above extension of a rational function / to all of C was 
reasonable becomes clear when we consider the a- values of /. For a E C these are 
the zeros of / — a, the oo-values are just the poles of /. In the following theorem 
all a- values are counted according to the multiplicity of zeros of f — a. 

Theorem 3.1.10. For any ggC the number of a-values of a non-constant rational 
function f is equal to deg/. 

Proof Let f = p/q be an irreducible representation with degp = m, deg q = n, 
and let k := deg / = ma x(m,n). We distinguish different cases. 

1. If a G C, then the polynomial g := aq — p has degree j < fc, and g has 
exactly j zeros z\, . . . Zj in C. Since p and q are have no common zeros, none of the 
Zi can be a zero of g, so q,... Zj are precisely the finite zeros of p/q — a. Further 
oo is a zero of p/q — a = (p — aq) / q with multiplicity k — j. 

2. If a = oo, then p/q has exactly n = deg q finite poles. If n > m, then oo 

is not a pole of /, otherwise it is a pole of order m — n. In both cases the total 
number of poles equals deg/. □ 

In geometric language, a rational function z w = f(z) of degree n induces 
a n-fold covering of the w sphere by the image of the z sphere. 

Partial Fraction Decomposition. Besides the multiplicative normal form of ratio- 
nal functions, which we immediately obtain from the canonical factorizations of 
the polynomials p and < 7 , there is also an additive normal form. 

Theorem 3.1.11 (Partial Fraction Decomposition). Let f = p/q ^ 0 be an irre- 
ducible representation of a rational function f , and denote by zi , . . . , the zeros 
of q with the corresponding multiplicities mi,..., ra&. Then f admits a partial 
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fraction decomposition f = /o + /i + . . . + fk, where /o is a polynomial of degree 
deg p — deg q if deg p > deg q and /o = 0 otherwise, and 



J 


= 1 . 


k. 


Before we give a proof, let us look at the phase portrait to illustrate the main 
idea. If / has a pole of order m at zq, then its phase portrait resembles locally 
the portrait of l/(z — zo) m , rotated by a certain angle. This rotation corresponds 
to multiplication by some factor a. So we try to find a constant a such that 
a/(z — Zo) m is the best fit function to / in a neighborhood of zq. If a is chosen 
correctly, the poles of / and of a/(z — zo) m at zq partially compensate each other, 
so that fi(z) = f(z) — a/(z — zq ) 171 has a pole of order not exceeding m — 1. Then 
the same process is repeated for the new function /i, and so on, until there are 
no more poles at all. Figure 3.8 illustrates two steps of this procedure for a pole 
of second order located at the center of the square. Note that the two other poles 
in the domain remain unaffected. 





Figure 3.8: Partial fraction decomposition at a pole of second order 

Proof. If deg q = 0, then / is a polynomial. If degp > deg q > 1, partial division of 
p by q yields p = q /o + pi , such that / = /o + pi /q is the sum of a polynomial /o 
and a rational function pi/q with degpi < deg q. Therefore it suffices to consider 
rational functions pi/q with degpi < deg q. 

If deg q = 1, the result is obvious. Now we argue by mathematical induction. 
Assuming that, for some positive integer n, the assertion holds for all rational 
functions pi/q with degpi < deg q < n , we wish to show that it also holds when 
deg pi < deg q = m = n + 1. Since z\ is a zero of q with multiplicity mi, the 
polynomial q can be represented as 

q(z) = (z - zi) qi(z) = (z - z x ) mi gi{z) 

with polynomials qi and g\ satisfying gi(zi) 0. Setting an := p\(z\) / g\(z\) , we 
obtain 

Pi(z) an Pi(z) - angi(z) _ Pi(z) - augi(z) 

q(z) (z - z 1 )q 1 (z) 


q(z) (, z-zi ) m i 


(3.15) 
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By definition of an, the numerator P 2 (z) := pi(z) — an gi(z) vanishes at zi, and 
thus the factor z — z\ on the right-hand side of (3.15) gets cancelled. Hence 

Pip) _ an _ P 2 P) 
q(z) (z-zi) m ' qi(z)' 

with degp 2 < deggi < m — 1 = n. The zeros of qi and their multiplicities coincide 
with those of g, except for z\ which now has multiplicity mi — 1. By assumption, 
the rational function P 2 /Q 1 admits the desired decomposition, which completes the 
proof of the theorem. □ 

3.2 Power Series 

Using merely the four basic arithmetic operations one cannot go beyond the class 
of rational functions. To obtain new functions we need to use other constructive 
methods, for instance limit processes. 

An Example. To get the flavor of such an approach, we consider an infinite 
sequence of complex numbers ao, ai, a 2 , . . . and define the sequence of polynomials 

fo(z) = a 0 , fi(z) = a 0 + ai z, f 2 (z) = a 0 + ax z + a 2 z 2 , .... 

What happens with these functions f n when their degrees increase? To have a 
concrete example, take all coefficients equal to one, ao = ai = a 2 = . . . = 1. 
Figure 3.9 shows the phase portraits of the corresponding polynomials of degree 
20, 60 and 150. 



Figure 3.9: Phase portraits of the polynomials / 20 , /60 and /150 

We observe that the behavior of these phase portraits is quite different, depending 
on the region which we observe. There is a disk-like region where the coloring does 
not change much when n is increased and becomes stable for sufficiently large n. 
On the other hand, in the outer region the stripes change very rapidly, and no 
definite color can be assigned to a point in that region for large n. Of course, these 
three phase portraits say nothing about the actual behavior of the functions f n . 
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To see that this observation is not accidental we need some more mathematical 
input. 

However, the example at hand can be easily explained. The polynomial f n 
is the sum of a finite geometric series , which can be computed explicitly. If z f 1 
we have 

~n+l _ i 

fn(z) = 1 ~h Z p Z 2 -j~ ... ~j~ Z n , 


and f n ( 1) = n. Thus the sequence ( / n (z )) converges to the limit 1/(1 — z) if 


z 


< 1, while it diverges for all z G C with \z\ > 1. 


Power Series. Now, let us explore the general case of the previous example. First 
of all we modify the setting a little in order to get a bit more flexibility. Fix zq G C, 
and let (a n )ff =0 be a sequence of complex numbers. Then the function series 


oo 

^ a k (z - zo) k = a 0 + ai (z - z 0 ) + a 2 (z - z 0 ) 2 + . . . (3.16) 

k = 0 

is called a power series. Here and in the following we set (z — z o)° := 1 for all z, 
otherwise the first summand becomes indeterminate if z = zq. The numbers a & 
are the coefficients of the series and the point zo is referred to as its center. The 
partial sums of the series are the polynomials f n defined by 

fn(z ) := a 0 + Oi (z - z 0 ) + a 2 (z - z 0 ) 2 + . . . + a n (z - z 0 ) n . (3.17) 


We say that the power series converges at the point z, if the sequence of complex 
numbers f n (z) converges, and its limit is called the sum of the power series (3.16) 
at z. Otherwise the power series (3.16) is said to be divergent at z. If the series 
converges at all points z in a set T>, its sum /(z) defines a complex function 
f:D C, z i— /(z), which we write as 


oo 

f(z) := 22 a k ( z ~ z o) k = ao+a 1 (z — z 0 ) + a 2 {z - z 0 ) 2 + . . . . (3.18) 

k = o 


The Disk of Convergence. The following result shows that the behavior of the 
power series in the above example is typical: the series converges for all z within 
a disk of convergence centered at zo, outside the closure of that disk the series 
diverges. We denote by a the limit superior of fj\ak\ and set R := 1/a with the 
usual conventions 1/0 := oo and l/oo := 0, 



limsup yf\ak 


k — yoo 


(3.19) 


Theorem 3.2.1 (Cauchy-Hadamard). The power series (3.16) converges for all 
z G C with |z — zo| < R and diverges for all z G C with |z — zq| > R . For any r 
with 0 < r < R the series converges absolutely and uniformly on the closed disk 
K r := {z G C : \z — zq| < r}. 
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Proof. In the following we assume that 0 < R < oo, the cases R = 0 and R = oo 
require only minor modifications and are left as exercises. 

1. Let ak = y/|a/e|. By assumption 0 < a := limsupa/c < oo, and thus 
the limit superior a is the uniquely determined real number with the following 
property: for any positive e there exists an infinite set of indices k with ak > ol — £, 
while ak > a F £ holds for at most finitely many k. 

2. Fix a positive number r with r < R, set q := y/rjR, and suppose that 
zGC satisfies \z — Zq\ < r. Then, by the characterization of the limit superior in 
the first step, there exists a natural number ko such that for all k > ko 


V 


ak 


z 


Zo 


a 

< - 
Q 


z - z 0 


Z-Z 0 


< 


r 


qR qR 


q < 1. 


(3.20) 


Thus the convergent geometric series q k majorizes the power series (3.16), which 
implies that the latter converges absolutely and uniformly for all z with \z— Z q\ < r. 
Since r can be chosen arbitrarily close to R the first assertion follows. 

3. If z G C satisfies \z — zo\ > R , then q := R/\z — zo\ < 1. By Step 1 there 
exist infinitely many indices k such that \J\ak\ > q/R, and hence (z— zo) k > 1. 
Consequently the power series cannot converge at z because its summands do not 
tend to zero. □ 

In what follows we say that a power series converges if its radius of conver- 
gence R is not zero. Then the disk of convergence 


D := {z G C : 



< R} 


is either an open disk in C, or the full complex plane C. Note that we do not 
consider the convergence of power series at z = oo. 

Convergence on the Boundary. We mention that no general statement can be 
made about convergence for points on the boundary of the disk of convergence. 
The three power series 


OO OO u oo u 

/y/v /y/V 

5>‘. Ep Ef (321) 

k = 0 k=l k=l 

all have radius of convergence R = 1. The first one converges for no z on the unit 
circle T, the second one converges for z = — 1 (Leibniz series) but diverges for 
z = 1 (harmonic series). The third one converges for all z G T because the series 
J^l/k 2 is a majorant. 

Figure 3.10 shows phase portraits of the partial sums /200 of these series. 
Though we see some differences in the behavior of these polynomials (of degree 
200) near the exterior side of the boundary of the disk of convergence (shown in 
black), it should be clear that this says nothing about the actual convergence of 
the series. 
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Figure 3.10: Phase portraits of the partial sums /200 of the power series (3.21) 


Alternative Characterizations of R. Analyzing the proof of the Cauchy-Hadamard 
theorem we obtain an alternative characterization of the radius of convergence 
which avoids the limit superior: R is the supremum of all r > 0 for which the se- 
quence (r k \a,k\) is bounded. The following reformulation of this statement is even 
more convenient in applications. 


Lemma 3.2.2 (Abel-Weierstrass). Let R be the radius of convergence of the power 
series (3.16). 

(i) If 0 < r < R, then there exists a constant c such that for all k E N 


r 


k 


dk 


< C. 


(3.22) 


(ii) If there exist positive numbers r and c such that (3.22) holds for all sufficiently 
large k <eN, then R > r. 

The inequality (3.22) is also known as Cauchy’s estimate. 


Proof. 1. Setting z = zq + r in (3.20) we get the desired estimate with c = 1 for 
all sufficiently large k. By increasing c, if necessary, we can also capture the finite 
number of remaining a^. The value of the constant c will be specified later (see 
(3.27)). 


2. To prove the second result we remark that the estimate (3.22) implies 
Ij\a k \ < lj\c\/r 1/r, and apply the Cauchy-Hadamard formula. □ 


Of course, the limit superior in the Cauchy-Hadamard formula (3.19) can 
also be replaced by the ordinary limit if the latter exists. In many applications it 
is easier to use the ratio test, which yields that 


R = lim 

k—> 00 


dk 

^ k -\- 1 


provided that this (finite or infinite) limit exists. Let us look at an example next. 
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Example 3.2.1 (Binomial Series). For a E R and k E N the generalized binomial 
coefficients are given by 

/a\ /a\ a • (a — 1) • . . . • (a — k + 1) 

\0j ’ U/ _ fc • (fc — 1) • . . . • 2 • 1 ’ 

The binomial series with center zq = 1 and parameter a E R is the power series 



(3.23) 


If a is a natural number, then the series has only a finite number of non-zero 
summands. Otherwise its radius of convergence can be determined by the ratio 
test, 


R = lim 

k — yoo 


®k 

^ k -\- 1 




r k + 1 

Inn 

k — ^oo Oi — k 



If z is real and 0 < z < 2, the sum of this series is the fractional power function 
f(z) = z a . It can be shown that for rational a = m/n the sum / of the binomial 
series satisfies [/(z)] = z m for all z in the unit disk. 

Figure 3.11 depicts phase portraits of the sums of the binomial series for 
a = —2,0.5, and 7.5, respectively. The region outside the disk of convergence is 
shown in gray. 



Figure 3.11: Phase portraits of the sums of three binomial series 

Power Series of Real Functions. Power series are indispensable tools for extend- 
ing functions from the real line to a complex domain. Like the fractional power 
function in the preceding example, many functions of a real variable x can (locally) 
be represented by a convergent series 

f(x) = ao -f a\ (x — xo) + (x — xf) 2 + . . . + a& (x — xf) k + . . . . (3.24) 

Substituting the real variable x by a complex variable z, we obtain a complex 
power series centered at the point x$ E R. If the real series converges for some 
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x\ G R, then the complex series converges for all z with \z — xq\ < r := \x\ — xq\- 
This allows us to extend the function / to the disk D r {pc o) in the complex plane. 


Example 3.2.2 (The Logarithm). The power series with center zq = 0 and coeffi- 
cients ak := ( — 1 ) fc+1 //c, 


E(-D fe+1 


k= 1 
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4 




has radius of convergence one, 


(3.25) 


R = lim 

k—t oo 


Uk 


r k + 1 

Inn — - — 

k — )-oo /c 



If z is real and — 1 < z < 1, the sum of the series (3.25) coincides with the 
real logarithm function log(z + 1). Thus (3.25) defines a function which extends 
log (z + 1) from the interval (—1,1) to the complex unit disk. 



Figure 3.12: Phase portraits of the polynomials / 20 , /6o> an d / 150 


Figure 3.12 shows the phase portraits of the partial sums / 20 , fe 0 an d /iso- The 
black circles indicate the position of the unit circle which is the boundary of the 
disk of convergence. 

Example 3.2.3 (The Exponential Function). The power series of the (real) expo- 
nential function at xq = 0 has the coefficients a & = 1/k !, with k ! := 1 • 2 • . . . • fc, 
and converges on the real axis. Thus an extension e z of this function to the entire 
complex plane is given by the power series 


OO u 9 

z K z z z 

k\ = + IT + 2! 

k = 0 


E 


z 


k 


T • • • T yv T • • • , z G C. 
k ! 


(3.26) 


Instead of e z we shall also sometimes write exp z. Figure 3.13 shows phase portraits 
of the partial sums / 10 , / 20 ? an d /50 of the exponential series (3.26) in the square 
given by |Rez| < 10, \Imz\ < 10. The last picture practically coincides with the 
phase portrait of e z . 
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The phase of e z seems to be constant on lines parallel to the real axis, i.e., 
^(e 2 ) depends only on Im z. This cannot be easily seen from the definition of the 
exponential function in (3.26), but it will soon be verified. 



Figure 3.13: The partial sums /io, / 20 , and /50 of the exponential series 

Zeros of Partial Sums. Looking at the phase portraits depicted in Figures 3.9, 
3.10 and 3.12 one gets the impression that zeros of the partial sums have a tendency 
to cluster along the boundary of the disk of convergence. Indeed this observation 
has a sound background. 

A theorem which dates back to Robert Jentzsch in 1914 (published in [28], 
see also Section 7.8 of Titchmarsh [65]) states that the zeros of a power series 
(3.16) with a positive finite convergence radius R cluster at every point z with 
\z — zq\ = R. The reader interested in a contemporary proof is referred to Luh [37]. 

Since the power series of the exponential function converges in the entire 
plane the zeros of its partial sums must behave differently. An interesting structure 
appears when we consider the phase portraits of f n (z/n). Note that changing the 
argument from z to z/n effects a scaling of the complex plane. Figure 3.14 shows 
three such phase portraits with n = 20, 40 and 60. 



Figure 3.14: Phase portraits of f n (z/n) of the exponential series with n = 20, 40, 60 


3 An account of Jentzsch’s tragic life is given by Duren, Herbig and Khavinson [13]. 
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A famous result obtained by Gabor Szego [64] in 1924 confirms the observation 
that the zeros of the scaled polynomials cluster along a curve. This Szego curve 
is formed by all points with Re z < 1 satisfying the equation ze x ~ z = 1 and is 
depicted in Figure 3.14 (right). All zeros he in the exterior of the Szego curve and 
any point of that curve is a cluster point of zeros. 


Properties of the Sums. The sum of a convergent power series defines a function 
on the disk of convergence D. The properties of such functions will be studied 
next. 


Theorem 3.2.3 (Continuity of the Sum). The sum of a power series is a continuous 
function in the disk of convergence. 

Proof. The result follows immediately from Theorem 3.2.1 and Theorem 2.6.2. □ 


Using Theorem 3.2.3 we can now specify the constant in the coefficient estimate 
of Lemma 3.2.2. 


Lemma 3.2.4 (Cauchy Estimate). Let R be the radius of convergence of the power 
series (3.18). Then for all r with 0 < r < R, 




< r 


k 


max 

\z — zq \— r 


|/ 0 )|, k = 0 , 1 , 2 ,.... 


(3.27) 


Proof. The partial sum f n of the power series (3.18) is a polynomial of degree at 
most n, and hence the coefficient formula (3.12) tell us that 
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k 



1 

< 

n + 1 


T\fd ru]j ) 


j = 0 


< max \f n (z) 

\z\=r 


Now the assertion follows, since f n converges uniformly to / on the disk \z\ < r. □ 


Analytic Functions. So far power series have been the primary objects of our 
consideration, and functions emerged as their sums. Now we reverse the situation: 
given a complex function / on some domain set D C C, we ask whether it can be 
locally represented as a sum of a power series. 

Definition 3.2.5. A function / : D C is said to be analytic at the point zq in C, 
if there exists a non- void disk D r (zo) C D centered at Zq such that the restriction 
of / to D r (zo ) is the sum of a convergent power series with center zq, 


oo 

f( z ) = T ak ( z ~ z T> 

k = 0 


z - Zo 


< r. 


(3.28) 


Note that, according to this definition, the analyticity of / at zq implies that zo 
is an inner point of the domain set D. 
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Uniqueness of Representation. In principle, an analytic function could have dif- 
ferent representations (3.28) as power series at zq. In order to prove that this 
cannot happen, we investigate to which extent the coefficients of a power series 
are determined by the values of its sum. 


Theorem 3.2.6 (Uniqueness Principle, Identity Theorem). Let f and g be the sums 
of two power series with center zq, and assume that both converge in an open disk 
D := {z G C : \z — zq\ < r}, 


oo oo 

f(z) = T ak ( z ~ z °) k ’ 9 {V =y j b k {z - z 0 ) k . (3.29) 

k = 0 k = 0 


If there exists a sequence (z n ) C D \ {zf\ such that z n zq and f(z n ) = g(z n ) 
for all n G N, then a & = b & for all k G N and f(z) = g(z) for all z G D. 

Proof. By Theorem 3.2.3 the functions / and g are continuous at zq, and hence 


do = f(z o) = lim f(z n ) = lim g(z n ) = g(z 0 ) = b 0 . 

n— »- oo n— ^ oo 

Using the arithmetic rules for convergent sequences, we obtain the representations 

OO OO 

r , , f( z )— a 0 t \k ( \ 9( z ) — b 0 h t \k 

fi{z) ■= = V dk +1 (Z-Zo) , gi{z) := = > Ofc+1 (z-zo) , 

Z — Zn — Z — Zn 

u k=0 k= 0 

for all 2 ) G D \ Because of uq — 6q we have f \ (z n ) — ^i(^n) for all n G Id, 
which implies a\ = bi , as has just been shown. Proceeding inductively, we get 
ak = bk for all fc, and finally f(z) = g(z) for all z G D. □ 


The fact that the sum of a convergent power series determines the coefficients 
of that series uniquely is of fundamental importance for the technique of comparing 
coefficients which we shall study soon. 

Taylor Coefficients. The coefficients a k of the power series (3.28) representing a 
function / analytic at zq are referred to as the Taylor coefficients of / at zq. The 
series (3.28) itself is said to be the Taylor series of / with center zq. So we can say 
that a function / is analytic at zq if it admits a convergent Taylor series expansion 
with center zq. 

Theoretically, the Taylor coefficients can be determined by the limit pro- 
cedures in the proof of Theorem 3.2.6, but this is inappropriate for practical pur- 
poses. In Section 4.1 and Section 4.2 we shall derive several explicit formulas (see 
(4.5), (4.22), (4.45)) to do this in an easier and more elegant manner. 

Knowing that the Taylor coefficients are uniquely determined, we may ask 
how operations with functions analytic at a point zq are reflected in these coeffi- 
cients. For example, adding up the power series (3.29) term by term, like for any 
convergent series, we obtain convergent power series for f F g and / — g, 


f(z ) ± g(z ) = ± bk) (z - z 0 ) k 

k= 0 


z e D, 




(3.30) 
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so that f + g and f — g are analytic at zo- Establishing analogous statements 
for products, quotients and compositions will occupy us for a while, so a relaxing 
interlude may be appropriate. We also use the opportunity to introduce two new 
functions and to demonstrate how phase portraits can help us to find functional 
relations. 

Phase Portrait Experiments. Before we begin, let us first outline the philoso- 
phy behind these experiments. Recall that a function / may be considered as a 
black box, which takes an input and produces an output. Usually the input is an 
argument z and the output is the corresponding value f(z). In our experiments 
we take a somewhat different perspective: the input is a domain of the z-plane, 
usually a square Q, and the output is the phase portrait Pf(Q ) of the restriction of 
/ to that domain. The goal is to derive as much information as possible about the 
function / from the phase portrait, without having to take recourse to the values 
of the function. 

In other words, we think of a function as an unknown object, which manifests 
itself in a phase portrait. Working in a laboratory for exploring functions, phase 
portraits are measuring devices which allow us to extract information. Like in 
physics, just one experiment will usually not suffice to understand all aspects of 
the object of investigation, so we shall make a series of experiments with modified 
settings. For example, we may take a known “test” function g and consider the 
phase portraits of the sum / + g, the product fg, or the composition go f. Like in 
the natural sciences, the design of these experiments is crucial for their success. An 
experimenter needs training and experience to know or to guess which instruments 
could be useful in certain situations. 

Note that there is another parallel to physics: the accuracy of measurements 
is limited, phase portraits usually depict only part of the function with a finite 
resolution. So we have to make sure whether the effects which we observe, or 
believe we observe, “really” happen. Fortunately, mathematics provides us with 
a reliable tool to crosscheck observations: the proof. So we shall be using phase 
portraits as a source of ideas and an aid to geometric reasoning, but eventually 
all conjectures must be verified. 

Exploring the Sine and Cosine Functions. The complex sine and cosine functions 
are defined by evaluating the Taylor series of the corresponding real functions for 
complex arguments z, 
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(3.31) 


(3.32) 


It is easy to see that the series converge for all z G C. Figure 3.15 shows the 
enhanced phase portraits of both functions in the square |Rez| <4, Imz <4. 
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Figure 3.15: Enhanced phase portraits of the complex sine and cosine function 

The most striking observation is that, apart from a translation, the phase portraits 
seem to be identical, though the defining series of the functions are totally different. 
Another remarkable fact is their invariance with respect to a horizontal shift, 
which becomes visible more clearly when the domain depicted is enlarged, as we 
did for the cosine function in Figure 3.16 (left). Furthermore we notice that at 
some distance off the real axis the phase portrait is composed of parallel vertical 
stripes. And here is a first rule of thumb in our training on phase portraits: 

Whenever the phase portrait shows (almost) parallel stripes, the exponential func- 
tion might be involved. 

Indeed the stripes in the phase portraits are crucial for understanding the sine 
and the cosine functions. Since the deductions are slightly simpler for the cosine 
function, we work with it and leave the sine function as an exercise for the reader. 



Figure 3.16: Phase portraits of f(z ) = cosz, g(z) = e 12; , and f(z)/g(z) 


Because the stripes in the phase portrait of the cosine function are vertical, we 
transform the exponential function appropriately, pre-composing it with the map- 
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ping z i—> — i z, which rotates the phase portrait counterclockwise (!) by an angle 
of tv / 2. The result is shown in the middle of Figure 3.16. Now both images almost 
coincide in the upper region. To continue, we apply a second rule: 

If the phase portraits of two functions f and g look similar ”, then the phase 
portrait of their quotient f/g should be monochromatic. 

The result depicted in Figure 3.16 (right) shows that we have been successful. 
In the upper domain the phase portrait of f/g is almost isochromatic. Since the 
red color corresponds to positive real values, we conclude that the quotient f/g is 
close to a positive function in that domain. This does not say too much about the 
actual values of the quotient, but at the moment we are just experimenting, and 
so we may apply another heuristic principle, known as 

Ockham’s razor: Simpler explanations are generally better than complicated ones. 


The simplest explanation for our findings could be that / is almost a constant 
positive multiple of g, f zz eg. Assuming, that this is really so, how can we deter- 
mine the value of the positive constant c from observations made from appropriate 
phase portraits ? 

The key to answering this question lies in tuning experiments , where we 
consider the phase portraits of / — c g for different positive values of c. If c is close 
to the correct value, then / — eg should be close to the zero function, and we can 
hope that even small changes in the value of c will have a strong effect on the 
phase portrait. 

Design of tuning experiments: iff/g is almost a positive constant , consider dif- 
ferences f — eg for various positive values of c. At the correct value of c the phase 
portrait changes abruptly. 



Figure 3.17: Tuning experiments for the constant c in f — eg 

The two outer windows of Figure 3.17 show the phase portraits of the functions 
cos z — c exp(iz) for c\ = 0.4999 and e 2 = 0.5001, respectively. In their lower parts 
both pictures are almost identical, while they are quite different in the upper parts 
(note the phase shift). 
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As was already mentioned, the phase portraits of two functions can be con- 
veniently compared by considering the phase portrait of their quotient. In our case 
this is the function 

7/ . f(z) — ciq(z) cos z — Ci exp(i z) 

'*« : = /ui-c ;g ( = ) = cos t - c 2 f xp{i t) • 

depicted in the middle of Figure 3.17. In order to interpret this picture, we remark 
that the values f(z ) — c\ g(z ) and f(z ) — C 2 g(z) differ only by a small amount if 
ci and C 2 are close. So, typically both values also have almost the same phase - 
except in the case where both are close to zero. Consequently, the phase of the 
quotient h(z) can significantly differ from 1 only if f(z ) ci g{z) C 2 g(z ), which 
must happen in those regions of the phase portrait of h which are not colored red. 



Figure 3.18: Phase portraits of cos z — e 12 /2, h(z ), and a numerical zero function. 

The results of these experiments suggest that the best constant c might be 1/2. The 
phase portrait of cos z — (1/2) exp(i z) is shown in Figure 3.18 (left). It resembles 
the phase portrait of exp(— iz), and tuning experiments for the functions 

1 • 

cos z e lz — ce 1Z 

2 

lead to the conjecture that c = 1/2 is again the best choice for c. The window in 
the middle depicts the phase portrait of the function 

h(z) := cos z e lz e ~ lz . 

w 2 2 

Since this window is completely black, h is the zero function. In a real experiment 
the function h is usually computed numerically with limited accuracy. Because the 
numerical errors cause fluctuations, the computed values h(z) are not exactly all 
zero. Hence we would then see something like what we have in the picture on the 
right in Figure 3.18. 

Finally, the conjecture that h is the zero function can easily be verified by 
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adding the power series for the functions exp(i z) and exp(— i z) according to (3.30), 
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= 2 cos z. 


A similar calculation yields a representation of the sine function by exponential 
functions. In summary, we have 
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cos z = - (e 12 + e 12 ) , 
2 


1 


sinz = - (e iz — e~ [z ) , zGC, 
2i v J ’ 


(3.33) 


Multiplying the second equation by i and adding the result to the first equality, 
we get 

e lz = cos z + i sin z, zG C. (3.34) 

For real z, we obtain a representation of the complex exponential function on the 
imaginary axis by the real sine and cosine functions. In particular, e z is unimodular 
on the imaginary axis, 


jy 


= 1, y e M. 


Note that (3.34) allows us to rewrite the polar representation of a complex number 


as 


z = r (cos ip + i sin ip) = r e lip . 
For p — 7T we obtain the miraculous formula 


e 17r + 1 = 0, 


which is the unbeatable winner of a beauty contest for mathematical formulas. In- 
volving the three basic arithmetic operations: addition, multiplication, exponenti- 
ation and the equality sign, it establishes a relation between the five fundamental 
constants 0, 1, e, it and i. Most remarkably, the first four numbers seem to be 
unrelated in real analysis, only the imaginary unit is the key that reveals their 
intimate connection. 

We mention that all results derived experimentally could have been obtained just 
by adding the power series of cosz and i sinz, which yields (3.34). We have de- 
liberately chosen to use phase portraits in order to play around a little with these 
objects and also to demonstrate how properties of an unknown complex function 
can be seen in appropriately designed experiments. 
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Operations Involving Analytic Function. After this interlude let us continue with 
our main theme. The following theorem summarizes qualitative statements on the 
analyticity of sums, products, quotients and compositions. 

Theorem 3.2.7. Iff and g are analytic at zq, then f + g, f — g and f g are analytic 
at zq. If, moreover, g(zo) ^ 0, then f / g is analytic at zq. If f is analytic at zq and 
g is analytic at wq := f(zo), then g o f is analytic at zq. 

Note that the composition g o f need not exist on the domain of /, but just in a 
sufficiently small neighborhood of zq. 

The analyticity of / + g and f — g has already been verified. The proofs 
of the remaining assertions are more demanding. Quantitative versions of these 
statements will be obtained in Theorems 3.2.8, 3.2.9 and 3.2.11. 

The Cauchy Product. The next result is a more sophisticated statement about 
the analyticity of a product f g, which includes an algorithm for computing the 
Taylor coefficients of / g from the coefficients of the factors / and g. 

Theorem 3.2.8 (Cauchy Product). Assume that the power series (3.29) for f and 
g converge in an open disk D, and let 


k 

Ck • a jbk-j- 

3 = 0 

Then the power series Y2 c k (z — z o) k converges in D to the product f(z) g(z), 

oo 

f(z)g(z) = Y / c k (z-z 0 ) k , z e D. (3.35) 

k= 0 

The series (3.35) is said to be the Cauchy product of the series (3.29). 

Proof. Let / n , g n , and p n be the partial sums of the series in (3.29) and (3.35), 
respectively. Then a rearrangement of the finite sums yields 

n n n n 

fn(z)g n (z) = (y^«j (z - zoY^fpk (z - z 0 ) l ) = ^2 'Fdjbi (z - z 0 ) l+:> 

j= 0 2 = 0 2 = 0 j = 0 

n k 2 22 22 

= N a i bk ~i ( z - z °^ k + N N a jbk-j (z - z 0 ) k 

k= 0 j— 0 k=n-\-l j=k—n 

2 22 22 

= Pn(z) + N N a i bk ~0 ( Z ~ Z 0) k - 
/c=22+l j—k—n 


Fix z G D . Since D is an open disk, there exists r such that r jz — Zq\ and 
zq -hr G D. Then Lemma 3.2.2 tells us that a*, < cr~ k and 16^1 < cr~ k for some 
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constant c and all k. Setting q := 
estimate 


z — zo\/r < 1, we use the triangle inequality to 
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Since the right-hand side tends to zero as n oo, the assertion follows. □ 

Example 3.2.4 (Exponential Function). Let x,i/GC. Computing the Cauchy prod- 
uct of the Taylor series of exp x and exp y , we obtain the addition theorem of the 
exponential function, 
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When this identity is applied to z = x + \ y with x,|/Gl, it yields a representation 
of the complex exponential function by familiar real functions, 

e x+i y _ e x ( cog y • g - n y ) ^ 


which implies that for all z G C 


= e 


Re 


arg e z = Im z. 


z-l- 27 ri z 

e ^ = e 


(3.36) 


In particular, the exponential function has no zeros and is periodic with the purely 
imaginary period 27ri. The second and the third relations in (3.36) are nicely 
reflected in the phase portrait of the exponential function, see Figure 3.13 (right). 

Using the addition theorem and (3.33) it is now also easy to verify that the 
zeros of the sine and the cosine functions are precisely kir and 7r/2 + /c7r for integral 
values of fc, respectively. 

Reciprocal Functions. In order to obtain the assertion of Theorem 3.2.7 about 
the division of analytic functions it suffices to verify that the reciprocal 1// of / 
is analytic and then to apply Theorem 3.2.8. 

Theorem 3.2.9. If f is analytic at zq and f(zo) ^ 0, then 1 / f is analytic at zq. 
The Taylor coefficients bk of 1 / / at z o can be computed recursively from the Taylor 
coefficients ak of f by bo := 1/ao and 
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k — 1 , 2 ,.... 


(3.37) 
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Proof. 1. In the first step we assume that the function 1// is analytic at zq. Then 
its Taylor series 

= bo + b\ (z — zo) T b 2 (z — ^o) 2 T . . . + bk (z — zq + . . . (3.38) 

converges in a neighborhood of Zq and its Cauchy product with the Taylor series 
of / is the constant function 1. The latter is equivalent to the infinite system of 
equations 

= 1 

a^bi + ai&o = 0 
a 0 6 2 + aibi + a 2 b 0 = 0 



Since ao ^ 0, this triangular system can be solved with respect to the coefficients 
6^, which yields the recursion (3.37). 

2. It remains to prove that the series (3.38), with coefficients bk given by the 
recursion (3.37), indeed has a positive radius of convergence. 

By Cauchy’s estimate (3.22) in Lemma 3.2.2, there are positive numbers c 
and r such that \a n \ < cr~ n for all n G N. We set q := 1 + c/|ao| and show that 
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For n = 1 we have b\ = —a\/a^ and \ai\ < c/r, so that indeed 
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Now we assume that (3.39) holds for all n = 1, 2, . . . , k — 1 and consider the case 
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which gives (3.39) for n = k and thus for all n. Consequently, by Lemma 3.2.2, 
the power series (3.38) has radius of convergence not less than r/q. □ 
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Example 3.2.5 (Bernoulli Numbers). Let the function / be defined on the complex 
plane by f(z ) := (e z — l)/z if z ^ 0 and /( 0) := 1. Representing e z by its Taylor 
series, we obtain the power series 
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which converges in the entire complex plane and attains the correct value /( 0) = 1 
at z = 0. Since /( 0) ^ 0, the reciprocal function 1// is also analytic at zq = 0. 
Figure 3.19 shows the enhanced phase portraits of the functions / and 1// in the 
square |Rez| < 15, \Imz\ < 15. 



Figure 3.19: Enhanced phase portraits of f(z) = (e z — 1 )/ z and 1 / f(z) 
Writing the Taylor series of g := 1// in the form 
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the numbers B k are determined by the equations Bq = bo = 1/ao = 1 and 


n - W h - W 1 Bi _ 1 P fk + l 

1 fr'oik-j + l)'. j\ + J 


E i " ■ ' i B ’■ 


j’ 


for k = 1,2,.... Solving this system recursively, we get 


„ 1 A + 1 , n 

Bk - “V+T E ( ) Bj ‘ k -1,2 

3 = 0 V ^ 


5 
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The numbers are called the Bernoulli numbers. For n odd, all B n are zero, 
except for B\ which equals —1/2. The first Bernoulli numbers for n even are 



-, ^4 

6 ’ 


1 

30’ 



1 

42’ 



1 

30’ 



5 

66 ’ 



691 

2730' 


Note that the series (3.40) converges for |z| < 2n. We shall not prove this here, 
since it will follow immediately from a more general result which we shall derive 
later (Theorem 4.2.24). 


Example 3.2.6 (Tangent and Cotangent). The complex tangent and cotangent 
function are defined as quotients of the sine and cosine function, 


tan z := 


sm z 


cos z 


1 


cot z := 


cos z 


sm z 


(3.41) 


Both functions are 7r-periodic. The zeros of tan z and cot z are located at the points 
kir and tt/2 + kir with k G Z, respectively. Of course the poles of one function are 
the zeros of the other. Figure 3.20 shows the enhanced phase portraits of these 
functions in the square |Rez| < 4, |Inrz| < 4. 



Figure 3.20: Enhanced phase portraits of the tangent and the cotangent function 

Since the sine and the cosine functions are analytic at zq = 0, and cosO 7^ 0, the 
tangent function is also analytic at this point. Instead of computing the Taylor 
coefficients as solutions of the linear system (3.37) we derive the Taylor series 
directly from the preceding example. 

A straightforward calculation shows that for all z G C with e 4lz 7^ 1 

1 e i2 - e" i2 If 2 4 \ 

tan z = : — = - 1 — 1 — tt . 

i e 12 + e“ 12; i \ e 212 - 1 e 4lz - 1 ) 
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Consequently, defining the function g by g(z) := z/(e z — 


z 


z tan z = t + g(2iz) — g(4iz). 


Representing g by its Taylor series (3.40), we obtain 


OO -r-y 

z x — Bi 


ztanz= ± + '£^((2i) k -(4 i) fe ) 


k = 0 


1 ), we have 



The summand with k = 0 vanishes and, thanks to B\ — — 1/2, the summand with 
k = 1 just compensates the additional term z/i. Taking into account that the 
Bernoulli numbers B ^\ c +i with k > 1 are zero, we need only extend the sum over 
even k and get 

°° 

z tan z = Yi t (— l) fc 2 2fc (l - 2 2fe ) z 2k . 
k = 1 ^ ' ' 


The construction guarantees that this equality holds for all z with 0 < \4z\ < 2n 
(see the remark at the end of the preceding example), but obviously it is also 
satisfied for z = 0. Finally, dividing by z, we arrive at 


tan 2 = yy~l ) fc+1 
k = 1 



l)2 2fc_1 . 


(3.42) 


This series has radius of convergence tt/2. 

Since cotO = oo, the cotangent function cannot be represented as a conver- 
gent power series at zq = 0 . As a substitute we consider the function / defined by 
f(z) := z cotz for z 7 ^ 0 and /( 0) := 1. This function is analytic at Zq = 0 and 
has the Taylor series 


z cot z = ^(-l) fc k 
k=o 



with radius of convergence 7 r. 

Remark 3.2.10 (Power Series and Matrix Algebra). Arithmetic operations with 
power series can be reduced to matrix algebra by associating with the series 
J2dk{z- Z 0 ) k the infinite upper triangular matrix 



ao 

a i 

a 2 

a 3 

0 

ao 

a\ 

a 2 

0 

0 

ao 

ai 

0 

0 

0 

ao 
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Matrices of this type are called semi-circulant. The sum S = A + B and the 
product P = AB of semi-circulant matrices A and B are defined as the semi- 
circulant matrices with entries 


Snk • — &nk T 


Pnk • — 


k 

bjki 

j=n 



respectively, where p n k := 0 if the sum is void (which happens if n > k). Note 
that sum and product operations of semi-circulant matrices are commutative. 

If A and B are the semi-circulant matrices associated with 22 a k( z ~ z o) k 
and 22 bk ( z ~ z o) k , respectively, then the sum and the product of these series are 
associated to the matrices A F B and AB. 

A (semi-circulant) matrix A is called invertible if there exists a (semi-circulant) 
matrix B such that AB = I (which implies that BA = I). Here I is the identity 
matrix , which has entries 1 on the main diagonal and 0 elsewhere. If AB = /, then 
B is uniquely defined, it is said to be the inverse of A, and we denote it by A -1 . 

It is easily seen that A is invertible if and only if a o ^ 0. Then Cramer’s rule 
delivers an explicit formula for the entries bk of the inverse A -1 , which is known 
as Wronski ’ s formula , namely bo = 1/ao and 



a i 

&2 

n 3 

. . . a n —\ a n 



ao 

a\ 

a 2 

. . . a n — 2 a n —\ 



0 

ao 

a\ 

. . . a n — 3 a n — 2 

, n — 1,2,.... 

( 3 . 43 ) 

0 

0 

0 

rH 

* 3 

o 
' C 3 




In particular, this formula gives an explicit representation of the coefficients bk of 
the reciprocal power series of 22 a k( z ~ z o) k - 

Composition of Power Series. The final step in proving Theorem 3.2.7 is con- 
cerned with the composition g o f of functions given by power series. In order 
to ensure that the composition makes sense at least locally, we assume that / is 
analytic at zo, while g is supposed to be analytic at the image point wo := f(zo). 
Then, by continuity, / maps a neighborhood of Zo into the disk of convergence of 
g. Our goal is to find a convergent power series for g o f from the given power 
series of / and g. The approach is straightforward: we assume that 


oo oo 

f(z) = N afe ( z - Z F’ g(w) = 1 pb k (w -W 0 ) k , (3.44) 

k = 0 k = 0 

substitute w — wq = J2n =i a n( z ~ z o) n in the series for g, rearrange the double sum 
according to the powers of z — Zq (note that for every k the number of summands 
involving (z — Zo) k is finite), and show that the resulting series converges to go f 
in a neighborhood of zq. The details will be worked out next. 
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For n — 1,2,..., the nth power (/ — ao) n is analytic at zo and the n leading 
terms of its Taylor series at zq vanish. Denoting by a n k the Taylor coefficients of 
this function, we have 

oo oo 

(f (z) - a 0 ) n = ^2 a nk (z - z 0 ) k = ^2 a nk (z - z 0 ) k , n= 1,2,..., (3.45) 

k=l k=n 

in some neighborhood of zo. Substituting the term w — wo in the power series of 
g — bo by the power series of / — ao (recall that a o = f(z o) = rco), we obtain 
formally 

oo oo oo oo k 

22 bn ( w ~ w o) n = 22 bn (22 ank ( z ~ z o) k ) = 22 ( Pi b ^ a n2j ( z - z 0 k ■ ( 3 - 46 ) 

n — 1 n — 1 k—n k — 1 n — 1 

Before we justify that changing the order of summation is possible, we state the 
result. 

Theorem 3.2.11. Iff is analytic at zq and g is analytic at wq := f(zo), then go f 
is analytic at zq. Let f , g, and (/ — ao) n be represented by the series (3.44) and 
(3.45), respectively. Then the Taylor coefficients Ck of g o / at z o are given by 


k 


cq — &07 Ck — ^ ^ b n a n ] il k — 1, 2, 


(3.47) 


n — 1 


Proof. We choose a positive number r which is smaller than the radii of conver- 
gence of the Taylor series of / and g and consider z G C with \z — zq\ < r. If r is 
sufficiently small, then, by continuity of /, w := f(z) lies in the disk of convergence 
of the Taylor series of g, and the left-hand side of (3.46) is equal to ( g o f)(z). 

The first equality of (3.46) follows directly from the definition of the Taylor 
coefficients a n k in (3.45). 

In order to justify the second equality of (3.46) it suffices to show that one of 
the double series converges absolutely if \z — zq\ is sufficiently small, for example 


00 


00 


EwE \a n k\ \z - z 0 \ k < 00 , 


z - z 0 


< S. 


n = 1 


k—n 


(3.48) 


Let 


max \f(z) — ao 

, d := max \g(w) — bo 

\z-z 0 \<r 

VI 

0 

1 

5 


Since the a n k are the Taylor coefficients of (/ — ao) n , and 


max I (f(z) - a 0 ) 

\z — zo\<r 


n 


C 


n 


we have by Cauchy’s estimate in Lemma 3.2.4, 


(Ink 


< c n r~ k . 


'n 


< dr~ n . 


(3.49) 
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Consequently, if S is chosen so small that S < min(r, r 2 /c), then for all M, N E N, 


N 


M 


EwE 


I (Ink Z Z o 


N , M n 

k < v — v y v < 

' ry*T\j ' 


n — 1 


k—n 


dr 


n — 1 


k—n 


r 


k 


r — S 


N 

E 

n= 1 



dr 


r 


2 




and the sequence (3.48) converges by Cauchy’s criterion. So, for all z sufficiently 
close to z^ o, the left-hand side of (3.46) is equal to (f°g)(z)—ao, and comparing the 
right-hand side with the definition (3.47) of the Ck we obtain the desired result. □ 


3.3 Introduction to Analytic Functions 


Recall that a function / : D C is said to be analytic at a point zq e D, if 
it admits a power series expansion at zo, he., there exists an open disk Do with 
center at z , o such that D 0 is contained in D and 

f{z) = uq + cl\ (z — zq) ~i~ ■ ■ • ~\~ cik (z — zo) k H - • . • z G Do- (3.50) 


The following theorem shows that the sum / of a convergent power series is not 
only analytic at its center zo, but at any point z\ in its disk of convergence. 
Moreover it tells us how the coefficients of the power series at z\ can be determined 
from the coefficients at zq- 


Theorem 3.3.1 (Weierstrass Rearrangement Theorem). The sum of a power series 
is analytic at any point in its disk of convergence. If f is given by (3.50) for 
z — zo\ < r, and z\ satisfies \zi — zq\ < r, then 


f(z) — bo + b\ (z — z\) + . . . + bk (z — zi) k + . . . , 



< M, 


(3.51) 


where r\ r — 


z\ ~ zo 


and the coefficients b & are given by the convergent series 


OO , \ 

h = E ( b ) an ^ Zl ~ z ° ) 


n — k 


n—k 


Proof. Let \z — zf < r\. Substituting z — zq = (z 
obtain 


A: = 0,1,.... (3.52) 

— zi) (z i — Zq) into (3.50), we 


OO 

/a) = E a " _ zi ) + ( zi - z °))" 

n = 0 



Zi) k {■ Z 1 - z 0 ) n ~ k 


In order to prove the assertion, it only remains to change the order of summation 
in the double series. By Theorem 2.6.4, it suffices to show that this series converges 
absolutely. To this end we remark that 



OO 



n — 0 



Zl + Z 1 - z 0 



The last sum converges because \z — zf + \zi — zq\ < r, so that the power series 
(3.50) converges absolutely at the point z = zq + \z — z\ \ + \zi — zq\- □ 
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The radius r\ has the largest value for which the disk {z : |z— zi| < r\} is contained 
in the disk {z : |z — zq| < r}. Note that r may be smaller than the radius of 
convergence R of the power series (3.50). More important is the observation that 
the power series (3.51) can have a radius of convergence which is even larger than 
R — \zi\. If this happens, the rearranged series (3.51) converges at points outside 
the disk \z — zq\ < R , where the original function / was not even defined! This 
will allow one to extend f to a larger domain. We shall investigate this method of 
analytic continuation in detail in Section 3.6. 


Example 3.3.1 (Binomial Series). The binomial series with parameter a = 1/2, 


oo 


m 



i) 


k 


(3.53) 


k = 0 


has radius of convergence 1 (see Example 3.2.1) and its disk of convergence contains 
the point z\ = e i ”'/ 4 . The rearrangement of (3.23) with center z\ is 

e WS jz e -ifc7r/4 T 2 ) (z - Zl ) k (3.54) 

k=0 ' ' 

and has radius of convergence 1. While (3.53) diverges at z = i, the rearranged 
series (3.54) converges at that point. 

Definition 3.3.2. A complex function / : D C C —> C is said to be analytic on 
A (or analytic in A) if A is a subset of D and / is analytic at every point of A. 
We say that / is analytic if it is analytic on its domain set. A function which is 
analytic on the entire complex plane is called entire. 

Lemma 3.3.3. For any complex function f : D cCoC the set Af of all points 
in D at which f is analytic is open. 

Proof. If Af is empty, there is nothing to prove. If Zq G Af, then / has a Taylor ex- 
pansion at z o which converges in a open disk Dq centered at zq. By Theorem 3.3.1, 
D 0 C A f . □ 


It follows from Theorem 3.2.3 that every analytic function is continuous. 
Theorem 3.2.7 tells us that sum, difference, and product of two analytic functions 
f and g are analytic on D , while the Quotient f / g is analytic on { z G D : g(z) ± 0}. 
Also the composition g o / of analytic functions / : Df D g and g : D g C is 
analytic on Df. 

Polynomials, the exponential function, and the trigonometric functions sine 
and cosine are entire. A rational function / is analytic on {z G C : /(z) 7 ^ 00 }. 
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In Section 3.5 we shall extend Definition 3.3.2 to admit functions which are defined 
on a subset of the Riemann sphere and may attain infinite values. 



Figure 3.21: Phase portraits of exp(l/z) and exp(l/z 2 ) 


Example 3.3.2. The function / defined on the punctured plane C := C \ {0} by 
f(z ) = exp(l / z) is analytic by Theorem 3.2.11. The function cannot be extended 
to an analytic function at Zq = 0 , since the extended function would be continuous 
there, but f(z ) -E oo if z E M+ and z -E 0, while f(z ) — ^ 0 if — z E M+ and z 0. 

Figure 3.21 shows the phase portraits of exp(l/z) and exp(l/z 2 ) in the square 
defined by |Rez| < 1, \lmz\ < 1. The wild behavior near the origin is typical for 
functions with a so-called essential singularity , which will be studied in Section 4.4. 
The curious reader is invited to look for possible reasons right away. 

Example 3.3.3 (Jacobi Theta Function). An interesting family of entire functions 
are the Jacobi Theta functions , 4 given by the series 


oo 


$(z) ■= T q 


k 2 Jlkivi z 


z E C, 


k- 


-oo 


where q is a complex parameter with modulus less than one. In order to show that 
d is entire, we consider the power series 


oo 


f(z ) := q k z k = qz + q A z 2 + q 9 z 3 + q 16 z 4 + 


k = l 


This series converges for all z E C, because 


limsup \q \ k 2 = limsup \q\ k = 0, 


k— >oc 


k — )-oo 


4 Note that there are several closely related functions called Jacobi Theta functions. 
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and thus the function / is entire. The function g defined by g(z ) := exp(27riz) is 
also entire and has no zeros in C, so that its reciprocal 1/g is also entire. Finally, 


H z ) = 1 + f(g(z)) + f(l/g(z)), zGC. 



Figure 3.22: Phase portraits of two Jacobi Theta functions 


The function g , and consequently d, is periodic with period 1. The parameter q is 
said to be the nome of the Theta function. It is often represented as q = exp(i7rr), 
where r is a complex number with Imr > 0. 

Figure 3.22 shows the phase portraits of two Jacobi Theta functions with 
parameters r = i and r = — 1/4 + i/2 in the square |Rez| < 2, |Imz| < 2. 


Local Normal Forms. Our next goal is to generalize the factorization theorem 
for polynomials. 


Theorem 3.3.4 (Local Normal Form). Let f : D C C C be analytic on D. If f 
is not constant in a neighborhood of zo E D, then there exist a positive integer m 
and an analytic function g : D cC^C with g(zo) ^ 0 such that for all z E D 


f(z) = f(z 0 ) + {z- z 0 ) m g(z). 


(3.55) 


The integer m and the function g are uniquely determined. 

Proof. Assume that the Taylor series f(z) = ( z ~ z o) k of / at zo converges 
in a disk Dq. Denoting by a m the first non-zero coefficient among ai, <22, <23 . . ., we 
have 

00 

f(z) = f(z 0 ) + (z - z 0 ) m y^a k (z- z 0 ) k ~ m , Z e D 0 . 

k—m 
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The sum go(z) of the series XlfeLm ( z ~ z o) k m is an analytic function in Do 
with go(zo) = ~f~ 0- The function g defined in D by 



(z - z 0 ) m ( f(z ) - f(zo)) if z e D\ {z 0 } 
a m if z = z 0 


is analytic in D \ {zo}. Since it coincides with g 0 in D 0 it is also analytic at zq. 

For proving uniqueness we assume that (z — Zo) n gi(z) = (z — Zo) m g2(z) with 
n > m for all z G D. Then ( z — zo) n ~ rn gi(z) = <72(2), and the left-hand side 
vanishes at Zq while ^2(^0) 7^ 0. So m = n and then gi = $2 is obvious. □ 

Order of a Function at a Point. The normal form in Theorem 3.3.4 describes the 
local behavior of an analytic function near some point z$. The crucial parameter 
in this representation is the integer m. 

Definition 3.3.5. The integer m in the representation (3.55) is called the order (or 
the multiplicity) of the function / at zo and denoted by ord (/, zo). If / is constant 
in a neighborhood of Zq we set ord (/, zq) := 00 . If, in particular, /(z 0 ) = 0, then 
m is said to be the order (or multiplicity ) of the zero zq . 


The order m = ord (/, zo) of a function at z 0 can be easily read off from its phase 
portrait. Figure 3.23 shows three typical portraits with enhanced isochromatic 
lines (contour lines of the phase). The pictures on the left and in the middle 
correspond to cases where /(zo) 7 ^ 0. The case m = 1 is shown on the left. If m 
is greater than one, we see a color saddle ; the picture for m = 3 is shown in the 
middle. In both cases the number of isochromatic passing through zo is equal to 
771, that is, 2m isochromatic rays emerge from zq . 



Figure 3.23: Enhanced phase portraits near z 0 corresponding to the normal forms 

If Zq is a zero of order 771 , we get the phase portrait on the right-hand side. Here 
isochromatic lines of all colors meet at zo and the number of such lines of one 
specific color is equal to m. For a simple explanation of these observations we 
remark that g(z) is almost constant and close to g(zo) if z is close to zq. It is 
easily seen that then the phase of / does not change, and the phase portraits are 
only slightly disturbed, if g is replaced by g(zo). We do not work this out here; a 
detailed description of the (local and global) structure of isochromatic lines will 
be given in Volume 2 (see also [69]). 
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A Property of Zeros and a- Values. As an immediate corollary of Theorem 3.3.4 
we get the following result which shows, in particular, that all zeros of non-constant 
analytic functions are isolated. 

Lemma 3.3.6. If f is analytic at z o and a := f(zo), then there exists a disk Do with 
center z o such that either f(z) = a for all z E Do or f(z) ^ a for all z E AA{^o}- 

Note that this statement does not claim that the zero set of an analytic function 
has no accumulation points. It just tells us that an accumulation point of zeros 
cannot be a zero itself. Since analytic functions are continuous, this in turn implies 
that such accumulation points cannot he in the domain of / (but of course they 
must belong to the closure of the domain). 


3.4 Analytic Functions in Planar Domains 


Equipped with the necessary prerequisites, we will now derive several basic results 
about analytic functions. And we shall discover that some of these properties are 
really astonishing ! 

As we have already seen in Section 3.3, it is natural to require that the domain 
set D of an analytic function is open. From now on, we shall also assume that D 
is connected, i.e., D is a domain in the sense of Definition 2.7.1. This assumption 
is not too strong, since any open set in C is the disjoint union of domains, but 
it simplifies life a lot. In particular it is important when local statements about 
power series will be “lifted” to global results for analytic functions. This will be 
demonstrated in the proof of the following theorem. 

Theorem 3.4.1 (Identity Theorem, Uniqueness Principle). Let f and g be analytic 
functions in a domain D. If there exists a sequence (z n ) C D \ {zo} such that 
z n — > zo E D and f(z n ) = g(z n ) for all n E Z +; then f(z) = g(z) for all z E D. 

Proof. 1. The function h := f — g has a sequence of zeros which converge to 
zo E D. Continuity of h implies that h(zo) = 0, so that zq is a zero of h which is 
not isolated. Since h is analytic in D, we infer from Lemma 3.3.6 that h(z) = 0 in 
some disk Do with center zq. 

2 . We pick any point z\ in D and show that h(z\) = 0. By Proposition 2.7.13, 
there is a path 7 : [0, 1] D from zq to z\. Then the set 


S := {s E [0, 1] : h(y(t)) 


0 for all t E 



} 


is not empty and we denote by so its supremum. Continuity of h implies that 
^(t( 5 o)) = 0- Since h(y(t)) = 0 for all t E [0,s o ], Lemma 3.3.6 tells us that 
h(z) = 0 in a neighborhood of 7(50). This is only possible if sq = 1, because 
otherwise h(y(t)) =0 for all t in an interval [ 0 , Si] with si > so- □ 
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Zeros of Analytic Function. The last theorem establishes the surprising fact that 
a function which is analytic in a domain is completely determined by its values 
in an arbitrarily small disk or even on a Jordan arc. We state another result 
concerning the zeros of such a function. 

Corollary 3.4.2. If f ^ 0 is analytic in a domain D and K is a compact subset of 
D , then the number of zeros of f in K is finite. 

Proof. If / had infinitely many zeros in K , there would exist a sequence (zk) of 
such zeros which converge to a point Zq E K C D. But then / = 0 on D by 
Theorem 3.4.1. □ 


Nevertheless an analytic function f ^ 0 can have infinitely many zeros in D. If this 
happens, the zeros must have an accumulation point zo on C. Since z, o cannot he 
in Z), it must be on the boundary of D (considered as a subset of C). For an entire 
function the only possible accumulation point of zeros is the point at infinity. An 
example of this type is the sine function. Substituting the variable z by 1/z we 
obtain the following example. 


Example 3.4.1. The function sin(l j z) is analytic in C \ {0} and has the zeros 
Zk = 1 / (/c7r) with k = ±1,±2, ..., which accumulate at the origin. Figure 3.24 
(left) depicts this function in the square \Rez\ < 1/2, |Imz| < 1/2. 



Figure 3.24: Two analytic functions with an infinite number of zeros 

The phase portrait on the right gives an impression of a function for which every 
point on the boundary of the domain is an accumulation point of zeros. It belongs 
to the class of infinite Blaschke products , which we shall study in Section 5.4. The 
function depicted has zeros Zk = (l — Z -1,01 ) e lk with k = 1 , 2, . . .. 

5 What we see is of course an approximation, a printed phase portrait has a finite number of 
pixels and is unable to depict infinitely many zeros. 


3.4. Analytic Functions in Planar Domains 


101 


Extremal Values. The theorem on normal forms opens the door to a number 
of structural theorems about analytic functions. The next result generalizes the 
maximum and minimum principle for polynomials. 


Theorem 3.4.3 (Maximum and Minimum Principle). Let f : D C C ^ C be a 
non-constant analytic function. Then \ f\ has no local maximum in D , and every 
local minimum of \ f\ is a zero of f . 

Proof. Assume that |/| attains a (finite) maximum or minimum at Zq E D. By 
Theorem 3.4.1 / is not locally constant, so that we can apply Theorem 3.5.5 and 
write 

f(z) = f(z 0 ) + (z- z 0 ) m g{z), 


where g is analytic in D and g(zo) ^ 0. The rest of the proof is similar to that of 
Theorem 3.1.4 on page 65. □ 


The maximum principle can also be rephrased as follows: if / is analytic in 
a domain D and |/| attains a local maximum at Zo E D, then / is constant in D. 

The Argument Principle. We turn next to a central result (Theorem 3.4.5) which, 
besides being beautiful and useful, is also a prime example of the interplay of 
geometry and analysis. But first some more preparation. 

Assume that / is a continuous complex function (not necessarily analytic) 
on D. If 7 is a path in D, then the composition / o 7 is a path in the image set 
f(D). If 7 is a closed path and / has no zeros on its trace [ 7 ], then the image path 
/ 07 is also closed and its winding number wind 7 / := wind (/ 07 ) is well defined. 





Figure 3.25: A simple closed path 7 and its image / o 7 with wind(/ 07 ) = 2 

Figure 3.25 shows the traces of a simple closed path 7 and its image fo 7 . When the 
point z travels along [ 7 ], then f(z) traverses /Q 7 ]). The winding number wind 7 / 
of the image path / 07 equals two. 

Lemma 3.4.4 (Winding Numbers). Let 7 be a closed path in the domain D and 
assume that f,g:D^C are continuous complex functions which have no zeros 
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on the trace of 7 . Then 


wind 7 (/ g) = wind 7 / + wind 7 g. 


Proof. If a/ and a g are continuous branches of the argument along / 07 and 
g o 7 (see Lemma 2.7.19), then a/ + a g is a continuous branch of the argument 
along (/ g ) o 7. Now the result follows from the definition of the winding number 
(Definition 2.7.20). □ 


Example 3.4.2. If 7 C C \ {zq} with wind ( 7 , zo) = 1 and f(z) := (z — zo) n with 
n G Z, then wind 7 f — n. 


For analytic functions, there is an amazing relationship between the number 
of zeros of / inside a Jordan curve J = [ 7 ] and the winding number of the image 
path f o 7. Miraculously, the values of / on the curve J determine how many zeros 
/ has in the interior of J. In order to formulate the result we define 


windj / := wind (/ o 7), 


where 7 is a positively oriented parametrization of J. Note that this definition is 
independent of the choice of 7 . 

Theorem 3.4.5 (Argument Principle for Analytic Functions). Let f : D — > C be 
analytic in the domain D, and let J be a positively oriented Jordan curve with 
J U int J C D. If f has no zeros on J , then the number of zeros of f in the 
interior of J , counted with multiplicity, is equal to windj /. 

Proof. Let G denote the interior of J. Then K := G U J C D is compact, and 
from Corollary 3.4.2 it follows that the number of zeros of / in K is finite. By 
assumption all these zeros Zi , . . . , Zk belong to G. Denoting by mi, . . . , m k their 
multiplicities, repeated application of Theorem 3.5.5 yields the representation 


/0) = (z - Zi) mi • . . . • (z - Zk) mk g(z), (3.56) 

where g is analytic in D and has no zeros in K. Let fj : z (z — zj) mj for 
j = 1, . . . , k. The functions g and fj do not vanish on J, and hence the winding 
numbers of g o 7 and fj o 7 are well defined for j = 1, . . . , k. By Lemma 3.4.4 we 
have 

wind 7 / = wind 7 g + wind 7 fi + . . . + wind 7 /& . 

From Example 3.4.2 we derive that wind 1 fj = mj , so it only remains to show 
that wind 7 g = 0 . 

Let zo be any point in G. By Lemma 2.7.26, 7 is freely homotopic in K to 
Zo, i.e., there is a continuous family of paths y s (0 < s < 1 ) such that 70 := 7 , 
71 = const = zo and y s C K for all s. 

The homotopy s y s induces a homotopy s ^ g o y s of g o 7 to the constant 
path g(zo). Since go y s cC \ {0}, we infer from Lemma 2.7.22 that wind 7 g s = 0 
for all s , which completes the proof. □ 
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Remark 3.4.6. Assume that / is analytic in T>, that J is a positively oriented 
Jordan curve in D, and that oGC \ /( J). Then windj (/ — a) counts the number 
of solutions of the equation f(z ) = a in the interior of J . In particular, this winding 
number is always non-negative. 


Seeing the Argument Principle. The argument principle has a nice interpretation 
in the phase portrait. To describe it, we first translate the definition of winding 
number into the language of colors. Let 7 : [0, 1] —> D be a closed path, and assume 
that / : D — > C has no zeros on [7]. We let z traverse 7 and observe the point f(z ) 
moving along the image path /07 in the phase portrait of /. Any such point f(z ) 
caries a color c(z) := f(z)/\f(z)\ = exp (iarg f(z)) of the color circle. If arg f(z) 
is chosen as a continuous branch along 7, then 0 ( 7 ( 1 )) — 0 ( 7 ( 0 )) = 27rwind 7 /. 
So, in order to determine wind 7 / we just count how many times the color of the 
point 7 (t) in the phase portrait of / rotates around the color circle when 7 (t) runs 
through [7] once in positive direction. 

This is illustrated in Figure 3.26, where we see a simple closed path 7 in the 
phase portrait of / on the left-hand side, and its image path / o 7 in the complex 
re-plane, which is colored according to the phase of w. 



Figure 3.26: A path 7 with chromatic number chromj 7 = 4 and its image 

Chromatic Number of a Path. Sometimes it is useful to reverse the roles of / 
and 7. Then we call wind 7 / the chromatic number of 7 in the phase portrait of / 
and denote it by chromj 7. If J is a Jordan curve, we choose a positively oriented 
parametrization 7 and set chrom fj := chromyy. This definition is independent 
of the choice of 7. The chromatic number of the Jordan curve J shown on the left 
in Figure 3.26 is equal to four. 

The above interpretation of the argument principle is not only intuitive, but 
may bring forth a couple of new ideas. Looking at Figures 3.26 or 3.27 in search 
of zeros of /, one almost automatically follows the isochromatic lines (for instance 
the yellow ones), expecting that every such line ends up at a zero. A detailed 
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investigation of this idea is deferred to Volume 2 (see also [69]), but it might be 
helpful to have an informal discussion right now. 

In fact, starting at a yellow point on J and moving along the corresponding 
yellow line (with red to the right and green to the left), we may cross the curve 
J several times, but typically we are eventually trapped either in int J or ext J. 
Here “typically” means that there may be exceptions, but these disappear if an 
isochromatic line of slightly different color is chosen. Any isochromatic line which 
finally stays in int J typically ends up at a zero of /, so that the isochromatic lines 
indeed guide us to the zeros. 

This observation and the argument principle become even more transparent 
if we reverse the direction of our journey along an isochromatic line. Instead of 
travelling from a point on J towards a zero, we start at a zero in int J. Then, with 
the possible exception of just a finite number of isochromatic lines, we always 
arrive at a point on J. 



Figure 3.27: Phase flow along the isochromatic lines of an analytic function 


The Phase Flow. Considering the movement along the isochromatic lines simul- 
taneously for all points, gives the impression of a flow. The streamlines of that flow 
are the isochromatic lines, and one can imagine that it carries a colored substance, 
which we call “phase”. The “amount of phase” which is created by a zero zq of 
order m is 2n m. 

The “phase flow” transports “phase” from the zeros of / through the domain 
G := int J to its boundary J where it is deposited as soon as it reaches the curve 
J. Note that some parts of J may remain empty, because they he in the “shadow” 
of other parts (see Figure 3.27). Now the amount of phase deposited at J must 
be equal to the amount of phase emerging in (C, which is equal to 2tt times the 
number n of zeros of / in G (counted with multiplicity). 
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On the other hand, the amount of phase deposited at J is equal to the chro- 
matic number chrom fj. To make this plausible, we choose a positively oriented 
parametrization 7 of J and consider an arc Jo C J with initial point a = 7(C) 
and terminal point b = 7(^2) (0 < t\ < t^ < 1). The amount of phase which 
flows through J 0 (assuming, for the moment, that it is not deposited on J) from 
the interior of J to the exterior of J is equal to arg (/(6)) — arg (/(a)), where 
arg denotes a continuous branch of the argument along 7 (see Lemma 2.7.19). In 
particular we have 

27rn = arg (7(7(1))) — arg (/( 7(0))) = 27rchrom/7 = 27r chrom/ J. 

We point out that the above interpretation leads to a quantitative version of the 
argument principle, which tells us how “phase” emerging from the zeros of the 
function is distributed along the Jordan curve J . We shall explore these ideas 
further when we study “phase diagrams v in Volume 2. 


Rouche’s Theorem. The next application of the argument principle shows that 
the number of zeros of / inside a Jordan curve J is stable with respect to small 
perturbations of / on the curve J and gives an explicit estimate of by how much / 
can be disturbed. The following elegant version of this result is symmetric with re- 
spect to the involved functions and slightly more general than the usual one, which 
assumes the stronger condition \f(z) — g(z)\ < \f(z)\ instead of inequality (3.57). 


Theorem 3.4.7 (Rouche). Let D be a domain and assume that the positively ori- 
ented Jordan curve J and its interior are contained in D. If f and g are analytic 
in D and 


\f(z) — g(z)\ < I f(z)\ + \g{z) 


(3.57) 


for all z G J , then f and g have the same number of zeros in int J , counting 
multiplicities. 


Proof. It follows from (3.57) that f(z) 7^ 0 and g(z) 7^ 0 for all z G J. For 
s G [0, 1], we define the analytic functions h s by h s (z) := f(z) + s ( g(z ) — /(z)) 
and show that h s (z ) 7^ 0 for all z G J and 0 < s < 1. Indeed, if h s (z) = 0, then 
s g(z) = (s — l)f(z), so that g(z)/f(z) = (s — l)/s is negative. Consequently, 
contrary to (3.57), we have 


, g{z) 

= 1 + 

g(z) 

f(z) 


f(z) 


The mapping h : [0, 1] x [0, 1] — )• C\{0} defined by h(s, t ) := h s (y(t)) is continuous. 
Since ho = f and hi = g , this shows that / o 7 and go 7 are freely homotopic in 
C\{0} and hence wind 7 / = wind 7 g. Now the assertion follows from the argument 
principle. □ 
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The Open Mapping Principle. Another interesting property of analytic func- 
tions which we study next is basically a statement about the local behavior of 
non-constant analytic functions. Though it could have been stated already in Sec- 
tion 3.3, we present a global version here. 

It is a well-known fact (and easy to prove) that the preimage / -1 (V) of an 
open set V is always open, provided that / is a continuous function. Though the 
corresponding statement is not true, in general, for the image f(U ) of an open set 
C7, it is remarkable that all non-constant analytic functions have this property. 

Theorem 3.4.8 (Open Mapping Principle). Let f : D C be analytic and non- 
constant in the domain D. If U C D is an open set, then f(U ) is an open set . 


Proof. Intuitively the result follows directly from the argument principle: if a 
closed path has a positive winding number about some point ico, then this also 
holds for all points w in a sufficiently small neighborhood of Wq. 

We convert this into a strict proof using Rouche’s theorem: if wq G f(U ), 
then there exists zq G D with wq = f(zo). Since U is open, some closed disk K 
centered at zq is contained in U. By Corollary 3.4.2, z 0 is an isolated zero of f — wq, 
i.e., the radius of K can be chosen so small that zo is the only point in K with 
f(z) = Wq. Then the absolute value of / — Wq has a positive minimum S on the 
boundary J of K. If w G C satisfies \w — wq\ <5, then, by Rouche’s theorem, the 
functions / — wq and f — w have the same number of zeros in K. Since f(zo) = wq, 
this number is positive, and thus all points w with \w — Wq\ < S are contained in 
the image f(U). □ 


The open mapping principle sheds new light on the maximum/minimum 
principle: for any zq G D the image f(U) of any neighborhood U of zo contains a 
neighborhood of /(^o), so that |/| can neither have a local maximum nor a positive 
local minimum at zq. 


A Uniqueness Result for Phase Portraits. In order to ascertain to which extent an 
analytic function is determined by its phase portrait, we state another immediate 
consequence of the open mapping principle. 

Corollary 3.4.9. If f is analytic in a domain D and if one of the functions \f\, 
Kef, or Im/ is constant on an open subset of D, then f is constant on D. 

The following result tells us that analytic functions with the same phase 
portrait in some domain are essentially the same. So phase portraits indeed provide 
analytic functions with an individual face. 


Theorem 3.4.10. If f and g are analytic in the domain D and have the same 
phase (portrait) on an open set U C D, then g is a positive multiple of f , i.e., 
g(z) = cf(z) for all z G D and some positive constant c. 


Proof. The assertion is obvious if / is the zero function. Otherwise we can find a 
disk V C U which contains no zeros of /. Then the quotient g/f is analytic in 
V, and writing / = |/| 'if(f) and g = \g \ 'if(g) with 'ip(f) = f ip( g ), we see that g/f 
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attains only positive real values. Then g/f must be a positive constant on D , by 
virtue of Corollary 3.4.9. □ 


Solving Equations. Rouches theorem yields an interesting by-product concerning 
the solvability of equations /(z ) = w. 

Theorem 3.4.11. Let f be analytic in the domain D, zq E D, wq := f(zo), and 
assume that ord (/, zo) = m 7 ^ oo, i.e., zq is a zero of f — wo with multiplicity m. 
Then the following statements are true. 


(i) There exist positive numbers £ and 6 such that for all w with 0 < \w — wo\ < 6 
the equation /(z) = w has exactly m isolated solutions with 0 < \z — zo\ < e. 

(ii) If m = 1 then for all sufficiently small positive r the restriction of f to the 
disk U := D r (zo) is a homeomorphism ofU onto a simply connected domain 
V:=f(U). 

Proof. 1. By Lemma 3.3.6, the point zo is an isolated zero of / — ico, so that 
we can choose a disk Do C D centered at Zq which contains no other zero of 
f — Wq . Since \f — wq\ has a positive minimum c on the boundary of Do, it follows 
from Theorem 3.4.7 that the function / — w has exactly m zeros (counted with 
multiplicity) in Dq for all w E C with \w — Wq\ < c. 

2. The Taylor series /(z) = bo + b\ (z — zf) + 62 (z — zi ) 2 + . . . of / at z\ 
converges for all z\ with \zi — Zq\ < £ if £ is sufficiently small. The coefficient b\ 
depends on z\ and is given by (3.52), 


b\{z\) = y^nan (z 1 - z 0 ) n 1 . 

n = 1 

The sum on the right-hand side defines an analytic function of z\ which is non-zero. 
Writing b\(z\) in its normal form at z 0 , we get 

bi(zi) = ai + (z! - z 0 ) k g(zi), 


where g is an analytic function of z\ with g(z 0 ) 7 ^ 0. Thus, whether a\ = 0 or 
a\ 7 ^ 0 , we conclude in both cases that bi(zi) 7 ^ 0 if 0 < \zi — zq\ < £ and £ is 
sufficiently small. This implies ord (/, zf) = 1, so that all zeros of / — f(zi) are 
simple. 


3. Let m = 1. We choose £ and 5 according to (i). Since / is continuous at z 0 , 
there exists a number r with 0 < r < £ such that the disk U := D r (zo) is mapped 
into D$(wo)- By (i) / is injective on U, so it maps U bijectively onto V := f{U). 
Let / -1 denote the inverse of / : U V. The open mapping principle guarantees 
that f~ 1 is continuous, so the mapping f : U V is a homeomorphism , which 
implies that V is a simply connected domain. □ 


The splitting of multiple zeros is illustrated in Figure 3.28. It shows the 
enhanced phase portraits of /(z) = (sin z) 5 , which has a zero of order 5 at zq = 0, 
and the function / — 10 -4 in the unit square |Rez| < 1, |Imz| < 1 . 
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Figure 3.28: Splitting of a multiple zero under a small perturbation 


The Schwarz Lemma. We close this section with a corollary of the maximum prin- 
ciple, which has so many applications and far reaching generalizations that whole 
books have been written about it (Avkhadiev and Wirths [3], see also Krantz [30], 
Chapter 2). 

Theorem 3.4.12 (Schwarz Lemma). Let f be analytic in the unit disk B, and as- 
sume that /( 0) = 0 and \f(z)\ < 1 for all zgD. Then, for all z B, 


\m\ < 


z 


(3.58) 


If \f( z o)\ = \zo\ for some zq G B \{0}, then there exists a unimodular constant 
cgT such that f{z) = cz for all z G B. 

Proof. The function g defined by g(z) := f(z)/z is analytic in the punctured disk 
D := B \ {0}. In order to extend g to an analytic function in B, we denote by 
ao + ai z + <22 z 2 + . . . the Taylor series of / at 0. Since /( 0) = 0, we have ao = 0. 
Setting g{ 0) := we obtain that g(z) = a\F 02 zF .. . for all z in a neighborhood 
of 0, i.e. , g is also analytic at 0. 

= r < 1. 


z 


The estimate \f(z)\ < 1 guarantees that \g(z)\ < 1 jr if 0 < 

Referring to the maximum principle we conclude that \g(z)\ < 1/r for \z\ < r < 1. 
When r tend to 1, we get \g(z)\ < 1 for all zGD, which is equivalent to (3.58). 

If \f(zo) | = \zq\ for some zq G B \ {0}, then \g(zo)\ = 1. Since \g(z)\ < 1 for 
all zGD, \g\ attains a maximum at zq G B. By the maximum principle, g must 
be a constant (unimodular) function, and denoting this constant by c we find that 
f(z) = cz. □ 


The following example illustrates how the argument principle and Schwarz’ 
lemma can be applied to analyze properties of analytic functions. 
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Example 3.4.3 (Blaschke Factors). The functions we are considering are special 
Mobius transformations, called Blaschke factors , which have the form 






< 1. 


(3.59) 


As is true for any Mobius transform, Blaschke factors map the extended complex 
plane C bijectively onto itself. The function / defined in (3.59) has a simple zero 
at Zs o and a simple pole at 1 /zq, and its inverse belongs to the same class, 



_ zFzo 
= c — — . 

1 + ZoZ 


Evaluating the function / on the unit circle T, 


(3.60) 



= c 


- z 0 
1 — zoe 1( ^ 



1 - e^o 
1 — e 1( ^zo 


we see that \f(z)\ = 1 for all zGl Since / is holomorphic in a neighborhood of 
B and not constant, it follows from the maximum principle that \f(z)\ < 1 for all 
z G B, i.e., / maps the unit disk B into itself. Because / -1 has the same property, 
/ : B — > B is indeed a bijective mapping. 

Conversely, any holomorphic function g which maps B bijectively onto itself 
is a Blaschke factor. To prove this claim, we set zq := g _1 (0) and define / by 
(3.59) with c = 0. Then h := / o g~ x and h _1 = g o / _1 map B onto itself and 
satisfy h(0) = h _1 ( 0) = 0. By Schwarz lemma, 


h(z) | < \z\ = h 1 (h(z)) < | h(z) 


zGB, 


so that \h(z)\ = \z\ for all z G B. Invoking Schwarz’ lemma again, we obtain that 
h(z) — cz with \c\ = 1. Finally, 

(/°5 _1 ) 0) = h(z) = cz 


for all z G B implies that f(z) 


cg(z ), so that g is indeed a Blaschke factor. 



Figure 3.29: Phase portraits of three Blaschke factors 




110 


Chapter 3. Analytic Functions 


Figure 3.29 shows the phase portraits of three Blaschke factors with c — 1 and 
zo = 0.5, zo = —0.5, and zq = — 0.9 i, respectively. The black line is the unit 
circle T. In these pictures we see that the phase 'ip(f) changes monotonously along 
T; this is a general property of Blaschke products. If 7 denotes the standard 
parametrization of T, then the argument principle gives 

wind (/ o 7 , w) = 1, w G ID). (3.61) 


The chessboard coloring in Figure 3.30 is better suited to get an intuitive under- 
standing of the manner in which a Blaschke factor maps the unit disk onto itself. 
Here the domain disk is depicted on the left, the range disk is seen on the right, 
and zq = (1 + i)/ 2 . 



Figure 3.30: A Blaschke factor mapping the unit disk onto itself 


Example 3.4.4 (Blaschke Products). As the name suggests, Blaschke factors are 
constituents of Blaschke products. A finite Blaschke product of degree (or order) 
n is a rational function of the form 





Zk 


< 1 


(k = 1 , . . . , n). 


(3.62) 


Since any factor fk{z) := ( z — Zk)/{ 1 — ~Zk z) is unimodular on the unit circle, the 
same holds for the product. The formula (3.61) for the winding number of the 
factors implies that 


wind (/ o 7 , w) = wind (/1 o 7 , w) + . . . + wind (/ n o 7 , w) = n, w E ID). 

Consequently, by the argument principle, for every w E ID) the equation f(z) = w 
has exactly n solutions z E B (counting multiplicity). This observation is a first 
hint that Blaschke products play a similar role in the unit disk as polynomials do in 
the complex plane. In fact these analogies go much deeper - in some sense, Blaschke 
products can be considered to be u hyperbolic counterparts v of polynomials. 




3.4. Analytic Functions in Planar Domains 


111 


Figure 3.31 visualizes a Blaschke product on the Riemann sphere, which has 50 
randomly chosen zeros in the unit disk. Note that, due to stereographic projection, 
the colors appear in reversed order when we look at the sphere from the outside 
(see page 41 for an explanation). So the poles on the upper hemisphere pretend 
to be zeros, and the zeros on the lower hemisphere mimic poles. 



Figure 3.31: Phase portrait of a finite Blaschke product on the Riemann sphere 



Figure 3.32: Phase portraits of a finite Blaschke product on the two hemispheres 

The symmetry of the phase with respect to the equator which we observe in 
this picture can easily be verified. It is a consequence of a symmetry property of 
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Blaschke products with respect to reflection at the unit circle, 

f{l/z) = 1 /f(z). 

Because the phase of 1/w is equal to the phase of re, this implies the symmetry 
property ip(f(l/z)) = ■0( f(z )). 

Figure 3.32 depicts the same function as in Figure 3.31 separately on the 
upper and the lower hemisphere. The orientation of the two squares has been 
chosen according to the convention in Section 2.5 (see page 41 for details), so that 
the two phase portraits are mirror symmetric with respect to the vertical axis 
separating them. 


3.5 Analytic Functions on the Sphere 


In this section we shall extend the concept of analyticity to functions defined on 
a subdomain D of the Riemann sphere C. Moreover we shall allow that these 
functions attain infinite values. 


General Definition of Analyticity. In order to include the point at infinity into 
the domain and the range of an analytic function we observe that the mapping 
z ^ 1/z rotates the Riemann sphere so that oc 0, which allows us to transform 
everything from infinity to the origin. This leads to the following generalization of 
Definition 3.2.5, which we state again here as case (i) for convenience of reference. 
Recall the conventions 1/0 := oo and l/oo := 0. 

Definition 3.5.1. A complex function / : D C C — )► C is said to be analytic at 
Zo G C if Zq is an inner point of D and one of the following cases occurs: 

(i) zo G C, f(z o) G C, and there is a neighborhood of z, o in which / is the sum 
of a convergent power series centered at z, o, 

(ii) zo = oo, f(z o) G C, and g(z) := /(1/z) is analytic at 0 according to (i), 

(iii) zo G C, f(zo) = oo, and g(z) := l//(z) is analytic at zo according to (i), 

(iv) zo = oo, /(zo) = oo, and g(z) := 1/ f (1/z) is analytic at 0 according to (i). 

It follows immediately from the definition that 1// is analytic at Zq if and only if 
this holds for /. A point zo £ D where /(zo) = oo is said to be a pole of / and 
its multiplicity (or order) is defined as the multiplicity of the zero zo of 1// (see 
Definition 3.3.5). 

For example, a function / with finite value /(oo) is analytic at infinity if and 
only if there exists a positive r such that 


x a\ a2 Ob 

f (z) = ao H — — + 7 y + -- - + 7 £+---, 


z 


Z‘ 


z 


z 


> r. 


(3.63) 


In the following result continuity has to be understood with respect to the spherical 
metric. 
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Theorem 3.5.2. If f : D C C — )► C is analytic at zo G D it is continuous at zq. 

Proof. In case (i) the result follows directly from Theorem 3.2.3. In all other cases 
/ is a composition of the continuous function g with the mappings z 1/z and 
w i — y \ / w which are continuous on C. □ 

As earlier, the set of points at which a complex function is analytic is always 
open in C. In the next step we state the corresponding extension to the definition 
of analytic functions. 

Definition 3.5.3. Let D be an open subset of the Riemann sphere C. A complex 
function f : D C which is analytic at every point in D in the sense of Defini- 
tion 3.5.1 is said to be analytic. 

Classes of Analytic Functions. Traditionally several subclasses of analytic func- 
tions are distinguished. We summarize these concepts in the following definition. 

Definition 3.5.4. An analytic function is said to be meromorphic if all its poles are 
isolated. An analytic function is called holomorphic if it has no poles. For open 
subsets D of C we denote by A(D), A 4(D) and O(D) the sets of all functions 
f:D C which are analytic, meromorphic and holomorphic in D, respectively. 

Saying that all poles of / are isolated means that any point zo with /(To) = oo 
has a neighborhood in which f(z) ^ oo for z ^ Zq. It follows from the identity 
principle for power series that this condition is automatically satisfied if D contains 
no disk Dq on which / = oo. If, on the other hand, such a disk exists, then 
/ = oo on the connected component of D which contains Dq (this can be shown 
by applying Theorem 3.4.1 to 1//). If D is a (connected) domain, this implies that 
/ = oo on all of D. So in this case the sets of analytic functions and meromorphic 
functions differ only by the constant function / = oo. 

We point out that the poles of a meromorphic function / may have accumu- 
lation points, but these must he on the boundary of D and cannot belong to D. 
Otherwise, by continuity of /, such an accumulation point must be a pole, which 
would then not be isolated. 

The “classical” analytic functions / : D C C C, which have been studied 
in the preceding section, are holomorphic functions. In fact holomorphic functions 
are precisely those analytic functions which attain only finite values. Note that in 
the above definition the domain set D of a holomorphic function may contain the 
point at infinity. This is not completely standard in the literature but it has some 
advantages. 

Local Normal Forms. The following result extends Theorem 3.3.4 to the gener- 
alized concept of analytic functions. It can easily be derived by applying Theo- 
rem 3.3.4 to the four cases in Definition 3.5.3. 

Theorem 3.5.5 (Local Normal Forms). Let f : D C C — > C be analytic and not 
constant in a neighborhood of zq G D. Then there exist a positive integer m and 
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an analytic function g : D C C C with g(zo) 7 ^ 0 and g(zo) 7 ^ 00 , such that one 


of the following holds for all z E D: 

z 0 G C, f(zo) G C, f(z) = f(z 0 ) +(z- z 0 ) m g(z), (3.64) 

zo € C, f(z 0 ) = oo, f(z) = (z-z 0 )~ m g(z), (3.65) 

Zo = oo, /(z 0 ) G C, f(z) = f(z 0 ) + z~ m g(z), (3.66) 

Zo = oo, f(z 0 ) = 00 , f(z) = z m g(z). (3.67) 

The integer m and the function g are uniquely determined . 


According to the possible cases we classify the points zo G D as in the following 
definition. Note that cases (iii) and (iv) give nothing new, they are just included 
for completeness. 

Definition 3.5.6. Let / : D C C — >• C. A point zo G D is said to be 

(i) a regular point of /, if (3.64) or (3.66) hold with f(zo) 7 ^ 0 and m = 1 , 

(ii) a saddle point of /, if (3.64) or (3.66) hold with f(zo) 7^ 0 and m > 2, 

(iii) a zero of f with multiplicity m , if (3.64) or (3.66) hold with /(zo) = 0, 

(iv) a po/e of f with multiplicity m, if (3.65) or (3.67) hold. 

The four pictures in Figure 3.33 show enhanced phase portraits of / in a neigh- 
borhood of z 0 corresponding (from left to right) to the four cases (i)-(iv). Do pay 
attention to the opposite orientation of colors for zeros and poles. Note that these 
pictures look the same whether z 0 is finite or infinite. 



Figure 3.33: Enhanced phase portraits near z 0 corresponding to the normal forms 

As in the preceding section, from now on we shall consider only functions which 
are analytic on domains D C C. 

Arithmetic Operations. Using the representations in Theorem 3.5.5 and dis- 
cussing the remaining cases of constant functions separately, it is easy to see that 
the set A4 (D) of meromorphic functions in D is closed with respect to the arith- 
metic operations, that is, if /,# in M(D), then also / ± g E A4(V), f g E A4(D), 
and, if g is not the zero function, / / g E A4(D). This is, by the way, the point where 
the distinction between meromorphic and analytic functions comes into play. For 
example, there is no consistent definition of f + g if f = g = 00 . 
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The Fundamental Principles Revisited. Several results of the preceding section 
remain valid for meromorphic or even analytic functions, like the uniqueness prin- 
ciple. 

Theorem 3.5.7 (Identity Theorem, Uniqueness Principle). Let /, g : D C C C 
be analytic in a domain D. If there exists a sequence (z n ) C D \ {zq} such that 
z n ^ zq £ D and f(z n ) = g(z n ) for all n E then f(z) = g(z) for all z E D. 

Proof. By continuity we have f(zo) = g{zo). If this value is finite, we can proceed 
as in the proof of Theorem 3.4.1. Otherwise we replace / and g by the analytic 
functions 1// and 1 / g, respectively. Note that, due to Theorem 3.5.5, Lemma 3.3.6 
on isolated zeros of / — a remains valid for analytic functions. □ 

The open mapping principle holds for analytic functions f : D C C 4 C as 
well. The maximum principle does not make sense for analytic functions which 
attain infinite values, but it can easily be extended to holomorphic functions, that 
is, analytic functions / : D C C C. We leave it to the reader to formulate 
these results and to think about the necessary modifications in their proofs. An 
application of the maximum principle is given in the next paragraph. 

Meromorphic Functions on the Sphere. It is clear that all rational functions are 
meromorphic on the Riemann sphere. The next result shows that the converse 
is also true, which explains why no special name is given to functions which are 
analytic on C. 

Theorem 3.5.8. If f is holomorphic on the Riemann sphere, it is a constant func- 
tion. If f is meromorphic on the Riemann sphere, it is a rational function. 

Proof. 1. Let / be holomorphic on C. Since C is compact and |/| is continuous, 
Weierstrass’ theorem ensures that |/| attains a (finite) maximum. By the maximum 
principle, / must be constant. 

2. If / is meromorphic on C its poles are isolated, and since C is compact, their 
number must be finite. Repeated application of Theorem 3.5.5, with zo running 
through all finite zeros and poles of /, leads to a representation 

f(z) = (z - Zi) mi ■ . . . ■ (z - z k ) mk g(z), rrij e Z, (3.68) 

where g is meromorphic on C and has neither zeros nor poles in C. Depending on 
whether g{ oo) is finite or infinite, either g or 1/g is holomorphic on C, and thus 
must be constant. □ 

The Argument Principle Revisited. A more significant change has to be made 
in the formulation of the argument principle for meromorphic functions. Here we 
have to count zeros and poles as well. Towards this end we denote by n( J, /) 
and p( J, /) the numbers of zeros and poles of / in the interior of J, respectively, 
counted according to their multiplicities. 
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Theorem 3.5.9 (Argument Principle for Meromorphic Functions). Let f : D C 
be meromorphic in the domain D C C ; let J be a positively oriented Jordan curve 
with J U int J C D. If f has neither zeros nor poles on J, then 

windj / = n( J, /) - p( J, /). 

The proof is a simple modification of the proof of Theorem 3.5.9. The only differ- 
ence is that the integers mj in the factorization (3.56) (see also (3.68)) are negative 
if Zj is a pole. 

Figure 3.34 illustrates the argument principle for the phase portrait of a 
typical meromorphic function. Inside the black curve J we find two simple zeros 
and a pole of multiplicity two. The chromatic number of J is zero. We have oriented 
the phase flow from the zeros to the poles which is indicated by the arrows in the 
left picture. The net flux of “phase” through J vanishes. 




Figure 3.34: Phase flow along the isochromatic lines of a meromorphic function 

In contrast to the holomorphic case, not all the “phase” generated by the zeros in 
J must flow through J. The saturated colors in the picture on the right correspond 
to that part which is directly absorbed by the pole without leaving the interior of 
J. 

Phase Diagrams. The idea of “phase flow” will be developed further in the second 
volume of this book. We shall associate with any meromorphic function / in a 
domain D an ordinary differential equation in such a way that the trajectories of its 
solutions are the isochromatic lines. Endowed with these orbits , the phase portrait 
of a function is converted into a phase diagram. The global structure (invariant 
manifolds, basins of attraction) of phase diagrams will be explored within the 
framework of dynamical systems. Readers who wish to know more right away may 
consult Wegert [69]. 
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Typically a function / defined on some set can be extended in many ways to a 
larger domain. Even if one requires that the extended function inherits additional 
properties of /, like continuity or differentiability, the extension is usually not 
unique. 


For analytic functions we encounter a totally differ- 
ent situation: due to the uniqueness principle (Theo- 
rem 3.4.1), there is only one possibility (if at all) to 
extend an analytic function to a larger domain. If 
we know an analytic function on an arbitrarily small 
open set, say on a disk, it is completely determined. In 
a sense, an analytic function “is already there” even 
if we do not yet know it. 

This section is devoted to a technique which can be 
compared with exploring a landscape. At the begin- 
ning we stand somewhere (at a point zq) and can see 
the function just in a small region (the disk of con- 
vergence of its Taylor series at zq). Moving to the 
boundary of that region, the horizon changes and we 
may get access to a new part of the landscape which 
could not be seen before. Continuing this process, we 
walk around in the plane and discover more and more 
of the territory where the function lives. 

As in a real journey, it may happen that we cannot go 
further because some obstacles prevent us from doing 
so. Sometimes we shall observe strange effects when 
we go back to some place where we have been before: 
to our surprise the landscape around might have com- 
pletely changed since our last visit. And when we go 
back another time, it may have perhaps returned to 
its former state - or again changed into something 
else. 

The procedure described for exploring analytic func- 
tions is called the Weierstrass disk chain method. Its 
mathematical ingredients are the identity theorem 
(Theorem 3.4.1), and Weierstrass’ rearrangement the- 
orem (Theorem 3.3.1); the first one guarantees that 
the landscape which we explore is uniquely deter- 
mined, the second allows us to change the horizon 
when we are moving around. 






Figure 3.35: Explo- 
ring a function 


The illustrations in Figure 3.35 demonstrate several steps of an exploration 
of an analytic function. We start at the center of some disk in the first picture. 
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Walking along some path in the plane the excursion is documented by taking snap- 
shots that fix the view from certain points tk along the way. Another hiking tour 
with the same function and the same starting point, but with “time dependent” 
sizes of the “horizons” is shown in Figure 3.36. 



Figure 3.36: An analytic function as a patchwork of function elements 

Now let us work out the details. Mainly to avoid notational complications, we 
restrict ourselves to analytic functions / : D C C — > C. 

Direct Analytic Continuation. We begin with a simple result which shows that 
two analytic functions can be “glued together” when they coincide on the (non- 
empty) intersection of their domains. 

Theorem 3.6.1 (Direct Analytic Continuation, Analytic Extension). Let the func- 
tions fi : D\ C and fa : C be analytic in the domains D\ and D 2 , 

respectively. Assume that the intersection Dq := D\ D D 2 is not void and fa = fa 
on Dq. Then there is a unique analytic function f on D := D 1 UD 2 which coincides 
with fa on D\, namely 


fM •= I zeD i 

’ ' \ /2O) if z e D 2 . 

Proof The function / is analytic in D because any point z G D belongs to D\ or 
_D 2 , so that / coincides with fa or fa in a neighborhood of z. Since D\ U D 2 is a 
domain (open and connected), and D\ fl Z ) 2 7 ^ 0 is open, uniqueness of / follows 
from the identity theorem (Theorem 3.4.1). □ 
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Under the assumptions of Theorem 3.6.1, the function / is said to be an 
analytic continuation (or analytic extension ) of fi onto D. Interchanging the roles 
of /i and / 2 , we see that / is also the (unique) analytic extension of onto D. 

So direct analytic continuation may extend a function to a larger domain, but 
this says nothing about how to find such an extension. The key to a constructive 
approach is Weierstrass’ rearrangement theorem (Theorem 3.3.1) for power series. 



Figure 3.37: A “rearrangement bud” 


Analytic Function Elements. Assume that an analytic function / is given as 
the sum of a power series which has center zq and disk of convergence Do, see 
Figure 3.37 (left). As we have seen in Example 3.3.1, it can happen that the 
rearrangement of that power series to a series centered at a point z\ in D 0 has 
a disk of convergence Di which protrudes out of Do. Then, by Theorem 3.6.1, / 
admits an analytic extension to D 0 U D\ - the domain of / “sprouted a bud” as 
shown on the right. In order to explore this further we introduce some notation. 

Definition 3.6.2. (i) An (analytic) function element is a pair (/, D) consisting of 
a disk D and an analytic function / : D — )► C. The center of the disk D is also 
referred to as the center of the function element. 

(ii) If and (f 2 ,D 2 ) are two function elements which satisfy the assumptions 

of Theorem 3.6.1, we say that (/h, D 2 ) is the direct analytic continuation of (/i, D{) 
(or vice versa) and write (/i,Di) qd (f2,D 2 ). 

(iii) A finite sequence (/q,D 0 ), (/i,Di), ..., (/ n ,D n ) of function elements is 
said to be a chain , if any function element (except the first) is the direct analytic 
continuation of its predecessor, 

(/o,Do) CD (/i,Di) CD ... GD (/ n ,D n ). (3.69) 

We then call (/ n ,D n ) an analytic continuation of (/o,Dq) along the chain. 

(iv) A function element (/ n ,D n is an analytic continuation of (/o,Do) if a chain 

of function elements satisfying (3.69) exists. We then write (/o,Do) (. fn,D n )• 
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To understand the procedures that follow better it is essential to recognize 
some subtleties of these definitions. While it is easy to see that ~ is an equivalence 
relation , the relation qd is reflexive and symmetric, but not transitive. The latter 
is clear since D 1 FD 2 7^ 0 and D 2 H 7^ 0 does not even imply that D\ D D 3 7^ 0. 
A more interesting situation where transitivity fails is studied next. 

Example 3.6.1 (Analytic Continuation of the Square Root). We continue to inves- 
tigate Example 3.3.1. The binomial series 

/«(*) = £ ( 7 ) <* - !)” ( 3 -™) 

n = 0 ' ' 


has radius of convergence one and thus defines a function element (/o, Oo) with 
D 0 := {z G C ! | z — l| <C I}"* If z is real and 0 z <C 1 , we have fo(z) — yj~z- 



Figure 3.38: Function elements forming a chain (left), 


qd is not transitive (right) 


For k = 0, 1, . . . , 8 we denote by Uk = exp(2/c7ri/9) the 9th roots of unity and let 
D k := {z GC: \z — LUk\ < !}• All power series 


fk(z) := e ife7r / 18 jh e -ife7r / 9 (z - w k ) n (3.71) 

n — 0 ' 

have radius of convergence one and the nine function elements form a chain 

(/o,A>) ® (fi,Di) ® ••• ® (fs,D 8 ) 

where neighbors are direct analytic continuations of each other, see Figure 3.38 
(left). Consequently any two elements (/j, Dj) and (/&,£)&) are analytic contin- 
uations of each other. Moreover, for k = 1,2, 3, 4, the element (fk,Dk) is a direct 
analytic continuation of (/o, Do) , but not for k = 5, 6, 7, 8. Since (/e, Dq) is also a 
direct analytic continuation of (73,1)3), we have, as we see in Figure 3.38 (right) 


(/o, A>) ® (/3,r> 3 ) ® (/e, As) 7 (fo, Do), 
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(where 96 stands for “not od ”), which again shows that the relation qd is not 
transitive. 

Lemma 3.6.3. If D 1 n D 2 n D 3 ^ 0, (/i,L>i) ® (/ 2 ,D 2 ) and (/ 2 ,D 2 ) ® (f 3 ,D 3 ), 
then (/i, £>i) ® (f 3 ,D 3 ). 

Proof. The functions /i and /3 are analytic in the domain D\ D D3 and coincide 
(with f<f) on its open subset D\ H D 2 H D3. Thus /1 = fs on Di H D 3 . □ 

Analytic Continuation Along a Path. In the next step we intend to glue together 
function elements along a given path. The technical term for this patchwork is 
analytic continuation along a path , the procedure is described in the following 
definition. 

Definition 3.6.4. Let 7 : [0, 1] C be a path. A chain of function elements 

(fo,D 0 ) ® (/1, Di) OD ... QD ( f n ,D n ) (3.72) 

is said to be a chain along 7, if the chain of disks (D 0 , D 1 , . . . , D n ) covers 7 in the 
sense of Definition 2.7.7. 

Let (/o, Do) an d (/, D) be function elements with centers at 7(0) and 7(1), 
respectively. We say that (/, D) is an analytic continuation of (/o, Do) along 7, if 
there exists a chain of function elements (3.72) along 7 such that (/, D) = (/ n , D n ) . 

Note that the phrase “(Do, D 1 , . . . , D n ) covers 7” does not simply mean that 7 is 
contained in the union of the disks D& (for details see Definition 2.7.7). 

It is essential that analytic continuation along a path does not depend on the 
special choice of the chain of function elements. This statement is made precise in 
the next lemma. 

Lemma 3.6.5. Let (/o,Dq) <£>...<£> (. fn,D n ) and (#o ? D 0 ) gd ... <s> S 9 m 5 Ldfri ) ^ 
two chains of function elements along a path 7- U (fo, Do) ® (^o 7 D 0 ) then it is 
also true that (/ n ,D n ) qd (3 m 5 D m ) . 

Proof. 1. Let 7 : [0, 1] — )► C. According to Definition 2.7.7, we have partitions 


0 — to t\ ... t n — 1, 0 — ^o ^ ^1 <- • • • <- Sm — I? 

of [0, 1] such that for all k = 1 , . . . , n and j = 1 , . . . , m 



tk ]) c D 


k 



2. Intuitively, the following procedure can be described as a walk along the path 7, 
where the left foot is only allowed to step on disks D&, the right foot is restricted 
to disks Dj, and the function elements (/&, D&) and (/j, Dj) underneath both feet 
must be direct analytic continuations of each other. We shall show that one can 
walk step-by-step all the way along 7, following just a simple rule: don’t move the 
foot which is ahead. 
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We consider the set S of all pairs (k,j) with 1 < k < n and 1 < j < m which 
meet the following condition, 


\pk — lDk\ ^ 7^ 0, (^fi^Dfe) QD (#j, Dj) 


(3.73) 


Since to = so = 7(to), the intersection of D\ and D\ contains a neighborhood of 
7(^0), so that (3.73) is satisfied for k = j = 1 and S is not empty. 

Let (k,j) be an element of S with k + j < n + m. Without loss of generality 
we may suppose that < Sj. Because [t^-iDkl Fl [_Sj-i,Sj] 7^ 0, this implies 
t k F Pj — 1 7 Sj • 

If k = n, then Sj > t n > 1, hence j = m and k + j = m + n, a contradiction. 
Consequently k + 1 < n, 


tk C 


5 ^/c + l] Cl 


s j] 7^ 



and 7(4) G £) fe n D fe +i n Dj 7^ 0. By Lemma 3.6.3, (/fe+i, D fe+ i) ® (/ fe , D fe ) and 
(fk,D k ) ® imply that (/ fe+ i,D fc+ i) ® 7>D> so that ( fc + M) £ S'- 

3. Among all elements (fc, j) of 5, there exists a pair which has the largest 
sum. From the second step, this pair must be (n,m), because for all other (k,j) 
in S at least one of the pairs (k + 1, j) or ( k,j + 1) also belongs to S. □ 


Example 3.6.2 (Analytic Continuation of the Square Root II). We consider the 
analytic continuation of the square root function, starting with the function ele- 
ment (/o, Do) with Do := {z E C : \z — 1| < 1} and fo given by (3.70). 



Figure 3.39: Two analytic continuations of the square root along a circular path 

Analytic continuation of (/o,D 0 ) along the path 7 : [0, 1] —> C, t 4 exp(27rit) 
can be performed using the chain of function elements (/&, D^) with k = 0, . . . , 9 
defined in Example 3.6.1. Referring to the definition of /& in (3.71), we find that 
fo(z) = —fo(z). So, for any function element (f,D) which is an analytic continu- 
ation of (/o,Do ) along 7, the function / coincides with — / 0 in a neighborhood of 

zo = 1. 
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Analogously, if (/, D) is an analytic continuation of (— /o, A)) along 7 , then 
(fw) qd (/o,Do). la other words: if 7 is run through twice, we return to the 
original values of /q. Figure 3.39 illustrates the result of this procedure, where 7 
is covered by a chain of 14 function elements defined on disks with radii 0.7. 


Function Elements and Germs. Though analytic continuation along a path 7 
is essentially independent of the choice of the function elements which cover 7, 
these elements are by no means uniquely defined. In fact not even the elements 
at the endpoints of 7 are unique, Lemma 3.6.5 only tells us that the terminal ele- 
ments of the chain coincide on some disk if the initial elements have this property. 
The redundancy in the process of analytic continuation is sometimes disturbing 
and makes formulations cumbersome. To eliminate this drawback we utilize the 
standard technique of forming classes. 

Definition 3 . 6 . 6 . Two function elements (fi,Di) and (/ 2 ,TL) centered at zq are 
said to be equivalent if fi(z) = /2(A) in a neighborhood of zq. A germ at zq (or a 
germ with center zo) is a class of equivalent function elements centered at zq. The 
germ which contains a function element (/, D) is denoted by /*. 


The concept of germs ‘com- 
presses’ all equivalent function ele- 
ments centered at zq into a single ob- 
ject which ‘sits’ at the point zq. Con- 
versely, we may think of the func- 
tion elements (/, D ) in the class /* 
as ‘growing out’ of the germ /*. Fig- 
ure 3.40 is an attempt to visualize a 
germ intuitively as an equivalence class 
of function elements emerging from 
their common center. 

Depending on the situation, one 
can choose an appropriate representa- 
tive of a germ /*, for example a func- 
tion element (/, D ) in /* with a suffi- 
ciently small disk D that fits into some 
given domain. The canonical represen- 
tative of a germ /* is that function el- 
ement (/, D) in /* which has the disk D of maximal radius (here we allow that 
D = C). The function element on top of the germ in Figure 3.40 is its canonical 
representative. It cannot be extended to a larger concentric disk since it has a pole 
at the marked boundary point. 

The value /*(zq) of a germ f* at zq is the value f(zo) of any function element 
(/, D) which represents /*. Note that the value of a germ is only defined at its 
center. 



Figure 3.40: Function element and germ 


124 


Chapter 3 . Analytic Functions 


On the other hand, the germ of a function element (/, D) is not determined 
by the value of / at its center zq alone, but by the complete list of its Taylor 
coefficients. So the usual arithmetic operations, inversion and composition of germs 
are well defined by the corresponding manipulations of power series. 

The concept of germs is not restricted to function elements. If the function / 
is analytic at a point z, it is analytic in a neighborhood of z, and thus it induces 
a germ at z which we denote by /*. 

Analytic Continuation of Germs. Let us now briefly reconsider analytic contin- 
uation in the setting of germs. 

Definition 3.6.7. We say that a germ /* at b is an analytic continuation of a germ 
/* at a along a path 7 from a to 6, if there exists a chain of function elements 
(/o, Do) 00 ... ® (/„, D n ) along 7 such that (/ 0 , D 0 ) represents /*, and (/„, D n ) 
represents /*, respectively. 



Figure 3 . 41 : Analytic continuation with germs 


Whenever an analytic continuation of a germ along a path 7 exists, Lemma 3 . 6.5 
tells us that the terminal germ is uniquely determined and does not depend on the 
specific choice of the function elements along 7. We thus can speak of the analytic 
continuation f*(y) of a germ /* along a path 7. 

Compared to analytic continuation of function elements, analytic continu- 
ation of germs has the further advantage that it does not only yield a unique 
terminal germ, but also a well-defined family of germs along 7. That is, for any 
t in the parameter interval [a, / 3 \ of 7, the germ f*(yt) is the analytic continu- 
ation of /* along the restriction of 7 to [a,t\. Figure 3.41 shows three germs 
gi, 92 1 93 of the family /*(y t ). The ‘view from the top’ reveals that the correspond- 
ing canonical representatives (/1, Th), (/2, A2), (/3, D 3 ) of the three germs satisfy 
(fi,Di) ® ( f 2 ,D 2 ) and (f 2 ,D 2 ) ® (h,D z ). 
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The Monodromy Principle. In the next step we study analytic continuation of 
a germ along different paths with the same endpoints. As we have seen in Exam- 
ple 3 . 6 . 2 , the result may well depend on the selected path 7. On the other hand, 
there are many situations where analytic continuation is path independent. One 
such result is stated in the next theorem. 


Theorem 3.6.8 (Monodromy Principle I). Let y s , with s E [0, 1], be a family of ho- 
motopic paths with fixed endpoints. If the germ /* admits an analytic continuation 
f*(ls ) along any path -y s , then /*( j 0 ) = /*( 7i)- 

Proof. 1. We first prove a local result: if s E [0, 1] is fixed, a E [0, 1] and \cr — s\ is 
sufficiently small, then /*( y a ) = /*( y s ). The proof is a variation of the proof of 
Lemma 3 . 6 . 5 . 

We fix a representative (/o, of /* and a chain (/o, D<f) qd ... gd (fn,Dn) 
of function elements covering 7 S , and denote the centers and radii of D k by z k and 
77 respectively. The corresponding partition 0 = to < t\ < . . . < t n = 1 of [0, 1] 
satisfies 7 s (t k ) = z k and 



tk\) c D 


k 


k = 1, . . . , n. 


Now we shift the disks D k so that their centers he on y a . Using self-explanatory 
notation, the translated disks can be defined as 


D% := D k - 7 s (t k ) + 7 


Invoking a compactness argument, we find that, for all a E [ 0 , 1 ] with 
sufficiently small, the chain (Dg , D 


a — s\ 


<j 

1 5 


D°) covers 7^, and D k D D k +i 


for all k = 0, 1 , . . . , n — 1 . 

Using the technique in the proof of Lemma 3 . 6 . 5 , with Dj replaced by DJ, 
it now follows that the germs /*( y s ) and /*( 7^) have a common representative, 
that is, /*( 7 S ) = f* (7<r) • 

2. So far we have shown that the mapping s ^ /*(7s) is locally constant , i.e., 
for any s E [ 0 , 1 ] there exists an open interval I s such that /*( 7 S ) = /*( 7 cr) for all 
cr E I s D [ 0 , 1 ]. Because [ 0 , 1 ] is compact, it is covered by a finite collection of such 
(overlapping) intervals, and consequently s /*( y s ) must be constant on all of 
the interval [0, 1]. □ 


Germs Generating Functions. In what follows we fix a germ /* at zo and consider 
the analytic continuations /*(y) along all paths 7 with (fixed) initial point zq for 
which such a continuation exists. The value of the germ /* (7) at the terminal point 
z of 7 is denoted by /*(y, z). We are interested in conditions which guarantee that 
/*(7, z) only depends on the terminal point z and not on the path 7. 

Definition 3.6.9. A germ /* at zq is said to have an unrestricted analytic con- 
tinuation in a domain D , if it admits an analytic continuation /*(y) along any 
path 7 in D with initial point Zq. If, moreover, there exists an analytic function 
/ : D -7 C such that /*(y,z) = f(z) for every z E D, we say that the germ /* 
generates the analytic function / in D. 
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The terminology introduced in Definition 3.6.9 will also be applied to the function 
elements representing /*. 

The following theorem describes some happy situations where any germ hav- 
ing an unrestricted analytic continuation generates an analytic function. 

Theorem 3.6.10 (Monodromy Principle II). Let /* be a germ at zo G D which 
has an unrestricted analytic continuation in a domain D . Then /* generates an 
analytic function in D in each of the following cases: 

(i) The analytic continuation of f* along any closed path 7 in D is trivial, i.e., 

/*( l,*o) = f*(z 0). 


(ii) The domain D is simply connected. 

(iii) The domain D is a punctured simply connected domain (i.e., D = G\ {a} 
with a simply connected domain G and a E G) and the analytic continuation 
of /* along some closed path 70 in D with winding number 1 about a is trivial. 

Proof, (i) Let 71 and 72 be two paths from z 0 1 ° z in D. The concatenation 
7i © if of 71 with the reverse of 72 is a closed path with initial point zq. Thus, 
by assumption, f*(li ® 7 ^) = /*, and consequently 

f* (71) = r (71 © 72" © 72) = r (72) • 

Since the analytic continuation of /* does not depend on the path from zq to z in 
D, the function f(z) := f*(l,z) is well defined in D. In order to prove that / is 
analytic, we choose an arbitrary point z\ and a path 71 from zq to z\ in D. The 
germ /f := /*( 71 , zfj is represented by a function element (/i,Tfi). If z G Tfi, 
the path 7 := 71 © [zi,z\ connects z , 0 with z, and since the segment [zi,z\ lies in 
Di, the value of the analytic continuation of /* along [zi,z\ coincides with fi(z). 
So we have 


f(z) = f* (7, z) = f* (71 © [z-L , Z 


z) = /r ([*1,*; 



fi(z), z € Di, 


and hence / is analytic in D\. 

(ii) If D is simply connected, any closed path 7 in D with fixed endpoints 
zo is homotopic to the constant path h(t) = zq (see Lemma 2.7.17). By the 
monodromy theorem (Theorem 3.6.8) the analytic continuation of /* along 7 is 
trivial, so that (ii) follows from (i). 

(iii) If n is a positive integer, we denote by n-7o the concatenation of n copies 

of 70, we set —ny 0 : = anc ^ we ^ 0‘7o stand for the constant path zq. Then 

it is clear that f*(jo) = /* implies f*(n • 70) = /* for all n E Z. 

Any closed path 7 in D with initial point zo and winding number n about 
a is homotopic with fixed endpoints to the path n 70 (see Lemma 2.7.22). The 
monodromy theorem (Theorem 3.6.8) tells us that /*(y) = /*(n • 70), so that the 
assumptions of (i) are satisfied. □ 
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Theorem 3.6.10 will play an essential role in the next section and in Sec- 
tion 4.2. Let us now explore what may happen if none of the conditions (i)-(iii) 
is satisfied. First we consider one of the most prominent functions in the context 
of analytic continuation. 

Example 3.6.3 (The Complex Logarithm). Our starting point is the function ele- 
ment (/o, D 0 ) in the disk Dq := {z E C : |z — 1| < 1} with 

(- 1)* +1 


In order to prove that this function element admits an unrestricted analytic con- 
tinuation in C \ {0}, we consider any path 7 : [0, 1] C \ {0} with initial point 
Zq = 1 and arbitrary terminal point z\. 

In order to construct function elements of an analytic continuation of (/o, Dq) 
along 7 , we first pick a point z t := 7 (t) on 7 and denote by 


(z — l) k = log \z\ + i Arg z, z <E D 


0 


(3.74) 


00 

fo(z) = y 



{z e C : 



z t | < \z t |}, 


t G [0, 1], 


the largest disk around z t contained in C \ {0}. To find an appropriate argument 
of z tl we denote by t 1 — >> a{t) the continuous branch of the argument along 7 which 
is equal to the principal value Arg 1 = 0 at its initial point (see Lemma 2.7.19), 
and set arg 7 z t := a{t). Finally, we define the function element (/t, D t ) by 

(-l ) fe+1 


The series on the right-hand side results from substituting z by z/z t in (3.74), so 
that D t is indeed its disk of convergence. 

Since 7 has a positive distance from the origin, there exists a finite subdivision 
0 = t 0 < t\ ^ ... '7 tyi — 1 of the interval [ 0 , 1 ] such that the chain of the 
corresponding disks D tj covers 7 . Thanks to the additional term log \z t \ +i arg 7 z t 
in (3.75), any two neighboring elements and (f tj , D tj ) are direct 

analytic continuations of each other, which can be easily verified using (3.74). 

The function element at the terminal point z\ of 7 is an analytic 

continuation of (/o,Do) along 7 . Following the convention in Definition 3.6.7, 
we denote the function /1 by log(y, .). This function is given by its power series 
expansion (3.75) with t = 1. Using (3.74) we find the explicit representation 


(z-z t ) k , z e D t . (3.75) 


OO 


f t (z) := log \z t \+\ arg 7 z t + y 


l°g(7 ) z ) = log \ z \ + i arg 7 z, z G Di, 


(3.76) 


where arg 7 is a distinguished continuous branch of the argument in Th, namely 


arg 7 z := arg 7 z\ + Arg (z/zi), z e D x 


> 7 


Note that the logarithm (3.76) satisfies exp (log(y, z)) = z for all z in D\. 
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The Logarithm of a Function. As we have seen in the preceding example, the 
function log z cannot be extended from to an analytic function in the punctured 
plane C \ {0}. In this paragraph we show that we can nevertheless define the 
logarithm of (analytic) functions / : D —> C \ {0}, provided that D is a simply 
connected domain. 

Lemma 3.6.11. If f : D — > C \ {0} is analytic in a simply connected domain D , 
then there exists an analytic function g : D C such that f = exp g on D. 

Any function g as in Lemma 3.6.11 is said to be an analytic branch of the 
logarithm of / in D and is denoted by log /. 

Proof. Fix a point zq E D. If Dq is a sufficiently small disk centered at zo, then 
the image set /(Do) can be included in some disk G with center wo = f(zo) which 
does not contain the origin. Denoting by log G an analytic branch of the logarithm 
in G (see the preceding example), and setting go := log G / we obtain an analytic 
branch of the logarithm of / in Dq. 

If 7 is a path in D with initial point zo, then / o 7 is a path in C \ {0} with 
initial point wq. According to the preceding example, the logarithm log G has an 
analytic continuation log (/ o 7 , .) along / o 7 . Then the function g defined as the 
composition 

g(i,z) ■■= log (/ 07 , f( z )), zeD^, 

is an analytic continuation of (go, A)) along 7 . Here D 1 is some disk centered at 
the endpoint of 7 . As was shown in Example 3.6.3, we have exp (^( 7 , z)) = /(z) for 
all z E D,y. Since (^/o? -Do) has an unrestricted analytic continuation in D, and D is 
simply connected, the monodromy principle (Theorem 3.6.10) yields the existence 
of the function g. □ 

Remark 3.6.12. It is easy to see that two analytic branches of log / can only differ 
by a constant function 2 /c 7 ri with k E Z. If D does not contain the origin, we can 
apply Lemma 3.6.11 to /(z) = z and obtain analytic branches of the logarithm 
function. Any such branch has the form 


log : 7A — ^ (C, 


z log \z\ + i arg z 


where arg is a continuous branch of the argument function in D. 

Remark 3.6.13. If / : D — > C \ { 0 } is merely assumed to be continuous on the 
simply connected domain, there exists a continuous function g : D C such that 
f(z) = exp ( g(z )) for all z E D. Any such function is called a continuous branch 
of the logarithm of /. In order to construct g, we pick zq E D and fix arg/(zo). 
If 7 is a path in D with initial point z 0 , there is a continuous branch of arg / 
along 7 , which we choose to define a continuous branch g 1 of log / along 7 . Then 
a version of the monodromy principle for continuous functions shows that all the 
continuations g 1 along different paths fit together to form a continuous function 
g on D. 
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Multiple- Valued Functions. In Examples 3.6.2 and 3.6.3 we had obtained differ- 
ent values for the analytic continuation along different paths because the condi- 
tions of the monodromy principle were not satisfied. But can something be still 
retrieved in such a situation ? 

Even if (/ 0 , Dq) has an unrestricted analytic continuation in T>, any attempt 
to define an analytic function on D as described in Theorem 3.6.10 must fail if 
/(y, z) is not solely a function of z but attains different values depending on the 
choice of the path 7. 

Basically we have two options to resolve this dilemma. The (seemingly) sim- 
pler solution relies on the concept of multiple- valued functions. In this setting the 
values of a complex function are sets of complex numbers. 

The analytic continuation of a function element (/o,Do) or a germ /q onto 
a domain D then yields the multiple-valued function 

F(z) := {/o(7, z) : 7 G r D (z)}, 

where Tjj(z) stands for the set of all paths in D with fixed initial point Zq and 
(variable) terminal point z. The description of the set on the right-hand side is 
not very convenient, since it involves the paths 7 as parameters. In fact the set 
F(z) cannot be too large: it is either finite or countable (see Theorem 7.1.2). 

Example 3.6.4 (Square Root Function). We continue to investigate Example 3.6.1. 
The function element (/o,^o) with 

«*)=£ yy -d‘. 

k — 0 


and Dq := {z E C : \z — l\ < 1} is an extension of the real square root function from 
the interval (0,2) to Dq. This function element admits an unrestricted analytic 
continuation to D := C \ {0}. Let 7 be a path from zq = 1 to z\ in D, and let 
be an analytic continuation of (/o , Dq) along 7. Then the power series 
expansion of /1 at z\ is 


hO) 


= r 1 ^ 2 e 


7V2 £r- fc e- fciv ( 1 ( 2 ) (z-zQ 
k = 0 ^ ' 


k 


(3.77) 


where r := \zf\ and cp := arg 7 z\. Here arg 7 z\ denotes the continuous branch of 
the argument function along 7 with arg 7 zq = 0 at the initial point Zq = 1 of 7. 
In particular we have 

fi( z i) = W 2 

The value of ip depends on the path 7, but all possible values differ only by an 
integer multiple of 2tt from the principal value Arg^q. Consequently, howsoever 
the path 7 has been chosen, fi(zi) must always attain one of the two values 


zi 


1/2 / iArg z\ 

' exp 


zi 


1/2 / iArg z\ 

' exp 


1 
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where Arg denotes the principal value of the argument. Thus the multiple-valued 
square root function SQRT, obtained by analytic continuation of the function 
element (3.70) onto C \ {0}, attains two values at every point z = re 1Lp 7 ^ 0, 

SQRT (z) = {(— l) fe 'Jr e‘ v/2 , fe = 0, 1 }. 

The value corresponding to k = 0 is called the principal value ( principal branch 
or main branch ) of the square root and denoted by Sqrt z. Figure 3.42 shows 
enhanced phase portraits of Sqrt z (left) and —Sqrt z (right). 



Figure 3.42: Two values of the complex square root function SQRT 


Example 3.6.5 (Complex Logarithm Function). As we have seen in Example 3.6.3, 
the analytic continuation of the function element (/o,Do) defined in (3.74) along 
a path 7 in C \ { 0 } from 1 to some point z\ is given by 


log(y, z) = log \z\ + i arg 7 z 


z 


zi 


< 


Zi 


(3.78) 


While the real part does not depend on the choice of 7 , the imaginary part 
arg 7 z depends on it and can attain all possible values of arg z. Consequently, 
the multiple- valued complex logarithm LOG has a countable set of values, 


LOG (z) = { log \z 


+ i (2/c7t + Arg z) 


k e z }. 


Specifying the values of the integer k we get an infinite number of branches of the 
complex logarithm 


Log k z 


log \z\ + i (2/c7t + Arg z), 


k e z. 


The function Log 0 (^) is called the principal value (or principal branch ) of the 
logarithm and also denoted by Log(z). Figure 3.43 shows three phase portraits 
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of the functions Log fc (z) in the square |R ez 
discontinuous along the negative real axis. 


< 2 , 


Im z 


< 2. All functions are 



Figure 3.43: Enhanced phase portraits of the branches Log fc for k = —1,0, 1 


When working with the complex logarithm one should always be aware of pitfalls. 
Though (exp oLog k )(z) = z for all k G Z and z G C\{0}, the concatenation of both 
functions in reversed order yields a completely different result, which depends on 
the choice of k and the location of z. This is demonstrated in the phase portraits 
of Figure 3.44, which visualize the functions Log fc o exp for k = —1,0, 1 in the 
square |Rez| < 14, |Imz| < 14. The framed rectangles indicate the regions where 
Log fc ( exp(z)) = 


z. 



Figure 3.44: Enhanced phase portraits of Log fc o exp for k = —1, 0, 1 


Riemann Surfaces. A better alternative to multiple- valued functions rests on 
a brilliant idea of Bernhard Riemann, who observed that several copies of the 
complex plane (or of subsets thereof) carrying the branches of a multiple- valued 
function can be glued together in a clever way to form a new object which is the 
domain of a single valued function. The interested reader may now go directly to 
Chapter 7 to find out more about this construction. 






Figure 4.1: Phase portrait of g o / with f(z ) := iz e sm ( 12; ) + 1, g(z) := f(z ) + 2 



Chapter 4 

Complex Calculus 


The main theme of this chapter is differentiation and integration of complex func- 
tions. In Section 4.1 we introduce the concept of the derivative , on which complex 
calculus is based. Though there is formally no difference between the definitions 
of differentiability for real and complex functions, the nature of these two notions 
is quite different. This distinction manifests itself in the famous Cauchy-Riemann 
equations , a system of two partial differential equations which couple the real and 
the imaginary parts of a complex differentiable function. 

Complex differentiability is a rather strict requirement and has a number of 
astounding consequences. For example, in the course of this chapter we shall see 
that a complex function that is differentiable in an open set, automatically has 
derivatives of arbitrary order. 

As a matter of fact, there is no difference between the classes of analytic and 
differentiable functions. While it is straightforward to verify that analytic functions 
are differentiable, the proof of the converse is non-trivial and will accompany us 
through Sections 4.1 and 4.2. Before the main result (Theorem 4.2.21) can be 
derived, several other concepts of complex calculus must be discussed. 

In particular, in Section 4.2, we shall introduce the anti- derivative or primi- 
tive of a function, which reverses the operation of differentiation, and develop the 
concept of path integrals. We have chosen an approach based on analytic continu- 
ation, which allows one to define integrals without making any regularity assump- 
tions on the paths of integration. Later in the same section, we obtain several 
variants of the Cauchy integral theorem , which basically tells us that the integral 
of an analytic function is invariant with respect to homotopic deformations of 
the integration path. The highlight is a useful and elegant homology version of 
Cauchy ; s integral formula. 

In Section 4.4, we study functions which are analytic in a domain, with the 
exception of isolated singularities. We investigate the behavior of these functions 
in a neighborhood of their singularities and state the residue theorem which gene- 
ralizes Cauchy’s integral theorem. Among other applications, it proves to be useful 
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for computing various definite integrals which are much harder to evaluate using 
real variable techniques. 

We end the chapter with an excursion into conjugate harmonic functions 
and their applications in plane potential theory and fluid flow. Though this topic is 
intimately linked with the Cauchy-Riemann equations, its investigation is deferred 
to Section 4.6, where we can build on further results derived by then. The reader 
who is willing to take Theorem 4.2.21 for granted may consult this section directly 
after Section 4.1. 


4.1 Complex Differentiation 


In this section we introduce a new concept which is a corner stone of complex 
function theory: differentiability. Although it is literally defined in the same way 
as for real functions, there are profound differences in its consequences for func- 
tions of a real or a complex variable respectively. Since complex differentiability 
is a rather strong requirement, complex differentiable functions have several pecu- 
liar properties, and we shall encounter a number of amazing facts which have no 
counterparts in real analysis. 

The Complex Derivative. In the following we consider exclusively complex func- 
tions which are defined on an open subset D of the complex plane and attain 
values in C. 


Definition 4.1.1 (Complex Differentiability). Let D be an open subset of the com- 
plex plane. A function f : D C is said to be differentiable at the point zq E D, 
if the limit 


lim 

Z^Zq 


fjz) - fp o) 

z- z 0 


(4.1) 


exists. If this is the case, the limit is called the derivative of f at zn and denoted 
by f'(z 0 ). 


The expression (f(z) — /(zq)) / (z — zq) is designated as the difference quotient of 
/ at z 0 . Other commonly used notation for the derivative of / at Zq are 


df_ 

dz 




dzf(zo), 



Linear Approximation. In order to understand the meaning of the derivative, it 
is convenient to rephrase the definition of differentiability. For fixed zo E D we 
write 

f(z) = f(z 0 ) + f'(z 0 )(z - z 0 ) + r(z), (4.2) 

where this equation serves as a definition of the (remainder) function r, so that 


r(z) f(z) - f(z 0 ) 


z - Z 0 


z - Zo 


f'(z 0 ), z€D\{z 0 J. 
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If / is differentiable at zo the right-hand side tends to zero as z zo, that is 
the remainder r decays faster than the distance from z to zq. Using the Landau 
symbol o (see page 45 for a definition) this can be written as r(z) = o(z — zo). 

It is easy to see that the converse is also true: any function / which is the 
sum of a linear function a(z — Zq) + b and a function r(z) of order o(z — Zo) is 
differentiable at zo and the coefficient a of the linear term is equal to f'(zo). In 
summary, we have the following characterization of complex differentiability: 

A complex function is differentiable at z o if and only if it can be approximated by 
a linear function of z, with an error of order o(z — zq). 

Geometric Interpretation. For z sufficiently close to zo, the error term in equa- 
tion (4.2 is small, and if f (zo) ~f~ 0 it does not play any role in the limit 2 Zq. 
The meaning of this vague statement can be made precise using the Landau symbol 
~ (see page 45), 

f(z) - f Oo) ~ f(z 0 )(z - z 0 ). 

Interpreting this equation geometrically, we see that a differentiable function with 
f'(zo) 7 ^ 0 acts locally like a “rotostretch” (see page 25): the distance of the image 
points /(z) and /(zo) is (approximately) |/ 7 (zo)| times the distance of the preimage 
points 2 and zo, and the direction of the vector from f(z o) to /(z) corresponds 
(approximately) to the direction of the vector from zq to z, rotated by an angle 
of arg / 7 (zo), that is, 


f(z) - f(zo)\ ~ \f'(z 0 )\ \z - z 0 \, 


arg ( f{z) - f{z 0 )) ~ arg (z - z 0 ) + arg f'(z 0 ). 


This relation also shows that the modulus |/ / (zo)| measures the amplification of a 
small increment z — Zq in the variable z under the action of the function f. 



Figure 4.2: A differentiable function mapping small squares to approximate squares 

Thus we can say that a differentiable function with /'(zq) 0 acts locally like 

a similarity transformation. It is composed of a dilation with center zq an d the 
stretching factor |/'(zo)|, a rotation with center zq and rotational angle arg / 7 (zo), 
followed by a translation which maps zq to /(zq). This is illustrated in Figure 4.2, 
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which shows the images and preimages of several small sets which are approximate 
squares. 

A more detailed analysis of the geometric aspects of differentiability will be 
given in Chapter 6. Interested readers who are not willing to wait may consult 
Section 6.1 right now. 

Differentiation Rules. Many results about derivatives follow from properties of 
limits just as in the case of real functions. In order to simplify the formulation of 
some well known computation rules we first make the following convention. 

Saying that a function f is differentiable at zo always presupposes that f is defined 
in a neighborhood of z$, whether or not this is mentioned at the time. 

Theorem 4.1.2 (Differentiation Rules). 

(i) If f and g are differentiable at z and c E C, then cf , f + g, f — g, and f g 
are differentiable at z and 

(c/yo) = cf(z), 

( f±g)'(z ) = f'(z)±g'(z), 

(/ 9 )'{z) = f(z) g{z) + f(z) g'(z). 

(ii) If f and g are differentiable at z and g(z) 0, then f/g is differentiable at 
z and 

f{z)g(z) - f(z) g'{z) 

W)Y 

(iii) If f is differentiable at z and g is differentiable at w := f(z), then g o f is 
differentiable at z and 



(. 9°f)'{z ) =9' O) f(z). 

Inverse Functions. Recall that a real-valued differentiable function is (locally) 
invertible in a neighborhood of a point Xq if f'(x 0 ) 7 ^ 0. In fact this is also true 
for complex differentiable functions, but there is one technical problem in proving 
this - the standard real proof utilizes a monotony argument, which we cannot 
apply in the complex setting. To keep things simple, we first make an additional 
assumption, which will turn out to be superfluous later, when we have shown that 
differentiable functions are analytic (see Theorem 4.1.5). We therefore state it as 
a lemma. 

Lemma 4.1.3 (Differentiability of Inverse Functions). Assume that f : U C is 
differentiable at z 0 and f'(zo) 0. Let wq := /(zo) an d suppose that there is a 
continuous function g : V U defined on an open set V containing wq, such that 
f(g(w)) = w for all w G V. Then g is differentiable at wq and g'(wo) = 1// / (zq). 
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Proof. The function g must be injective on V, since g(w i) = g(n) 2 ) implies that 
W\ = f(g(wi)) = f{g{w 2 )) = W 2 . Consequently any point w G U with w yf Wq can 
be represented as w = f(z ) with z U and z yf Zo. Then 

ff(-w) - g(w o) _ g(f{z)) - g(/po)) _ ^ 1 

W - Wo f(z) - f(z 0 ) f(z) - f(z 0 ) f'(z 0 ) 

as w wq. Here we have used the fact that g is continuous at rco, which also 
guarantees that z z$. □ 

Differentiable Functions. In fact differentiability of a complex function at a single 
point is too weak a property to derive interesting results. However, the situation 
changes completely if differentiability is assumed at all points of an open set D. 

We shall not reserve a special name for this class of functions, 1 they are just 
called differentiable in D (or differentiable on D). In fact there is not only no need 
for another name, it would even be a waste of notation, since we shall see later 
that the classes of differentiable functions and analytic functions (in the sense of 
Section 3.4) coincide. But there is still a long way to go before we can prove this. 

Polynomials and Rational Functions. Using Theorem 4.1.2 and the trivial facts 
that f(z) = 1 and g(z) = z have derivatives f'(z) = 0 and g'(z) = 1 respectively, 
we see that polynomials are differentiable in the entire complex plane and that 
the derivative of f(z) = ao + a\ z + z 2 + . . . + a n z n is 

f'(z) = ai + 2 a 2 z + 3 <23 z 2 + . . . + n a n z n_1 . 

A rational function / is differentiable at all points z G C where f(z) is finite, and 
its derivative is a rational function. 



Figure 4.3: Phase portraits of a rational function and its derivative 


1 If we had chosen differentiability as the primary concept, we would call these functions “holo- 

morphic” or “analytic” 
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Example 4.1.1. Figure 4.3 depicts the phase portrait of the rational function 




(Z - l) 2 (f - i) 

(z + i) 2 (z + 1) 


(left) and its derivative f (right) in the square |Rez| < 1.5, \lmz\ < 1.5. Note 
that / is differentiable in C \ { — 1, — i}. We see that differentiation decreases the 
multiplicity of zeros by one, so that simple zero disappears, while the multiplicity 
of poles is increased by one. It can easily be confirmed that this happens for 
any rational (and even meromorphic) function. In particular, the derivative of a 
rational (meromorphic) function can never have a simple pole. 

Power Series. The differentiability of sums of power series is a little less obvious. 
The following result is the easy part of the equivalence between “differentiable” 
and “analytic” functions. For the converse see Theorem 4.2.21. 

Theorem 4.1.4. If f is analytic in an open set D, then f is differentiable in D. 

Proof. We fix any point Zq in D. Then there is a disk D 0 with center zq where / 
can be represented by a convergent power series, 

oo 

f(z) = a 0 + ax (z - zo) + a 2 (z - z 0 ) 2 + ■ ■ ■ = 2ja k (z - z 0 ) k , z € D 0 . (4.3) 


k = o 


Then for all z <E D 0 \ {zq} 


/ oo 

f(z) ~ f(z o) = (z - z 0 ) l ai + (z - z 0 ) ^ a k (z - z 0 ) 

^ k = 2 


k—2 


The sum of the last series is continuous in Do? so that dividing by z — zo and 
letting z zo gives the desired result. Moreover we see that f'(zo) = a\. □ 

An explicit formula for the derivative of the sum of a power series follows 
easily from Weierstrass’ rearrangement theorem. If / is given by (4.3), then 

f\z) = a\ +2 a2 {z— zq)+3u3 (z— zq) 2 + . . j-ka & (z—zq)^ ^ + . . . , z G Do- (4.4) 


For a proof we just remark that the right-hand side of (4.4) is just the coefficient 
bi of the rearranged power series (4.3) with center z\, cf. (3.51) and (3.52). 

The formula (4.4) tells us that power series can be differentiated “term-by- 
term” . This can also be shown directly, without recourse to Weierstrass’ rearrange- 
ment theorem, invoking results on differentiating function series. 

Example 4.1.2 (Exponential Function). The exponential function f(z) = exp z is 

differentiable in the entire plane and its derivative is 


oo 


fw = £ 


k z 


k - 1 


k = 1 


k\ 


E 


k=0 



k\ 


exp z. 
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Similarly we get that the trigonometric functions sin z and cos z are differentiable 
in the entire complex plane and 

(sin^y = cosz, (cosz) 7 = — sin z. 


Example 4.1.3 (Logarithm Function). For z E D := {z E C : \z — 1| < 1} the 
principal branch of the complex logarithm is defined by the power series 


oo 


f(z) = log z := ^(-1) 


k + 1 


k = 1 


(*~ 1 ) 

k 


k 


Consequently this function is differentiable in D and has the derivative 

k — = y. (-D*t - d* = — 1 1 


OO 7 / ~t \ 1c 1 OO 


k = 1 


k = 0 


l + (z-l) 


Z 


Inverse Functions Revisited. Combining assertion (ii) of Theorem 3.4.11 with 
Lemma 4.1.3 we obtain the following stronger version of the inverse function the- 
orem for analytic functions. 

Theorem 4.1.5 (Inverse Function Theorem). Let f be analytic at zq and assume 
that f'(zo) 7 ^ 0. Then there exists an open disk U centered at z o such that f maps 
U bijectively onto a simply connected domain V := f(U). The inverse mapping 
g : V — > U is differentiable in V and g'(f(z)) = 1 / f'{z) for all z E U . 

The function g is said to be a local inverse of / at zq. 

Example 4.1.4. The exponential function f(z) = exp z is differentiable and its 
derivative f'(z) = exp z is different from zero in the entire complex plane. In order 
to construct a local inverse g of / at a point zq = xq + iyo we set wq := f(zo) and 
define g in a neighborhood W of wq by 


g(w) = log \ w\ + i arg 


w. 


where arg denotes a continuous branch of the argument in W, which is chosen 
such that arg wq = y$. Further let U be a disk centered at Zq such that V := f(U) 
is contained in W. Then, for all z G Z7, 


g(f(z)) = log (| exp z |) + i arg (exp z) = x + i (y + 2kx) = z + 2kx i. 


Since arg wq = yo, the integer k is zero for z = zo, and because g is continuous on 
V, it vanishes for all z G U. Clearly we also have f{g{w )) = w for all w E V. By 
Theorem 4.1.5 the function g is differentiable in V and 

g'(w) = l/f'(g(w)) = 1 /f(g(w)) = 1 /w. 

Because different continuous branches of the logarithm differ only by a constant 
function, we always have 

(logz)' = 

z 

no matter which branch has been chosen. 
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Derivatives of Higher Order. Since (4.4) is a power series representation for the 
derivative /', Theorem 4.1.4 can be applied recursively. But before stating the 
result, we introduce some more terminology. 

Definition 4.1.6. Assume that the derivative f' of / exists in a neighborhood of zq. 
If /' is differentiable at zq, then f"(zo) := (f')'(zo) is called the second derivative 
of / at zq . The derivatives f^ k \zo) of higher order k are defined inductively. An 
infinitely differentiable function has derivatives of arbitrary order k = 1,2,3,.... 

It is convenient to consider the function / itself as its zero-th derivative 
and to set /(°) := /. Recursive application of Theorem 4.1.4 yields that analytic 
functions are infinitely differentiable. 

Theorem 4.1.7. If f is analytic in the open set D, then it is infinitely differentiable 
in D and all its derivatives are analytic functions. The coefficients ak of the Taylor 
series + a\ (z — zq) + (z — zq) 2 * + . . . of f at a point zq in D are given by 

k = 0,1,2,.... (4.5) 


U j k 


f {k \z o) 


k\ 


Real Versus Complex Differentiability. It is now time to explore the difference 
between real and complex differentiability. 

The domain set of a real function / is a subset X of the real line. In inves- 
tigating differentiability of / at an (inner) point xo E A, we consider the limit of 
the difference quotient (f(x) — f(x o))/(x — xq) as x xq. If we think of X as 
a subset embedded in the complex plane, then the point x can approach xo only 
along the real axis. 

In contrast to this, in the definition of complex differentiability, no constraints 
are imposed with regard to the manner in which the point z approaches zo , 2 in 
particular z can tend to Zo along any direction. 

So let us look what happens when z approaches zo along straight lines pa- 
rameterized by t zo + tea with t E M+ and |ce| = 1. The unimodular parameter 
uo specifies the direction in which zq is approached. In the eight outer windows 
of Figure 4.4 and Figure 4.5 we have chosen the directions of the eight roots of 
unity uj = cjo? <^i, • • • , ^ 7 , the windows are arranged according to the location of 
(Xk on the unit circle. Each square shows the phase portrait of the corresponding 
difference quotient 


fk(z 0 ) ■■= 


fjz) - /(zo) 

z- z 0 


fjzp + Ujkp- f(z 0 ) 

t UJfc 


with t — 10 8 . Note that the /& depend on zq, that is, we visualize the difference 


quotients of / as functions of zo simultaneously for all zq in the square |Re zq 
|Imzo| < 1.2. The central window shows the phase portrait of /. 


< 1 . 2 , 


2 Though the definition of the limit for z — )• zo does not involve points moving towards z o, we 

use this picture because it is suggestive. 
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If / were differentiable at all points of that square, all eight phase portraits 
would coincide in the limit t —> 0, and we would expect that they should look 
similar if t is sufficiently small. In the first experiment we study the function 

f(x + i y) = ( x 7 — 21 x b y 2 + 35 x 3 y 4 + x A — 7xy 7 — 6x 2 y 2 + y 4 + 1) 

+ i (—7 x 6 y + 35 x^y 3 + 4 x 3 y — 21 x 2 y 5 — 4 xy 3 + y 7 + 2 y). 

The result is visualized in Figure 4.4. 



Figure 4.4: Phase portraits of difference quotients of / taken in eight directions 

Well, this seems not to have been a good choice with regard to differentiability - 
these eight pictures look quite incompatible. So let’s make a second attempt with 

3 Such a cry ptic fo rmula was chosen in order to make it difficult to guess what will happen, in 

fact f(z) = z 7 — z + (z 4 + z) + 1. 
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the function 

g(x + i y) = ( x 7 — 21 x 5 y 2 + 35 x 3 y A + x 4 — 7 xy 7 — 6 x 2 y 2 + y A + 1) 

+ i ( 7x 6 y — 35 x A y 3 — 4 x 3 y + 21 x 2 y 5 — 4 xy 3 — y 7 ). 



Figure 4.5: Phase portraits of difference quotients of g taken in eight directions 

Figure 4.5 shows the result (with g depicted in the middle). This time we see no 
difference in the eight phase portraits, so that an optimist may hope that g is 
differentiable at all points of the square depicted. Indeed it is, but how can we 
check this? To this end let us examine next the limit in (4.1) in more detail. 


4 A simpler formula for this function is g(z) = z 7 + z 4 + 1. 
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The Cauchy- Riemann equations. Assume that / is differentiable at zo = xo + i yo- 
Emphasizing the real and imaginary parts of z and /, we represent / in the form 


f(x + i y)= u(x, y) +iv(x, y) 


where u and v are real- valued functions of two real variables x and y. If z converges 
to Z\ o along a path parallel to the real axis, we have z = x + h/o with x xq. Since 
the limit of the difference quotient is equal to /'(zo), we find 


f'(z 0 ) = lim 

X^-Xq 


f(x + iy 0 ) - f(x 0 + iy 0 ) 


X — Xq 


u(x,y 0 ) - u(x 0 ,y 0 ) . v(x, y 0 ) - v(x 0 , yo) 

hm h i hm 

x^XQ X — Xo x—>x 0 X — Xo 

dll 

° (x 0 ,y 0 ) + iC(x 0 , yo ), 


(4.6) 


dx 


dx 


where du/dx and dv/dx denote the partial derivatives of u and v with respect to 
x. Note that the limits in the second line of (4.6) are just the definitions du/dx 
and dv/dx , and that the limits must exist because the left-hand side has a limit. 
Similarly, if z approaches Zq along a line parallel to the imaginary axis, we have 
z = xq + i y, and for y yo we get 


f(z 0 ) = lim 

y^y o 


f(x 0 + iy) - f(x 0 + iy) 

i (y ~ Vo) 


lim u(x 0 ,y) - u(xp, yo) lim v{x 0 ,y) 

y^-yo y — yo y^yo y — yo 

dv . du 

[Xo, Vo) - IttR.I/o)- 


v{xo,yo) 


(4.7) 


dy 


dy 


So we have two representations for the derivative, 


du dv dii du 

f'(zo) = ^(xo,yo) + i^ c (xo,yo) = ^ y (xo,yo)-i^-(xo,yo). 


(4.8) 


Comparing the real and imaginary parts leads to the conclusion that differentiabil- 
ity of a complex function implies certain relations between the partial derivatives of 
its real and imaginary parts. Since we are usually not interested in differentiability 
at a single point, we summarize our investigations as follows. 

Theorem 4.1.8 (Cauchy-Riemann Equations). If f{x + i y) = u(x,y) + i v(x,y) is 
differentiable in the open set D, then the partial derivatives of u and v with respect 
to x and y exist in D and satisfy the Cauchy-Riemann equations 

du dv dv du 
dx dy ’ 


dx dy 


(4.9) 
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Example 4.1.5. The function f(z ) = z is nowhere differentiable, because we have 
u(x, y ) = x, v(x, y ) = — y, so that 

du , dv 

dx ^ dy 

Necessary and Sufficient Conditions. The Cauchy-Riemann equations (4.9) form 
a system of partial differential equations. They give necessary conditions for a 
function to be (complex) differentiable. The question whether these equations are 
also sufficient is more delicate. The validity of the Cauchy-Riemann equations at 
a single point zq does not guarantee that / is differentiable at zq. Consider, for 
example, the function / defined by f(x + i y) = 0 if xy = 0 and f(x + \y) = 1 
otherwise. Then all four partial derivatives at zq = 0 are zero, but / is not even 
continuous at this point. 

However, adding supplementary information can improve the situation. For 
example, we can make the a-priori assumption that / is (Frechet) differentiable 
as a function of the real variables x and y. The following definition explains what 
this means. 

Definition 4.1.9. A complex function f : D C is said to be M- differentiable at 
a point zo in the open set D if there are constants 4,5 G C such that / can be 
represented as 


f(z) = f(z o) + A (x - x 0 ) + B (y - 2 / 0 ) + r(z), 


where z = x + iy, zq = xq + k/o? and the remainder r satisfies r(z) = o(\z — zq\), 
i.e. r(z)/\z — zq\ 0 as z zq. 

It is easy to see that a function / which is M-differentiable at zq has partial 
derivatives at zo, 

df du \ . dv . df du \,- dv ( \ 

g^( z o) : = -Q^{XQ,yo) + i—{x 0 ,y 0 ), —{z , 0 ) := -^-(x 0 ,y 0 ) +i—{x 0 ,y 0 ), 


and that these derivatives coincide with A and F>, respectively. Consequently we 
have 


df df 

f(z) = f(z 0 ) + Tr( z o)(x - x 0 ) + Tr( z o)(y - yo) + o(\z - ^ 0 |). 


dx 


dy 


(4.10) 


Conversely, a standard result in real analysis tells us that any function which has 
continuous partial derivatives in a neighborhood of zq is M-differentiable at zq. 

The Cauchy-Riemann Operator. In order to rewrite the representation (4.10) in 
a form which is more convenient for our purposes we introduce the notation 


d A . = I d J_ . = I (®l , • d J\ 

dz 2 \dx dy ) ’ dz 2 \dx dy J 




(4.11) 
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which converts (4.10) into 


/0) - / Oo) 

z- z 0 



Z - Zp df_ 
z — zq dz 


(zo) + ^(1)* 


(4.12) 


Since the limit of ( z — zf)/[z — zq) for z zq does not exist, it is now clear that 
/ is complex differentiable at zq if and only if 


df 

dz 


(zo) = o, 


(4.13) 


in which case we have 

f'Oo) = |^Oo)- 

Separating the real and imaginary parts in (4.13), we see that this condition is just 
a reformulation of the Cauchy- Riemann equations. The differential operator df /dz 
is therefore called the Cauchy- Riemann operator. Both operators introduced in 
(4.11) are also known as Wirtinger derivatives. 

Summarizing the above considerations we obtain the following result. 


Theorem 4.1.10. A function f : D C which is HI- differentiable at zo G D 
is (complex) differentiable at zq if and only if it satisfies the Cauchy- Riemann 
equation at zq. 

The Complex Differential. The linear part of the increment f(z) —f(zo) in (4.12) 
is said to be the (complex) differential of / at zq and denoted by df. Defining 
dz := z — Zq and dz := z — z o we have 



df 

dz 


(zq) dz + 



(4.14) 


So one can say that the function / is complex differentiable at Zq if and only if its 
differential does not depend on dz. 

Polar Coordinates. The Cauchy- Riemann equations can also be expressed in 
terms of polar coordinates r and Lp. If 2 ) 7 ^ 0, we can choose a continuous branch of 
the argument <p in the neighborhood of z. Then x and y are differentiable functions 
of r and </?, 

x = r cos </?, y = r sin p>. 

Applying the chain rule for partial derivatives of real- valued functions the Cauchy- 
Riemann equations at points different from the origin are transformed to 


du 1 dv dv 1 du 

dr r d(p ’ dr r dp) 


(4.15) 


After some standard calculations we get a representation for the derivative of /, 



(4.16) 
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Example 4.1.6. Let D be a simply connected domain D which does not contain 
the origin, and let / be an analytic branch of the logarithm on D, 


f(z) = log \z\ + i arg z 


log r + \Lp 


(see Remark 3.6.12). We already know that this function is analytic in D and 
hence differentiable. Verification of the Cauchy-Riemann equations is much easier 
in polar coordinates, 


du 1 1 dv i dv o 1 du 

dr r r d(p ’ dr r dtp 


and from (4.16) we again obtain that f(z) = z/ 


z 


1/z (see also Example 4.1.4). 


The Logarithmic Derivative. The logarithmic derivative of a differentiable func- 
tion is the quotient /'//. It is well defined at all points z where f(z) ^ 0, but we 
shall see later that it has a natural extension to the zeros of / as well. 

The name “logarithmic derivative” is motivated by the following observation. 
If Wq := f(z) 7^ 0 for some z^ o, then we can choose an analytic branch of the 
logarithm in a disk centered at wq. Since / is continuous, g(z) := log f(z) makes 
sense in a neighborhood of z$. By the chain rule, the composition g is differentiable 
and g'(z ) = f'(z)/f(z). This result is independent of the branch chosen, and finally 
one does not need the logarithm at all to define the logarithmic derivative. 


Error Analysis. The logarithmic derivative is of great importance and has many 
applications. Here is one application in error analysis: if we think of z — zo as an 
error in the variable z (the deviation of z from z, o), then \f'(zo)\ measures its ampli- 
fication under the action of /. Likewise, the modulus of the logarithmic derivative 
|/'(zo)//(2o)| measures this effect for the relative error ( f(z ) — /(^o))//(^o)- 

Isochromatic Lines and Contour Lines. More interesting for our purposes is an 
application of the logarithmic derivative to some aspect in the interpretation of 
phase portraits. 

We consider a function / which is analytic at a point zo, and assume that 
zo is a regular point of /, that is, f(zo) ^ 0 and f'(zo ) ^ 0 (see Definition 3.5.6). 
Then there exists a disk D centered at zo where / is analytic and all points are 
regular. By Lemma 3.6.11 the function / has an analytic logarithm log / in D, 


g ■= log / = log |/| +i arg / = u + iv, 


(4.17) 


where arg stands for a continuous branch of the argument in D. Since log / is 
analytic in D, the real functions u = u(x,y) and v = v(x,y) are infinitely dif- 
ferentiable with respect to x and y. By the Cauchy-Riemann equations (4.9) we 
have 


, du . dv du . du dv . dv 

^ dx dx dx dy dy dx 
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Because g' = f'/f has no zeros in D , the gradients of u and v do not vanish in D, 


a “( 3 ),$( 3 )V(0,o), (1V>,$WM(0,0) 


dx dy 


dx dy 


z e D. 


Using the implicit function theorem in M 2 we conclude that the contour lines 


{x + i y G D : u(x, y) = const}, {x + i y E D : v(x, y) = const} 

of u and v are smooth curves. Equation (4.17) tells us that the contour lines of 
u are exactly the lines on which |/| = const, while the contour lines of v are the 
isochromatic lines on which the argument (and hence the phase) of / is constant. 
Since the gradient of a function is orthogonal to its contour lines, we see that the 
isochromatic lines are the lines of steepest descent (or ascent) of |/|. 

In which direction along an isochromatic line a function increases or decreases 
can be read off from the coloring in its neighborhood. For example, according to 
the color scheme chosen, we have red on the right and green on the left when 
walking on a yellow line in ascending direction. This is demonstrated in Figure 4.6 
which shows contour lines in the analytic landscape and the phase portrait of the 
rational function f(z) = (z — 1 )/{z 2 + z + 1). 



Figure 4.6: Contour lines in the phase portrait and on the analytic landscape 


The Growth Rate of a Function. In fact the phase plot does not only tell us the 
direction of the gradient of |/|, but also the growth rate of |/|, which is |/'|/|/|, by 
definition. Roughly speaking, smaller the distance between neighboring isochro- 
matic lines, faster the function grows. 

To go a little beyond this qualitative result, we denote by s the unit vector 
parallel to the gradient of |/| and set n := is. A short calculation using the 
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Cauchy- Riemann equations for log / yields that the directional derivatives of u 
and v satisfy 


du 

ds 


dv 

dn 


> 0 , 


du dv 

dn ds 


(iog/)f 





2 


at all points z = x + \y in D. Consequently dv/dn is just the modulus of the 
logarithmic derivative. On the other hand, dv/dn measures the density of the 
isochromatic lines , so that we can visually estimate the growth of log|/| along 
these lines from their density in the phase portrait. Because the phase portrait 
delivers no information on the absolute value of /, it is clear that we can only 
determine its relative growth. 

Ideal examples for calibration are the exponential functions f(z) = exp (az) 
with a positive parameter a. These functions grow exponentially with the factor 
a in the direction of the positive real axis. All isochromatic lines are parallel and 
the distance between two such lines having the same color is 2tt / a. Since the 
logarithmic derivative of f equals a, we define the density of the isochromatic 
lines by |/ / |/(2tt|/|). 



Figure 4.7: Exploring the relative growth of a function in its phase portrait 

Figure 4.7 depicts two phase portraits with enhanced contour lines of |/| generated 
by shading. On each line the absolute value of / is constant, and from one line to 
the next (in the direction indicated by the arrows) it grows by the same factor. 
The picture on the left shows an exponential function, which has the same growth 
rate everywhere. The function on the right grows fastest near the middle of the 
right edge of the square. 
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Saddle Points. The above considerations make no sense if zo is a zero of / or /', 
but the structure of the phase portrait in a neighborhood of Zq can be explored 
using Theorem 3.3.4. If zq is a zero of / with multiplicity m, then there exists an 
analytic function g with g(zo) ^ 0 such that /(z) = (z — zo) rn g(z). This happens 
if and only if 


f(zo) = f'(z 0 ) = . .. = f m 1 (z 0 ) =0, f m (z o )^0. (4.18) 

In this case exactly m isochromatic lines of any specific color emerge at zo (see 
Figure 3.23). Note that, according to convention, the point z, o itself is colored 
black, so that it does not belong to any isochromatic line. 

If f(z o) 7 ^ 0 and f'(zo) = 0, then, by Theorem 3.3.4, / can be represented 
as /(z) = f(zo) + (z — zo) m+1 g(z), with m > 1 and g(zo) ^ 0. By Definition 3.5.6 
such points are denoted as saddle points , and we refer to m as the order of the 
saddle point. So a saddle point of order m is characterized by the conditions 

f(z o)^0, f'(z 0 ) = ... = f m (z 0 ) = 0, f m+1 (zo)^ 0. (4.19) 

In a neighborhood of a saddle point Zq of order m, the set of all points which 
carry the same color as zo forms a star which consists of the point zq and 2 m + 2 
smooth rays emerging at that point. When z moves away from z o, then the rays 
on which |/| increases and the rays on which |/| decreases are alternating. In 
the analytic landscape, saddle points look like what their name suggests. They 
correspond exactly to those points where the tangent plane to the graph of |/| is 
“horizontal”, i.e., parallel to the z-plane. 



Figure 4.8: Analysis of a phase portrait with saddle points 

The figure shows phase portraits of a function with three saddle points (marked 
by gray dots). The saddle point in the middle has order 2, the two others are of 
order 1. In order to localize the zero Zq of the derivative, the color scheme in the 
left window has been modified by superimposing a gray component with a jump 
at the point t := /(^o)/|/(^o)| °f the color circle, which enhances the isochromatic 
lines through zq. In the picture in the middle some contour lines are emphasized. 
Here the gray shading is chosen such that in between two enhanced contour lines 
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greater values of |/| correspond to brighter colors. On the enhanced contour lines 
the function increases towards the brighter side, and decreases towards the darker 
side. The right window shows the isochromatic lines through the saddle points 
with arrows indicating the direction of increasing |/|. 


4.2 Complex Integration 

Since a complex (analytic) function / typically does not live on an interval, but 
in a subset D of the complex plane, there is a variety of possible integrals: in 
principle every (measurable) subset G of i4, and in particular “curves” (“lines” or 
“contours”) T, could serve as domain of integration (with respect to some complex 
measure). Three integrals over a two-dimensional set G and a curve T which often 
occur in theory and applications are 



f(z ) dx dy , 


/ 0 ) I dz 



f(z) dz. 


(4.20) 


In the first integral / is integrated over G with respect to the area measure. Because 
this can be done separately for the real and imaginary parts of /, it easily reduces 
to two reals integrals. The same holds for the second integral, where integration 
is with respect to the arc length of T. Both these integrals are not of interest in 
the context of this section, which is devoted exclusively to a variant of the last 
integral in (4.20). 

In fact we take a slightly different point of view, by considering integrals 
along paths instead of line integrals along curves. This concept is a little simpler 
(and even somewhat more flexible), and it helps us to keep things apart, like a path 
7 , its trace [ 7 ], and the generated curve T. And with an appropriate definition of 
curves as equivalence classes of paths, all assertions made for path integrals will be 
valid for curve (line, contour, etc.) integrals as well, because they are independent 
of the chosen parametrization. 

So the central theme of this section is integration of analytic functions along 
paths in the domain set, and this leads to two intertwined topics of investigation. 
The first one concerns reversing the operation of differentiation, i.e., the existence 
of a primitive (or anti- derivative). The solution of this problem is closely related 
to the second topic, namely the Cauchy integral theorem. 

The construction of a primitive involves three steps: locally it can be repre- 
sented by function elements, which are thereafter combined by analytic continua- 
tion to a primitive along paths. The global existence of a primitive then depends 
on the topology of the domain: if the domain is multiply connected, there may 
be conflicts between primitives along different paths. This inherent problem is re- 
sponsible for the notion of multiple-valued functions , and leads naturally to the 
concept of Riemann surfaces. 
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The Cauchy integral theorem is a statement about path independence of 
integrals involving analytic functions. We derive it in three different versions of 
increasing complexity. In Theorem 4.2.31 we consider paths in simply connected 
domains; Theorem 4.2.32 is concerned with homotopic paths in arbitrary open 
sets. The most general version will be shown in Theorem 4.3.6 in the next section. 


Integrals of Complex Functions. We begin with the simplest situation, where a 
complex- valued function / is to be integrated over a finite interval [a, b\. Splitting 
/ into its real and imaginary parts u and r, this case can easily be reduced to the 
integration of real- valued functions. 


Definition 4.2.1. Let / = u + in : [a, b] 

integral of / over [a, b] is defined by 


C be a continuous function. Then the 




u(t ) dt + i 



v(t) dt. 


The continuity assumption was made only for the sake of simplicity, the definition 
can be extended to functions which are integrable in the Riemann or Lebesgue 
sense as well. 


Example 4.2.1. Let k E Z. Then 


•27T 


•27 r 


•27 r 


Akt 


dt = 


cos kt dt -f i 


sin kt dt = 


27 r if k = 0 
0 otherwise 


(4.21) 


Integral Representation of the Taylor Coefficients. As an application we establish 
an integral formula for the Taylor coefficients of an analytic function. 

Theorem 4.2.2. Let f be the sum of the power series J2 a k ( z ~ z o) k with radius of 
convergence R. Then , for any r with 0 < r < R, 


1 


U j k — 


2irr k 


r 

/ f ( z o + re lf ) e~ lkt dt, k = 0 , 1 , 2 , 

Jo 


(4.22) 


Proof. Using the representation (z — zo) n = r 
power series on the circle {z E C : \z — Zq 


n e mt , the uniform convergence of the 
r}, and (4.21), we get 


2tt 


0 


zq + re 





r n Q \{n-k)t 


oo 


dt = a n r n 

n—0 


2tt 

j e i{n ~ k)t dt 
0 


27t a^ r k . 


□ 


For k = 0 we immediately obtain the following corollary, which tells us that the 
value of the analytic function / at the center zq of the disk \z — zq\ < r is equal 
to the integral mean of its values on the boundary of that disk. 
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Corollary 4.2.3 (Mean Value Theorem). Under the assumptions of Theorem 4 . 2. 2, 
the analytic function f has the mean value property 

1 f 27T 

/(z°) = ^ J f(z 0 +re lt )dt. (4.23) 

Estimates of Integrals. Later we shall often need estimates for complex integrals. 
A standard estimate for real-valued continuous functions / on [a, b } says that 



< f \f(t) \ dt 

J a 



a) max | f(t) 

tG[a,b\ 


(4.24) 


In order to extend this estimate to complex-valued functions, we write the value 
of the integral in its polar representation, 


f(t) dt = r e 1 ^, r r 


a 


fit ) dt 


a 


where <p G R can be chosen arbitrarily if r = 0. Then 


(j o G K., 


fit) dt 


0 0 

= r = Re J e~' v f(t) dt = f Re (e -1¥> fit)) dt. 


(4.25) 


a 


a 


a 


From R ez < \z\ and estimate (4.24), applied to the real function |/|, we infer that 


Re (e 1Lp /(t)) dt < 


e 1 (p f(t)\dt= I \f(t)\dt<(b — a) max \f(t)\. (4.26) 

te[a,b\ 


a 


a 


a 


Combining (4.25) and (4.26) we finally obtain (4.24) for all continuous functions 
/ : [a, b] -G C. 

Applying this result to the mean value formula (4.23) yields an alternative 
proof of the maximum principle. Moreover it is a simple exercise to derive the 
Cauchy estimate (Lemma 3.2.4) from Theorem 4.2.2. 


Path Integrals. In the next step we extend the concept of complex integration 
to integrals along paths in the complex plane. In order to define such integrals we 
need some regularity assumptions. 


Definition 4.2.4. A path 7 : [a, /3\ —> C is called smooth , if 7 is continuously 
differentiable. A path is said to be piecewise smooth , if it is the sum of smooth 
paths, 7 = 71 ® . . . © 7 n- 


Depending on the context, the derivative of a smooth path t 7 (t) with respect 

d r y 

to the real parameter t is denoted by 7 ', 7 , or , respectively. 

dt 

The following definition reduces complex integration along a smooth path to 
integration on its parameter interval. 
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Definition 4.2.5. Suppose that 7 : [a, /3\ C is a smooth path and let / : [ 7 ] — > C 
be continuous on the trace of 7 . Then the integral of / along 7 is defined by 


f(z)dz :■ 


•P d'y 

/( 7(t)) ^ t ) dt - 


(4.27) 


An integral along a piecewise smooth path 7 = 71 © . . . © 7 n is defined as the sum 
of the integrals along the smooth components 7 ^ of 7 , 



f f(z ) dz + . . . + f f(z ) dz 

din 


Contour Integrals. Note that we define the integral of a function along the path 
7 and not along its trace [ 7 ]. This avoids complications which may occur when 
(parts of) the trace are run through several times by the point y(t). If one wishes 
to define an integral along the oriented trace of a path (usually denoted as contour 
integral or curve integral ) it is essential that the definition (4.27) is invariant with 
respect to reparametrization. This implies, in particular, that a linear substitution 
t at-\-b does not change the value of the integral on the right-hand side of (4.27). 
However, if a is negative, the lower limit of the transformed parameter interval is 
getting larger than its upper limit. This is the reason why the integral along the 
reversed path 7 “ satisfies 



f(z) dz. 


The invariance of the integral with respect to smooth reparametrization of 7 can 
be shown directly using the substitution rules. For analytic integrands we obtain 
a much more general result in Theorem 4.2.32. 


Example 4.2.2. The formula for the Taylor coefficients in Theorem 4.2.2 can 


be written as an integral along the positively oriented circle 
standard parametrization j(t) = zq + r e xt we get 




= r. With the 


m 


27 r 


2tt 


(z - z 0 ) k+1 


7 1 f( z + re lf ) . _ 

dz — \ z—~ r\e l dt = 




r 


k 



1 


0 


0 


zo + re xt ) e l t dt = 2mak. 

(4.28) 

Winding Numbers Revisited. It is interesting that the winding number of a piece- 
wise smooth closed path (loop) can also be defined by an integral (compare Defi- 
nition 2.7.20). 

Lemma 4.2.6. Let 7 be a piecewise smooth closed path. Then for all zq £ C \ [7 


wind ( 7 , 20 ) 


1 


dz 


2 vri 


7 


2 - z o 


(4.29) 
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Proof. We assume that 7 : [0, 1] C is smooth, the general case requires only 
minor modifications. The function t q(t) — Zq is continuous and non-vanishing 
on [0, 1]. Thus, by Lemma 2.7.19, there exist continuous functions a : [0, 1] M 
and r : [0, 1] — > M + such that y(t) = zq + r(t) exp (ia(£)) for all t G [0, 1]. Since 7 
is smooth, a and r are continuously differentiable. Computing the derivative 7 of 7 
with respect to t we find 7 = (r + ir a) exp(ia). Consequently, by the fundamental 
theorem of real calculus, 



dz 

z - Z 0 



jit) 

7 it) - z 0 


dt 




dt 


= logr(l) — logr( 0 ) + i (a(l) — a( 0 )). 



( log r + i a) (£) dt 


Now the desired result follows, since r(l) = |7(1)| = | 7 ( 0 )| = r(0), and by defini- 
tion of the winding number, a(l) — a( 0 ) = 2tt wind ( 7 , zq). □ 


The Length of a Path. Though a path is a function, we associate a length with 
it. In fact the length of a path 7 defined below coincides with the Euclidean length 
of its trace if no part of [ 7 ] is run through more than once. 


Definition 4.2.7. The length of a smooth path 7 : [a, (d\ C is defined by 




dt 


1 


and the length of a piecewise smooth path is the sum of the lengths of its smooth 
components. 


A Standard Estimate of Integrals. The following two technical results will often 
be needed later. The first one is an integral estimate which extends (4.24). 


Lemma 4.2.8 (Standard Integral Estimate). Let 7 be a piecewise smooth path of 
length L( 7 ), and assume that f : [ 7 ] C is continuous. If M(f) denotes the 
maximum of \ f\ on [ 7 ], then 



< Lb) ■ M(f). 


Proof. Assuming in the first step that 7 is smooth, we estimate the integral using 
(4.24), 


f(z)dz 




dt = M(f)L( 7 ). 


If 7 = 71 ® . . . ® 7 n is piecewise smooth, the result follows by adding up the 
corresponding estimates for the integrals along the smooth paths 7 ^. □ 
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Lemma 4.2.9. Let 7 be a piecewise smooth path , and assume that the sequence (f n ) 
of continuous functions f n : [7] C converges uniformly on [7] to f . Then 


lim 

n— >• 00 


fn{z)dz = f f(z)dz 

J 1 


Proof. Note that the limit function / is continuous on [7]. The result now follows 
from Lemma 4.2.8 since the maximum of / — f n on 7 tends to zero as n 00. □ 


Reversing Differentiation. After these preparations we can turn our attention to 
the main problem of this section: is it possible to reverse the differentiation of a 
function? The next definition gives a more precise statement of what this means. 

Definition 4.2.10. Let / : D — > C be a complex function on the open set D. A 
function F : D — »• C is a primitive for / in D, if F is differentiable in D and F' = f 
in D. 


A synonymous notion for primitive is “ anti- derivative” . We point out that, 
in this definition as well as in the following theorem, the function / is not assumed 
to be differentiable. Later we shall see that a function / which has a primitive 
must automatically be infinitely differentiable. 

Properties of Primitives. We put the general question of the existence of a prim- 
itive aside for a while, and look instead at what it can be used for. 

Theorem 4.2.11 (Fundamental Theorem of Complex Calculus). Assume that F is 
a primitive of a continuous function f : D C. Then, for any piecewise smooth 
path 7 from a to b in D, 


f f(z) dz = F(b)-F(a ) 


(4.30) 


In particular the integral vanishes if 7 is closed. 


Proof. We may assume that 7 is smooth. Let 7 : [a, / 3 \ D. By definition of the 
integral, the chain rule, and the fundamental theorem of real calculus, 

* d 


f(z)dz 


7 


A firy 

(t) dt 


a 


dt 


F{'y(t))dt = F('y(/3))-F('y(a)). 


□ 


Corollary 4.2.12. If the derivative of a function f vanishes in a domain D, then 
f is constant in D. 

Proof. By assumption, the function / is a primitive of the zero function. Since D 
is a domain, any two points zo and z can be joined by a smooth path 7 in D (see 
Proposition 2.7.13), and by Theorem 4.2.11 
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□ 

Corollary 4.2.13. If Fq is a primitive of a function f in a domain D, then precisely 
the functions F = Fq + C with constant C E C are primitives of f in D. 

Proof It is clear that Fq + C is a primitive of / in D. Conversely, if Fq and F are 
two such functions, then {F — Fq)' = / — / = 0 in D and then F — Fq = const by 
Corollary 4.2.12. □ 

Example 4.2.3. The principal branch of the complex logarithm F(z) = log z is 
a primitive of f(z) = 1/z in D := {z E C : \z — 1| < 1} with F( 1) = 0 (see 
Example 4.1.3). Computing the integral of / along the path 7 from a = 1 to 
b = re ¥ which is composed by the segment [ 1 , r] and the circular arc from r to z 
with center at the origin, we get from Theorem 4.2.11 that 


*r 


1 


F(b) = / f(z) dz= — dx + 


• ip • 

^ 1 re 


7 


x 


0 


re 


it 


dt = log r + i ip = log \b\ + i Arg b. 


Primitives of Power Series. The crucial question we would like answer is about 
the existence of a primitive. The following lemma gives a first positive result for 
the sum of a convergent power series 


f(z) := afc (z — z 0 ) k , z e D. (4-31) 

k=o 


Lemma 4.2.14. Let f be the sum of the power series (4.31) in the disk of conver- 
gence D. Then f has a primitive in D, namely 


00 


p w = E j 7 t (* - -«)‘ +1 


k=0 


k T 1 


z e D. 


Proof. By the Cauchy-Hadamard criterion (Theorem 3.2.1), the series for / and F 
have the same radius of convergence, and then F' = f follows from Theorem 4.1.4 
and (4.4). □ 

Example 4.2.4 (Fresnel Integrals). The power series of the entire functions given 
by c(z) := cos (z 2 ) and s(z) := sin (z 2 ) at Zq = 0 can be derived from the series 
for the cosine and the sine functions by substituting z with z 2 , 

00 4k 00 ^4/e+2 

CW = £ ( " 1) ‘W' >(2) = D- 1) “(2tTI)T' 

Applying Lemma 4.2.14 we obtain power series representations of their primitives, 

00 ^4/c+l 00 ~4k+3 

c{z) = ]f 0 { ~ 1)k (2k)m + iy s{z) = T(-F {2k + m4k + 3 y 
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The entire functions C and S are called Fresnel integrals and arise in the de- 
scription of diffraction phenomena in optics. Figure 4.9 show phase portraits of C 
(left) and S (right) in the square |Rez| < 5, |Imz| < 5. It is remarkable that both 
functions have finite limits as z — >• oo along the real or the imaginary axis, while 
they are rapidly growing along all other rays emerging from the origin. 



Figure 4.9: Primitives of cos z 2 and sin z 2 (Fresnel integrals) 


Existence of Primitives. The general question about the existence of a primitive 
will be answered in several steps. We start with a simple situation and state 
a sufficient criterion. Recall that A(zi,Z 2 ,Z 3 ) denotes the triangle with vertices 
Zi, Z 2 , Z 3 . An integral along the boundary dA(zi, Z2, Z3) is, by definition, an integral 
along the path [zi,Z 2 ] © [Z 2 ,Z 3 ] © [z 3 ,Zl]. 

Lemma 4.2.15. Let f : D C be a continuous function in a disk D. If the integral 
of f along the boundary of any triangle A in D vanishes , then f has a primitive 
in D. 

Proof. We denote the center of D by a and define F(z) in D as the integral of / 
along a straight line from a to z, 

F(z) := / /(w) dw. 

d[a,z] 


Let z 0 and z be arbitrary points in D. Applying the assumption to the triangle 
A(zq, a, z) we get 



f(w) dw + 


f(w) dw + 


f(w) dw 


Lo, a] 


[a,z] 


[z,zo] 


-F(z 0 )+F(z) + 



f{w) dw , 
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such that for z Zo, 

F(z) - F(z 0 ) 


Z- Z 0 


- /0 o) 


1 

z — Zo 



(f(w) - f(zo)) dw. 


By the standard integral estimate we obtain 


F(z) - F(zq) 


z - z 0 


- /0 o) 


< 


Z-^Zo 

z - z 0 


max | f(w) - f(z 0 ) 

we[z 0 ,z] 


Because / is continuous in Z), the right-hand side tends to zero as z — >• Zq. Thus 
F is differentiable at zo and F r (zo) = f(zo). □ 

Goursat’s Lemma. The next result is a real surprise. This essential fact was 

/ 

discovered relatively late (by Edouard Goursat in 1884) and was not known to 
the founding fathers of the theory. We give a formulation which is due to Alfred 
Pringsheim. 

Lemma 4.2.16 (Goursat). If f is differentiable in the open set D and A is any 
triangle in D , then the integral of f along the boundary of A vanishes. 

Proof. 1. We set A 0 := A and denote by the standard parametrization of its 
boundary (see page 57). The three segments connecting the midpoints of the sides 
of Aq divide this triangle into four sub-triangles which we denote by A{, with 
j = 1, 2, 3,4. If is the standard parametrization of the boundary <9Aj, we have 
(see Figure 4.10) 




f(z)dz- 1- [ 
Jsl 


f(z) dz + [ f(z) dz + 

Jsf 



f(z) dz. 


(4.32) 


Consequently, there must exist an in- 
dex j G {1, 2, 3, 4} such that 


[ /O) dz 

< 4 

[ f(z) dz 

J 5° 


Js{ 


We select one such index j, define 
Ai := Aj, and denote by Si the stan- 
dard parametrization of its bound- 
ary. Applying the subdivision proce- 
dure again to the triangle Ai, we find 
that the integral along the boundary 
S 2 of one of its four sub-triangles A J 2 
must satisfy 





f(z) dz 
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Proceeding recursively in this manner, we obtain a sequence 


A 0 D Ai D A 2 D . . . D A k D . . . (4.33) 

of nested triangles, such that the integrals of / along the standard parametrization 
5k of their boundaries satisfy 


s 0 


f(z) dz 


< 4 


k 


f{z)dz 


2. The intersection of all (compact) triangles in the family (4.33) consists of exactly 
one point zq in A. Because Ac D, the function / is differentiable at z o, that is 


f(z) = f(zo) + f'(zo)(z - z 0 ) + r(z ) 


with r(z) = o(z — zo). Consequently, for any e > 0 there exists a 5 > 0 such that 
\r(z)\ < £ • \z — zq\ whenever \z — zq\ <5. 

Let d denote the circumference of the triangle A. Then all points z in A k 
satisfy \z — zq\ < d/2 k , so that for all sufficiently large k 


\ r (z)\ce-^, if z e A k . (4.34) 

3. Since the linear function z ^ f(z o) + f f (zo)(z — Zq) has a primitive, the integral 
over that part of / along the closed path 5 k vanishes. Hence, by (4.34) and the 
standard integral estimate of Lemma 4.2.8, 



f(z) dz 


< A k 



<4 k L(S k ) 




d d 

2k 2k 



(4.35) 


for all sufficiently large k. Now e can be chosen arbitrarily small, which means 
that the left-hand side of (4.35) must be zero. □ 

Combining Lemma 4.2.16 with Lemma 4.2.15 we obtain the following important 
corollary. 


Corollary 4.2.17. If f is differentiable in a disk D, then it has a primitive in D. 

Differentiable and Analytic Functions. After all these preparations we can close 
the gap between the classes of differentiable and analytic functions. So far we know 
from Theorem 4.1.4 that any analytic function is differentiable. The converse is 
absolutely counterintuitive and has many strange consequences. Why, for exam- 
ple, should a function which is differentiable in an open set automatically have 
derivatives of arbitrary order ? It belongs to the deep miracles of complex function 
theory that this is really so. 

The proof of this fact is a bit tricky. A direct attempt would perhaps aim at 
proving that a holomorphic function / is infinitely differentiable, and then trying 
to show that it can be represented locally as the sum of a power series. Instead of 
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doing so we go one step backward, and show that the primitive F of a holomorphic 
function / is analytic. This follows from an appropriate integral representation of 
F. Once we know that F is analytic, we can conclude that all derivatives of F, 
and in particular its first derivative /, are analytic too. 


Lemma 4.2.18. Assume that f : D C is differentiable in a disk D with center a 
and radius R. Fix r with 0 < r < R and let j(t) = a F r e lt for t G [0, 2tt] . If F is 
a primitive of f , then for all points zq with \zq — a\ < r, 


F(z o) = 


1 

2tt1 



(4.36) 


Proof. 1. We begin with an auxiliary result. Let zq G D be fixed. For h in the disk 
Dq := {z G C : z F Zq G D } we define 


<p(h) := F(z 0 + h) 


F(z 0 ) - /go) h-t /'go) h 2 . 


The function h ip(h) is differentiable in D 0 and its derivative with respect to h 
can be computed by the chain rule, 


<p'(h) = F'(z 0 + h) - /g 0 ) - /'go) h = /go + h) - / go) - /'go) h. 

Since / is differentiable at zo? the right-hand side is of order o(h) as h — 0, that 
is, for any £ > 0 there exists a 8 > 0 such that \(p'(h)\ < e\h\ whenever \h\ < <5. 

The function (p ' is continuous, whence the mapping [0, 1] C, t ip(th) is 
continuously differentiable (with respect to the real variable £), so that <p(h) can 
be represented by the fundamental theorem of calculus, 

p{h) = f dt = f c p'(th)hdt . 

Jo dt Jo 

Using the standard estimate for integrals in combination with \(p r {h)\ < e\h\, we 
conclude that \ip(h)\ < h 2 £ for all h with \h\ < S. Since £ can be chosen arbitrarily 
small, 

(4.37) 


lim (p(h)/h z = 0. 
h—> o 


2. The function G defined by 


G(z) 


HO ~ F(zp) 

Z - Z 0 

/go) 


if z € D \ go} 
if z = zq 


is differentiable in z G D \ {zq}. In order to prove that G is also differentiable at 
Zq, we consider its difference quotient at zq. By definition of G and ip, 


G(z) - G(zq) 


(Fg) - F(zo) - (z - zo) f(zo)) = \ f(zo) + 


Z- Zo 



4.2. Complex Integration 


161 


and using (4.37) we find G'(zq) = ( 1 / 2 ) / 7 (^o) 


3. Because G is differentiable in the disk D , we can apply Corollary 4.2.17, which 
tells us that the integral of G along the closed path 7 vanishes. Hence 


0 = j G(z) dz = f 

J ' y J “ y 


F(z) - F(zo) 


dz = 


z - Zo 


7 


Hz) 

Z - z 0 


dz - F(zo) j 

J 'y 


dz 


z 


Zo 


By Lemma 4.2.6, the last integral is equal to 2 tt 1 • wind ( 7 , zq ) = 27ri. 


□ 


Cauchy Integrals. The expression on the right-hand side of formula (4.36) is said 
to be a Cauchy integral. We shall study integrals of this type in a more general 
setting in the next section. In view of what we will explore in Section 5.5 we 
consider a more general situation than in (4.36), where the function F in the 
integrand is replaced by an arbitrary continuous complex function <p. This setting 
is described in the following definition. 

Definition 4.2.19. Let 7 be a piecewise smooth path in C and assume that the 
function p> : [7] C is continuous. The function / : C \ [7] C defined by 


fa) := 


1 


Lp{w) 


2 tt1 ./ w — z 


dw. 


zeC 


.7. 


(4.38) 


(and the integral on the right-hand side of (4.38)) is said to be the Cauchy integral 
with density Lp along 7. 

Here is the crucial result that will bridge the gap between differentiable and 
analytic functions. 

Theorem 4.2.20. Let 7 be a piecewise smooth path in C and assume that p> : [7] C 
is continuous. Then the function f defined by the Cauchy integral (4.38) is analytic 
on D := C \ [7] and tends to zero as z 00. For any disk Dq C D with center zq 
the Taylor series 


00 


f ( z ) = Fj a k (z — Zo ) 


k 


k = 0 


of f at z 0 converges in D 0 and its coefficients satisfy 


1 


dk = 


<p(z) 


2m J 1 (z - zo) k+1 


dz. 


(4.39) 


Proof. Fix z G Dq . Invoking a compactness argument, we know of the existence of 
a constant q < 1 such that \z — zq\/\w — zq \ < q < 1 for all w E [7]. Consequently, 


(fi(w) 


(fi(w) 


00 

= y 

(W - Zo ) - (z- Zo ) fZ 0 W ~ Z ° 


ip(w) f Z - Z 0 


k 


w — z 


W — Zo 
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Since the continuous function w c p(w)/(w — zq) is bounded on the compact set 
7 ], the series converges uniformly with respect to re £ [ 7 ]. Interchanging the order 
of summation and integration, we obtain 


2 - /(3) = 


<p O) 


(w — z 0 ) k ^ 


dw ) ( Z — Zq) 


k 


for all z G D 0 , which proves the claim. Finally, the standard integral estimate 
yields that f(z) 0 for z 00 . □ 


Differentiable Functions are Analytic. Now the hard work is done and we can 

harvest the fruits. 


Theorem 4.2.21. Any function f : D C which is differentiable in an open subset 
D of the complex plane is analytic in D . 

Proof Since both properties are local, we can assume that D is a disk. Corol- 
lary 4.2.17 guarantees that / has a primitive F in D. By Lemma 4.2.18 the function 
F can be represented as a Cauchy integral, so that F is analytic (Theorem 4.2.20), 
which implies that / = F' is analytic (Theorem 4.1.7). □ 

From Theorems 4.1.4 and 4.2.21, it follows that it makes no difference whether 
we speak of “differentiable” or “analytic” functions, at least if we restrict ourselves 
to functions f : D C C oC. Moreover, “holomorphic” is just another synonym 
for functions in this class (see Definition 3.5.4). 

In order not to confuse the reader with too many names we shall preferably 
speak of analytic functions, mainly because this concept has been introduced first 
and several results have been explicitly stated for this class. Also phrases like 
“analytic continuation of a holomorphic function” would sound a bit odd. 

A Criterion of Analyticity. Before we continue our investigation of the existence 
of a primitive we obtain a number of additional results. The following criterion for 
analyticity is the converse of Goursat’s lemma: 

Theorem 4.2.22 (Morera). Let f : D C be a continuous function on an open set 
D C C. If the integral of f along the boundary of any triangle A in D vanishes , 
then f is analytic in D . 

Proof. We may assume that D is a disk. Then, by Lemma 4.2.15, the function / 
has a primitive F in D. By definition of the primitive, this function is differentiable 
and hence analytic, which implies that / = F' is analytic. □ 


Another surprising result, which has no counterpart in real analysis, shows that 
the analyticity of continuous functions is not disturbed by “thin” exceptional sets. 
We state a version which can easily be derived from Morera’s theorem. In the 
following corollary, the notion of line segments also includes points. 

Corollary 4.2.23. Let D be an open subset of the plane and let S be a finite union 
of line segments in D. If the function f is continuous in D and analytic in D\S , 
then f is analytic in D. 
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Disk of Convergence Revisited. Another remarkable fact is that the Taylor series 
at Zq of an analytic function / always converges (at least) in the largest disk with 
center zq which fits into the domain set of /. 


Theorem 4.2.24. Let f be analytic in a disk D with center zq. Then the Taylor 
series of f at zq converges in the entire disk D. 


Proof. We denote the radius of the disk D by R and fix an r with 0 < r < R. Then 
the path y r (t) = zo + re lf lies in D and |/| is bounded on y r by some constant M. 
Applying the the standard integral estimate to the coefficient formula (4.39), we 
obtain the estimates 


ak\<M/r k , k = 0,1,2 ,.... 


(4.40) 


By Lemma 3.2.2 the Taylor series converges in the disk \z — zq\ < r, and because 
r can be chosen arbitrarily close to R it must converge everywhere in D. □ 


We point out that the above result is not a tautology: being analytic in a disk 


means that / can locally be represented as the sum of a power series, but there is 
no obvious reason why one such series should converge globally in the entire disk. 

Bounded Entire Functions. The coefficient estimate (4.40) has another astound- 
ing consequence. 

Theorem 4.2.25 (Liouville). Any bounded entire function is constant. 

Proof. If / is analytic in the complex plane and |/| < M, the estimate (4.40) for the 
Taylor coefficients a & applies for every r > 0, so that a& = 0 for k = 1, 2, . . .. □ 

Global Existence of Primitives. By establishing Theorem 4.2.21 we have achieved 
one of our main goals. However, the existence of a primitive on general domains 
is still open, Corollary 4.2.17 settles it only for differentiable functions in a disk. 
Indeed problems may arise when we try to globalize this result. 

Example 4.2.5. The function f(z) = 1 jz is analytic in D := C \ {0}. If / had 
a primitive in T>, then the integral of / over any path 7 in D would vanish by 
Theorem 4.2.11. However, for the closed path 7 defined on [0, 2 tt] by y(t) := e lt 
we have (see Example 4.2.1) 



The function 1/z plays an exceptional role among all power functions f(z) = z n 
with integer exponent n. Indeed, F(z) = z n+1 / (n + 1) is a primitive of / for all 
n 7 ^ — 1 . 
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Primitives Along Paths. Since, at least in some situations, there is no hope that 
a primitive exists globally on the entire domain of an analytic function, we try 
to find an appropriate substitute. The following construction goes by the name 
“primitive along a path”: Take a path 7 , cover it by a chain of disks and glue 
together the patches of primitives of / in the covering disks. In other words, we 
build the analytic continuation of a primitive along 7 . 

Definition 4.2.26. A primitive of f along a path 7 is a chain of function elements 
(F 0 ,D 0 ) ® (Ti,Di) CD ... CD (D n ,D n ) which covers the path 7 and satisfies the 
condition = / on D k for k = 0 , . . . , n. 

The next theorem claims that this procedure always works. Note that we do not 
require any regularity of the underlying paths. 

Theorem 4.2.27 (Analytic Continuation of Primitive). Let f : D C C C be 
analytic in the open set D and let (To, D 0 ) be a primitive of f in the disk Do C D. 
Then (To, Do) has an unrestricted analytic continuation in D, and all resulting 
function elements are primitives of f on their domain sets. 

Proof. According to the definition of an unrestricted analytic continuation (see 
page 125) we must show that the function element (Do, Do) has an analytic con- 
tinuation F 1 along any path 7 in D which starts at the center zo of D 0 . By the 
path covering lemma (Lemma 2.7.8) there exists a chain of disks (Dq, Di, . . . , D n ) 
which covers 7 in the sense of Definition 2.7.7. Using Corollary 4.2.17 we find 
function elements (To, Do), . . . , (D n , D n ) such that T7 is a primitive of / in D k 
for k = 0 , 1 , . . . , n. 



Figure 4.11: Normalized and adjusted function elements of primitives along a path 


Corollary 4.2.13 tells us that T7 — T7_ 1 is constant on TU-i Cl D&, so that there 
exist constants Cq := 0 and Ci, . . . , C n such that T 7- 1 + Ck-i = ft + C on 
Dk-i H Dk for k = 1, . . . , n. Consequently, the chain of function elements 


(Do, D q) qd (Ti+Ci,Di) qd ... cd (D n + C n , D n ) 


is an analytic continuation of (Dq, D 0 ) along 7 composed of primitives of / in the 
covering disks D^. □ 
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Figure 4.11 shows a path 7 covered by a family of disks. Every disk D k carries 
the phase portrait of a primitive F of some function /. In the picture on the left 
the primitives are normalized such that Fk vanishes at the center of D k- In the 
right we start with the same function Fq near the initial point of the path, but the 
primitives in the other disks are adjusted such they fit together to form a primitive 
of / along 7 . 

Existence of Global Primitives. In combination with the monodromy principle, 
the above theorem provides an affirmative answer to the question about the exis- 
tence of a primitive (as a single- valued function) for a special class of domains. 

Theorem 4.2.28. If f is analytic in the simply connected domain D , then f has a 
primitive on D. 


Proof. Fix a disk Dq C D with center zq. Then / has a primitive Fq in Dq. By 
Theorem 4.2.27 and assertion (ii) of the monodromy principle (Theorem 3.6.10), 
the analytic continuation of the function element (Fq,Dq) along all paths 7 with 
(fixed) initial point Zq and (variable) endpoint z in D is a function F of z. Since 
all function elements involved in the analytic continuation are primitives of / (in 
their respective domains) F is a primitive of / in D. □ 



In general the situation is more com- 
plicated, and even the idea of using 
the function elements (Fk,Dk) cov- 
ering 7 to construct a primitive of 
/ as function of z in a neighbor- 
hood of the trace of a path 7 may 
fail if 7 is not simple. This is demon- 
strated in Figure 4.12 for the func- 
tion f(z) = 1/z. Every function Fk 
is a primitive of 1/z in the corre- 
sponding disk Dk and, starting at the 
initial point of 7 , neighboring func- 
tion elements are adjusted such that 
they coincide in the overlapping re- 
gions of their domains. After travel- 
ling around the origin along 7 , a con- 
Figure 4.12: Continuation of a prim- Aict arises when we visit the same re- 

itive gion again. 

In those cases where a primitive in a neighborhood of [ 7 ] does not exist, we can get 

a substitute by pulling back the functions F k from the disks Dk to the parameter 

interval [a, /3\ of 7 , 


F 7 (t) := F k (-y(t)), t € [t k -i, t k ], k = l,...,n (4.41) 

(for a description of the intervals [tk- iDk] see Definition 2.7.7). By Lemma 3.6.5, 
this definition does not depend on the choice of the covering chain, and we shall 
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refer to the function F 1 : [a, /3\ — > C also as a primitive of f along 7 . The next 
result shows that this definition is perfectly suited to the calculation of integrals. 


Theorem 4.2.29 (Extended Fundamental Theorem). Let 7 : [a, f3\ ^ D be a piece- 
wise smooth path. If f is holomorphic in D and F 1 is a primitive of f along 7 
then 


[ f(z) dz = F 7 (/3) - F 7 (q ;). 

J 1 


(4.42) 


Proof We choose a chain of function elements (i 7 ^, D^) which covers 7 . Then the 
restriction 7 ^ of 7 to the subdivision interval [tk-ipk\ maps this interval into the 
disk Dk , and 7 is decomposed as 7 = 71 © 72 © . . . ® j n . The result then follows 
on applying Theorem 4.2.11 to the integrals along 7 ^ and adding up. □ 


Integrals Along Arbitrary Paths. Since the primitive of an analytic function / 
along 7 exists for all paths in the domain of /, we can use the right-hand side 
of (4.42) as a definition of the integral on the left-hand side, even when 7 is not 
smooth. 


Definition 4.2.30. Let / be analytic in the open set D and let 7 : [a, /3] D be 
a path in D. Then the integral of / along 7 is defined by (4.42), where F 1 is a 
primitive of / along 7 . 


Constructions Involving Families of Paths. Finally we investigate what happens 
when we try to construct a primitive of / as follows: fix a point zo G D, select one 
path y z : [0, 1] D from Zq to z for every z in D (or in a subset thereof), and 
denote the family of paths 7 ^ with z E D by G. Then define Fq{z) as the value of 
the primitive of / along the path 7 ^ at its terminal point z, 


F g {z) := F lz ( 1 ). 

We call Fq a primitive of / with respect to the family G. If / is analytic in the 
simply connected domain D then Fq does not depend on the choice of the paths 
7 ^ (see Theorem 4.2.28), but in general the properties of Fq are influenced by the 
selection of 7 ^ as the following experiments demonstrate. 

Example 4.2.6. The function /(z) = 1/z from Example 4.2.5 is analytic in the 
punctured plane D := C \ {0} and thus it has a primitive along any path 7 in D. 

Figure 4.13 (left) shows a square Q with a phase portrait of a primitive Fq 
of / with respect to a family G of paths j z . Every path 7 ^ is composed of two 
segments as follows: the first segment starts at the lower left corner zq of the square 
Q and runs parallel to the real axis. The second segment of 7 ^ is parallel to the 
imaginary axis and connects the endpoint of the first segment with the (variable) 
point z. The paths 7 ^ which meet the pole of / at z = 0 are excluded from the 
family G. 

The window on the right in Figure 4.13 shows the primitive of / with respect 
to another family of paths which also start at Zo, but run first in the direction of 
the imaginary axis, and thereafter parallel to the real axis. 
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Figure 4.13: Primitives of f(z ) = 1 jz with respect to two families of paths 

In both pictures it is clearly visible that something happens “behind the poles”. 
Here the primitives of / along different paths are incompatible, primitives along 
g z running on the left side of the poles do not fit with those running on their right 
sides. 



Figure 4.14: Primitives of f(z ) = 1 /(z 4 — 1) with respect to two families of paths 

Figure 4.14 shows the corresponding results for the function f(z ) = 1 /(z 4 — 1), 
which is analytic in C \ {1, i, — 1, — i}. 

Path Independence of Integrals. Let us now return to the question in which 
way the integral of an analytic function depends on the choice of the path of 
integration. For simply connected domains the answer follows immediately from 
Theorem 4.2.11 and Theorem 4.2.28. 




168 


Chapter 4. Complex Calculus 


Theorem 4.2.31 (Cauchy Integral Theorem I). Let f be analytic in the simply 
connected domain D . If 7 is a closed path in D, then 


/ f(z ) dz = 0. 

Ji 


If 70 and 71 are two paths in D from a to b, then 




f(z) dz. 


The following result is more general. Here we do not require that D is simply 
connected. Saying that two paths 70 and 71 are homotopic, we mean that either 
these paths are homotopic with fixed endpoints, or that both paths are closed and 
freely homotopic. 

Theorem 4.2.32 (Cauchy Integral Theorem II). Let f be analytic in the open set 
D C C. If the closed path 7 is null-homotopic in D , then 


/ f(z) dz = 0. 

J 1 


If the paths 70 and 71 are homotopic in D, then 




f(z) dz. 


Proof 1 . Any primitive F 1 of / along the path 7 : [a, /3\ D is obtained via an 
analytic continuation of a function element (To, Dq) centered at the initial point 
a of 7. If 7 is null-homotopic in T, we infer from assertion (i) of the monodromy 
principle (Theorem 3 . 6 . 10 ) that F 1 (a) = T 7 (/?), and the first assertion follows 
from ( 4 . 42 ). 


2. If 70 and 71 are homotopic with fixed endpoints in T, then 7 := 71 ©70 is closed 
and null- homotopic in D (see Lemma 2 . 7 . 18 ). By the first step of the proof 




f(z) dz 


I f(z) dz = 0. 


3 . Assume that 70 and 71 are closed and freely homotopic in D. We may suppose 
that both paths are defined on the parameter interval [ 0 , 1 ]. Then there exists 
a homotopy h : [ 0 , 1 ] x [ 0 , 1] — D such that the family of paths y s , defined by 
7 s (t) := h(s,t) connects 70 with 71. For s G [ 0 , 1 ] we define 


ifC) : = h(st,0) = h(st, 1), % := -7+. 


Then 7* := 7^ 0 7 S 0 7 S are closed paths in D with fixed endpoints 


( 0 ) = 7 s(!) = 7o ( 0 ) = 7 o(l), 
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and the family 7s is a homotopy with fixed endpoints from 7 q = 70 to the path 
7J =7^ ® 71 ® 7f. Applying the result of the first step, and taking into account 
that the integrals along 7 ^ and yf cancel each other, we obtain 



□ 


The following corollary of Theorem 4.2.32 simplifies the investigation of integrals, 
by allowing us to replace complicated paths by very simple ones. 


Theorem 4.2.33. Let 7 be a path in the open set D C C. Then there exist a smooth 
path 7 C D and an axis parallel polygonal path 7 C D such that for all analytic 


functions f : D — C 

[ f(z)dz= f f(z)dz= [f(z)dz. 

J ' y J -y J 7 

Proof. The result is a direct consequence of Lemma 2.7.12 and Theorem 4.2.32. □ 

4.3 Cauchy Integral Formula 

A real miracle happens when we apply Theorem 4.2.32 to the formula for the 
Taylor coefficients of analytic functions. Not only can the value of an analytic 
function / at a point be computed by an integral along an arbitrary curve which 
winds itself around that point, but we can also compute all derivatives of / by 
integration. This fundamental result is called the Cauchy integral formula. It is 
of crucial importance for understanding the essence of analytic functions and has 
countless applications. 

Theorem 4.3.1 (Cauchy Integral Formula). Assume that f is analytic in the simply 
connected domain D and let zo E D. If 7 is a closed path in T>\{zo} with winding 
number one about zq, then 



(4.43) 


Moreover , for k = 1,2,.. the kth derivative of f at z 0 is given by the integral 
formula 



(4.44) 


Proof. The Taylor coefficients a& of / at zq are given by formula (4.28) 



U j k 


(4.45) 
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where integration is along a positively oriented circle j r in the disk of convergence 
of that series. 

Since the integrand is analytic in D \ {zq}, and the closed path 7 C D \ {zq} 
with winding number one about zq is freely homotopic to y r in the punctured 
domain D \ {zq} (here we need that D is simply connected, see Lemma 2.7.22), 
replacing the circle y r by 7 does not change the value of the integral. To complete 
the proof we refer to Theorem 4.1.7, which tells us that the coefficients ak are 
related to the derivatives of / by = f^ k \zo)/k !. □ 

Integrals Along Chains and Cycles. Theorem 4.3.1 is by far not the end of the 
story for the Cauchy integral formula - it can be generalized in several directions. 
Here we shall state and prove one such result which admits arbitrary domains D 
and allows “paths” of integration that are composed of several pieces. We begin 
with some definitions. 

Definition 4.3.2. A chain T (in D) is a finite collection of paths 71 , . . . , y n (in D). 
If all paths 71 , . . . , 7 n are closed, we call T a cycle. 

Speaking of a “collection” instead of a set, we admit that some of the paths 7 ^ 
can occur several times. We say that the chain T is constituted by its components 
7i , • • • , 7n and write 

T = 71 + . . . + 7 n- (4.46) 

The trace [T] of a chain is the union of the traces of its components 7 ^, and 
the length of T is the sum of the lengths of the 7 ^ (provided that all 7 *, are 
piecewise smooth). The additive notation (4.46) of chains is further motivated by 
the definition of winding numbers 

wind (T, z) := wind ( 71 , z) + . . . + wind ( 7 n , z), z ^ [T], 


and integrals, 



f(z) dz 



f (z) dz + . . . + 



f(z) dz. 


If 7 is a closed path (or a cycle) in a simply connected domain D , then the winding 
number of 7 about all points in the “exterior” E := C \ D of D is zero. This need 
not be so if D is multiply connected, but the subset of all cycles which have this 
property plays a distinguished role. 


Definition 4.3.3. A cycle T in an open set D is said to be null-homologous (or 
homologous to zero ) in Z7, if its winding number about any point in C \ D is zero, 


wind (T, z) = 0, z G C \ D. 


It is clear that a cycle which is composed of null-homotopic paths is null-homo- 
logous, but even for a single path the converse need not be true. Two examples 
of null-homologous cycles inC\{— 1,1} are depicted in Figure 4.15. The path on 
the right is null- homologous but not null- homotopic. 
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Figure 4.15: A null-homologous cycle and a null-homologous path 


Cauchy Integral Formula Revisited. After these preparations we can now prove 
a ‘global’ version of the Cauchy integral formula. 

Theorem 4.3.4 (Cauchy Integral Formula II). Let T be a null-homologous cycle in 
the open set D C C. If f is analytic in D, then 

J_ f fO) dz _ wind ( F , Zo ) . f(z 0 ), 2 0 6D\[r]. ( 4 . 47 ) 

Z7T1 Jy Z — Zo 

Proof. 1. Let zq G D\[T] be fixed. Since [Y] is compact, its distance to {zo}U(C\D) 
is positive. Using Lemma 2.7.12 and Lemma 2.7.21 on the stability of winding 
numbers with respect to perturbations, we find a cycle T, composed of polygonal 
paths % which are homotopic to the corresponding components gk of T in D\{zo}, 
and satisfies 


wind (r, z) = wind (T, z ) , z G {zo} U (C \ D) . 

In particular Y is null-homologous in D and both sides of (4.47) remain unchanged 
when T is replaced by Y. Consequently we may assume that Y is already composed 
of polygonal paths. 

2. In order to verify (4.47) we consider the function go, defined in the domain 
D 0 := D \ [r] by 


9o(z) 



wind(r, z) • f(z), 


Z G Dq • 


(4.48) 


Our goal is to prove that go can be analytically extended to an entire function g 
tending to zero at infinity, so that Liouville’s theorem then implies g = 0 on C. 
This will be realized in several steps. 

3. The first summand on the right-hand side of (4.48) is the sum of Cauchy 
integrals along paths which are contained in [T], so it can be extended to an 
analytic function g\ in C \ [T], 



f(w) 


dw 




9i(z) : 


27 ri J T w — z 


zeG:=C\[r], 


(4.49) 
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To convince ourselves that the second summand #2(2) defines an analytic function 
in D 0, we remark that / is analytic in Dq and wind(T, z) is constant on the compo- 
nents of Dq. In particular we have <72(2) = 0 whenever z <E D$ and wind(T, z) = 0. 
The set E of all points z G C for which wind(T, z) = 0 is open and, since T is 
null-homologous in D , the complement of D is contained in E. Since g 2 is zero on 
the intersection of Dq and E, it can be extended to an analytic function on G by 
setting <72(2) := 0 if z G C \ D, so that 


52 0 ) 


— wind(T, z) • /(z) if z G Dq 

0 if z e E 


(4.50) 


Finally, we define the analytic function g on G by g := g\ + g 2 - Note that go is the 
restriction of ^ to Dq. 

4. In order to prove that g has an analytic extension from G = C \ [T] to the 
entire plane C, we use Corollary 4.2.23 to Morera’s theorem. Since T is supposed 
to be polygonal, its trace [T] is the union of a finite number of line segments. So, 
by virtue of Corollary 4.2.23, we only need to show that g can be extended to a 
continuous function on C. This will be verified in Steps 4 and 5. 

Since g is continuous on C \ [T], it suffices to prove that go can be extended 
to a continuous function on D. Referring to the integral formula (4.29) for the 
winding number of T, we can rewrite (4.48) in the form 


9o(z) 


1 


/ M - f(z) 


2ttI j t w — z 

The function h defined onDx D by 


die, 2 G D 0 . 


(4.51) 


h(w , z) :■ 


/M - f(z) 

w — z 

/'(*) 


if w 7^ z 
if w = z, 


w,z G D, 


is continuous on D x D. This is obvious at all points (ic, z) with w 7^ z, so it only 
remains to consider continuity of h at points (zi, Zi) G D x D. Fixing z\ G D and 
denoting by D\ a disk centered at z\ which is contained in D , we see that the line 
segment [z,w\ lies in D\ (and hence in D) for all z, w G D\. Since / is analytic, 
it follows from the fundamental theorem of calculus (Theorem 4.2.11) that h can 
be represented as an integral along this segment 


h(w, z) = 


/M - f(z) 


1 


W — Z 


w 


f(0<K= / f (z + t( w - z )) dt , 

% 4 [z,w] 4 0 


and the standard integral estimate yields 


h(w, z) — h(zi, zi) 


< max 
te [0,1] 


f(z + t(w - z)) - f(zi))\, 


z,w G D\. 


Since f is continuous, the right-hand side tends to zero as (w,z) —X (zi, Zi), which 
proves the continuity of h on D x D. 
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5. In the next step we extend the function go analytically to all of D by 
setting 

go{z) := — 7 / h(w,z)dw , z^D. (4.52) 

2/ri J v 


In order to prove that go is continuous on Z7, we pick a point z\ in D and denote 
by K a closed disk centered at z\ which is contained in D. Then, for all z G K, 


\go(z) -go{z{) 


1 


27 r 


h(w , z) — h(w , zi) dw 


L(T) l7/ x w 

< max \h(w, z) — h(w, zi) 

27 r we[r] 


Since h is uniformly continuous on [T] x if, the right-hand side tends to zero as 
z —> zi, which proves the continuity of go (and hence of g ) on D. So, according to 
the remark at the beginning of Step 4, the function g has an analytic extension 
from C \ T to the entire complex plane C. 

6 . Finally, the standard estimate for the Cauchy integral defining the function 
#i, and the fact that $2 = 0 on C \ D C E, yield that g tends to zero at infinity. 
Consequently, by Liouville’s theorem, g = 0 on C. □ 

Remark 4.3.5. The approximation of the original cycle T by a polygonal cycle was 
needed in Step 4 in order to meet the assumptions of Corollary 4.2.23. Another 
reason is that the standard integral estimates in Step 4 and Step 5 cannot be 
applied to arbitrary cycles which are not piecewise smooth (or rectifiable, at least). 

Cauchy Integral Theorem Revisited. As one expects, the Cauchy integral formula 
(4.44) for the derivatives of / can also be extended to the more general situation 
described in Theorem 4.3.4: if T is a null-homologous cycle in the open set D C C 
and / is analytic in Z), then 


n\ 


m 


2 tt 1 J r (z — z 0 )( n+1) 


dz = wind(r,z 0 ) ■ f (n) (z 0 ), zo£D\[r], (4.53) 


Furthermore, applying Theorem 4.47 to the analytic function g(z) := (z-zo)f(z) 
we get the following global version of the Cauchy integral theorem. 

Theorem 4.3.6 (Cauchy Integral Theorem III). Let V be a null-homologous cycle 
in the open set D C C and assume that f is analytic in D. Then the integral of f 
along T vanishes , 

J f(z) dz = 0 . 

Cauchy Integrals and Phase Portraits. Figure 4.16 shows an analytic function / 
in a square D and its Cauchy integral along the figure-of-eight loop 7 depicted on 
the left. The set D \ [ 7 ] consists of three connected components. Corresponding to 
the winding numbers of 7 , which are 0 for the exterior domain, 1 inside the left 
loop, and —1 inside the right loop, the value of the Cauchy integral is equal to 0, 
/, and — / in the respective domains. 
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Figure 4.16: An analytic function / and its Cauchy integral along a path 

The image in Figure 4.17 (left) shows the phase portrait of the Cauchy integral 
of the same function for another path 7 . Here the winding numbers of 7 are 0, 1, 
and 2 , so that the values of the integral in the corresponding domains are 0 , / and 
2 /- 




Figure 4.17: Phase portrait and domain coloring of a Cauchy integral 

Since the pure phase portraits of / and 2 / are identical, we have chosen the 
enhanced version with contour lines. But even then one must inspect the image 
carefully to detect that something happens across the trace of 7 which separates 
the domain of / from the domain of 2/ (the contour lines do not fit). The difference 
between / and 2 / can be seen a little better in the window on the right, where 
we visualize the function using domain coloring. But even then one must look 
attentively to see the slight color nuances which are caused by the factor of 2 . 
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Figure 4.18: Phase portraits of numerically evaluated Cauchy integrals 

Numerical Experiments. We remark that the phase portraits in Figures 4.16 and 
4.17 have been generated without evaluating the Cauchy integral formula. If the 
Cauchy integral is computed numerically, we get a completely different picture. 
Figure 4.18 shows the results of some simple numerical experiments, where the 
integral is approximated using the trapezoidal rule with 200 (left) respectively 
1200 (right) nodes tk which are uniformly distributed in the parameter interval. 
The approximating functions depicted in the phase portraits are rational, with 
poles located at the points 7 (tk)- It can clearly be seen that the approximation 
is rather poor near [ 7 ]. The high density of contour lines in the exterior of the 
domain encircled by 7 reflects the fast decay of the functions in these regions. 


4.4 Laurent Series and Singularities 

Generalizing the concept of power series by admitting positive and negative powers 
of z — Zq leads to doubly infinite function series 

00 00 00 

F, Cfe (z - z 0 ) k := (z - z 0 ) k + ^C_ fe (z - z 0 )~ k . (4.54) 

k= — oc k = 0 k = 1 


Series of this form are called Laurent series with center zq. The first sum on the 
right-hand side is said to be the regular part , while the second sum is called the 
main part (or principal part or singular part ) of the Laurent series (4.54). 


Convergence of Laurent Series. Since the regular part of a Laurent series is a 
power series it converges (absolutely) in a disk. Similarly, the main part converges 
(absolutely) in the exterior of a closed disk. Note that both sets may be empty or 
consist of the entire plane. If the regular part converges for \z — zq\ < i?i, and the 
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main part for | z 
the ring domain 



> Ro, with Rq < then the Laurent series converges in 


D := {z G C : 0 < Ro < \z — zq\ < R\ < oo} 


(4.55) 


and its sum is an analytic function in D. Conversely, any such function can be 
expanded into a Laurent series. 


Theorem 4.4.1. Any function f : D C which is analytic in a ring domain 
(4.55) can be uniquely represented as (the sum of) a Laurent series (4.54) which 
converges (absolutely) in D. The Laurent coefficients Ck are given by the formula 


1 


Ck 


/(*) 


2 tt1 (z - z 0 ) k+1 


dz , k G Z, 


(4.56) 


where integration is along any path 7 in D which has winding number one about 
zq- Moreover, the Laurent series converges uniformly on any compact subset of D. 

Proof 1. We fix ro and 77 with Ro < ^0 < ?T < Ri and denote by 70 and 71 the 
positively oriented standard parameterizations of the circles with center zq and 
radii ro and ri, respectively. The cycle T := 71 + 7 o" is null homologous in D. Since 
wind(T, z) = 1, for all z in the ring domain Do := {z E C : ro < \z — Zo\ < ri}, 
the homology version of Cauchy’s integral formula Theorem 4.3.4 tells us that 


/(*) = 


1 


2 yri 


1 


/H 


W — Z 


2tt1 


dw — 


1 


fM 


71 


w 


z 


2 yri 


dw. 


7o 


W 


z 


(4.57) 


2 . Now we expand the Cauchy kernel for re £ 71 and |z — zq\ < r\ into the 
convergent geometric series 


1 


1 


w — z 


z - z 0 (z — z 0 ) 2 

+ Ntt + 7 .7 + 


w 


Z 0 (• W - Z 0 ) 2 ( W ~ Z 0 ) 3 


and for w <E 70 and \z — zq\ > r 0 into the convergent geometric series 


1 


1 


W - Zq (w - Z 0 y 


W — Z Z — Zq (z — Zq ) 2 (z — Zq ) 3 


| • • • • 


Since both series converge uniformly with respect to w (for fixed z), we can insert 
these representations into (4.57) and interchange summation and integration (for 
details see the proof of Theorem 4.2.20), which yields the representation 


00 


f(z) = T C k( Z ~ Z o) 


k 


(4.58) 


k= — oo 


of f(z) for ro < \z — zq 
7 = 70 for k < 0 and 7 = 


< 7 * 1 . Here the coefficients Ck are given by (4.56) with 
71 for k > 0. Because / is analytic in D , and since 70 and 
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71 are homotopic to the path 7 in Theorem 4.4.1, both paths can be replaced by 
7 in the integral representation of c^. Finally, Tq and 77 can be chosen arbitrarily 
close to Rq and i?i, respectively, so that the Laurent expansion holds for all z G D. 


3. In order to prove uniform convergence of the Laurent series on compact subsets 
of D, we fix a radius r with Rq < r < R\, and let 7 be the (positively oriented) 
standard parametrization of the circle with radius r and center zq. If M denotes 
the maximum of |/| on 7, then the standard integral estimate yields that the 
Laurent coefficients (4.56) satisfy 


Ck 


< 


M 


r 


k 


k e z. 


(4.59) 


By the Cauchy-Hadamard criterion (Theorem 3.2.1), the regular part of the Lau- 
rent series (4.54) converges absolutely for all z G C with \z — zq\ < r, while the 
main part converges absolutely for all z G C with \z — zo\ > r. Since r can be 
chosen arbitrarily in (i?o,i?i), both series converge (absolutely) in D. Moreover, 
the inequalities (4.59) guarantee that convergence is uniform in any ring 


{z G C : Rq < ro < 


z 



< ri < i?i}, 


and hence on any compact subset of D. 


□ 


Laurent Decomposition. The main part and the regular part of the Laurent series 
define two functions /_ and /+, analytic in \z — zq\ > Rq and \z — zq\ < R\, 
respectively. Moreover, /_ is analytic at infinity and /_( 00) = 0. The (unique) 
representation / = /_ + /+ is said to be the Laurent decomposition of /. 


Example 4.4.1. Figure 4.19 shows the phase portrait of the function / given by 
the Laurent series 


00 


M = £ 


k = 1 


1 


k z 

z k +z 


-k‘ 


(4.60) 


which converges in the ring domain 
{z G C : 1/2 < \z\ < 2}. Its Laurent 
decomposition has the form 


/ 0 ) = n(z) + no, 


where / + is defined by 


00 

/+(*) = 5Z 


k = 1 



Z 


< 2 , 


(4.61) 


and, in the special case at hand, 
f-(z ) = 1 j f+(z). The phase portraits 
of the functions /_ and /+ are depicted 
in Figure 4.20. 



Figure 4.19: Phase portrait of / in (4.60) 
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In the phase portraits of Figures 4.19 and 4.20 we observe rather irregular behavior 
near the boundaries of the domains. This happens because the series (4.61) is a so- 
called Hadamard gap series. These power series are characterized by the property 
that there are sufficiently large gaps between the non-zero terms Ck (z — Zo) k - More 
precisely, the orders k with ^ 0 form a sequence £q, & 2 , . . . such that kj+ 1 > q kj 
for all j and some q > 1. The Ostrow ski- Hadamard gap theorem says that the disk 
of convergence K of a Hadamard gap series is the natural domain of analyticity 
for its sum /, i.e., / cannot be extended to an analytic function in a domain larger 
than K (see [32], pp. 119-120). 



Figure 4.20: The functions /+ and /_ in the Laurent decomposition of / 

Isolated Singularities. The case where / is analytic in a punctured disk D is of 
special interest when we study isolated singularities of analytic functions /. 

Definition 4.4.2. A point zq is said to be an isolated singularity of a function /, if 
there exists a disk D centered at zo such that / is analytic in the punctured disk 
D = D\{zq}, but not in the full disk D. 

In Definition 4.4.2 we also allow Zq to be the point at infinity, in which case D is 
understood as a ‘disk’ on the Riemann sphere C. For the time being we assume 
that zo G C and f : D C, more general situations will be considered later. 

If / is analytic in D, there are two cases when zo can be an isolated singularity 
of f - either / is not defined at zq, or if is discontinuous at Zq. In the third case, 
where / is analytic in D and continuous at zo, it is automatically analytic in D 
(see Corollary 4.2.23). 

Classification of Isolated Singularities. The behavior of a function near an iso- 
lated singularity Zq G C depends on the structure of its Laurent series 

oo 

f(z ) = ^2 c k (z- Z 0 ) k . 

k— — oo 


(4.62) 
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Definition 4.4.3. An isolated singularity zo of an analytic function / with Laurent 
series ( 4 . 62 ) is called 

(i) a removable singularity , if Ck = 0 for all k < 0, 

(ii) a pole of order ra, if c_ m 7^ 0 and Ck = 0 for all k < —m < 0, 

(iii) an essential singularity , if Ck 7^ 0 for infinitely many negative k. 

In other words, a point zo is a removable singularity, a pole, or an essential singu- 
larity, if and only if the main part of its Laurent series 

-1 

y: c k (z~ z 0 ) k 

k =— 00 


vanishes, is finite, or is infinite, respectively. 

In case (i) of the definition, the limit lim z ^ Zo f(z ) exists and is equal to 
the coefficient Co of the Laurent series. Thus, (re-)defining f(zo) := cq we get an 
analytic function in D, which explains the notion ‘removable singularity’. In fact 
there is a much weaker condition which guarantees that an isolated singularity is 
removable. We state it as the first assertion of the following theorem. 

Theorem 4.4.4. Let f : D — > C be analytic in the punctured disk D := D \ {zq}. 
Then z 0 is 


(i) a removable singularity if and only if f is bounded in a neighborhood of zo, 

(ii) a pole if and only if lim z ^ Zo f(z) = 00, 

(iii) an essential singularity if and only if \im z ^ Zo f(z) does not exist, either as a 
finite or as an infinite limit. 

Proof. 1 . The ‘only-if ’-direction of the first statement is obvious. To prove the 
c if ’-direction we may assume that |/| is bounded by M in all of D. Choosing a 
circle of radius r in D with center zq and referring to the estimate ( 4 . 59 ) we get 
that 

M 


Ck 


< 


r 


k 


k e z, 


and letting r 0 we get Ck = 0 for all negative k. 

2 . If / has a pole of order m at zq, its Laurent series tells us that / has the 
representation f(z) = (z — zo)~ m g(z), where g is analytic in D and g(zo) 7^ 0 . 
Consequently, lim^^ f(z) = 00. 

Conversely, assuming that the limit of / at zq is 00, we may suppose that 
f(z) 7^ 0 in D (decreasing the radius of this disk, if necessary). Then g := 1 // is 
analytic in D and \im z ^ Zo g(z) = 0 . Consequently zq is a removable singularity of 
g , and setting g(zo) := 0 extends g to an analytic function in D. The extended 
function g (which is not identically zero) has a zero at zo, say of order m. Then 
f = 1 /g has a pole of order m at zq. 

3 . The third assertion is a logical consequence of the first and the second 

statements. □ 
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Typical functions with removable singularities and poles are quotients f/g 
of analytic functions. For example, f(z ) = (sin z) / z has a removable singularity at 
zo = 0. More generally, if / and g have zeros of order m and n at zo, respectively, 
then zo is a removable singularity of f/g if n < m and a pole of order n — m 
otherwise. The functions f(z) = exp(l / z) and f(z) = exp(l / z 2 ) have an essential 
singularity at zo = 0, their phase portraits are shown in Figure 3.21. A more 
interesting example is considered next. 


Example 4.4.2. Let q be a complex number with 0 < q <1. The Laurent series 


oo 

/(*)= E 

k= — oo 


which we already met in Example 3.3.3 in connection with the Jacobi Theta func- 
tions, converges for all z G C \ {0}. The function / has an essential singularity at 
z 0 = 0. 

Figure 4.21 shows phase portraits of / for q = 0.9 and q = 0.97 exp(i7r/6). 
The black line is the unit circle. It is depicted here since / is invariant with respect 
to the substitution z ^ 1/z, which causes a kind of symmetry. In fact the function 
/ obeys yet another symmetry property, namely 

f(z) = qz f(q 2 z), z G C. (4.63) 

This functional equation can easily be verified and shows that, up to multiplication 
by the factor qz , the function / is invariant with respect to the similarity trans- 
formation z i— >> q 2 z. In particular this observation explains the spiral-like pattern 
of zeros in the right-hand picture: if Zq is a zero of /, then so is q 2 zq- 



Figure 4.21: Phase portraits of the functions f q with q = 0.9 and q = 0.97 e 17r / 6 
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Behavior Near Isolated Singularities. The phase portraits in Figures 3.21 and 
4.21 indicate a rather wild behavior of these functions in a neighborhood of essen- 
tial singularities. The following theorem shows that this must always be so. 


Theorem 4.4.5 (Casorati-Weierstrass). If zq is an essential singularity of the an- 
alytic function f in the punctured disk D = D \ {zo}, then f(D) is dense in the 
complex plane. 


Since D can be replaced by a punctured disk with arbitrarily small radius, the 
conclusion of the theorem can be rephrased: for any £ > 0 and any a G C there 
exist zeD with \z — zq| < £ such that |/(z) — a\ < e. 


Proof. Suppose that f(D) is not dense in C, i.e., there exist e > 0 and a G C such 
that \f(z)—a\ > £ for all z G D. Then the function g defined by g(z) := l/(f(z) — a) 
is analytic and bounded in Z), so that it has a removable singularity at zq. We 
extend g to an analytic function in all of D, represent / as /(z) = a + 1 j g(z) for 
z G Z), and see that zo is either a removable singularity (if g(z o) ^ 0) or a pole (if 
g(z 0 ) = 0) of /. □ 


The Casorati-Weierstrass theorem is amazing, but in fact there is an even 
stronger result. The Great Picard Theorem tells us that any analytic function with 
an essential singularity at z o takes on all possible complex values - with at most 
a single exception - infinitely often in any neighborhood of zo (see Krantz [31]). 

Isolated Singularities in Phase Portraits. Let us now investigate the appearance 
of isolated singularities in the phase portrait. It is clear that removable singu- 
larities cannot be seen at all, while poles manifest themselves in the well-known 
pattern of isochromatic lines emerging from the singularity. But what about es- 
sential singularities? 

Theorem 4.4.6. An isolated singularity zo of an analytic function f is an essen- 
tial singularity if and only if any neighborhood of zq intersects infinitely many 
isochromatic lines of the phase portrait of one and the same color. 

Proof. The c if ’-direction is clear, since a sufficiently small circular neighborhood of 
a removable singularity or a pole intersects only finitely many isochromatic lines 
of one color. 

In order to prove the converse, we assume that / has an essential singularity 
at zo and show that then any punctured disk D centered at zo contains an arbitrary 
number of points at which / attains the same value. 

Let D be a punctured disk with center zq. To begin with, we choose a point 
zi G D with /(zi) 7^ 0 and an open disk U\ centered at z\ such that U\ C D and 
0 ^ Vi := /(Zfi). By the open mapping principle the set V\ is open. 

In the next step we apply the Casorati-Weierstrass theorem to find a point 
Z 2 £ D\U i with W 2 := /(z 2) G V\. Further we choose an open disk U 2 centered 
at Z 2 such that U 2 C D \ U\ and V 2 := /(C/2) C V\. Note that V 2 is an open set. 
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Continuing in this manner, we get a sequence of pairwise disjoint disks 
Ui,U 2 ,...,U n C D with images V& := f(Uk) forming a family of nested open 
sets V\ D V 2 D . . . D V n . Since V n is open and f has at most a countable number 
of zeros, we can choose w* E V n such that for c := w* /\w*\ the isochromatic set 
S := {z E D : f(z)/\f(z)\ = c} contains no zero of /'. Consequently S is the union 
of smooth isochromatic lines on which |/| is strictly monotone (see page 147). Be- 
cause w* belongs to V ni and hence to all T4, there exist z^ E Uk with 


f(z 1 ) = f(z 2 ) = • • • = /«) = w 


* 


This implies that all points zi, . . . , z n must he on different isochromatic lines with 
color c. Since n can be chosen arbitrarily large this proves our claim. □ 

So far we have investigated isolated singularities at points zo E C. The case 
Zo = 00 can be treated analogously by considering the function g(z ) := /(1/z) in 
a neighborhood of zo = 0. Any function / which is analytic in a ‘punctured disk’ 
D := {z £ C : \z\ > r} has a convergent Laurent series with center at infinity, 

00 

f(z)= c kZ k i Z e D, (4.64) 

k= — oo 


and the behavior of / in a neighborhood of infinity depends in very much the same 
way as for finite Zq on the main part of this series, which is now defined by 


J2 Ck 



k = 1 


(4.65) 



Figure 4.22: The essential singularity of the tangent function at infinity 
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Simple examples of functions with an essential singularity at infinity are the expo- 
nential function and the sine function. More generally, any entire function which 
is not rational has an essential singularity at infinity. Figure 4.22 shows enhanced 
phase portraits of the tangent function in a neighborhood of zq = oo. The domains 
depicted are given by \z\ > 1/2 (left) and \z\ > 10 (right). The missing structure 
in the two circular domains in the image on the right is due to the insufficient 
accuracy of numerical computations. The two pictures demonstrate that essential 
singularities need not manifest themselves in impressive phase portraits since the 
wild behavior may be located in tiny regions which are barely visible. 


4.5 Residues 

It follows from the uniqueness principle that an analytic function in a domain D 
is completely determined by its Laurent series at an isolated singularity zq. More 
surprisingly, much information is encoded just in a single coefficient of this series. 

Definition 4.5.1. Let zo G C be an isolated singularity of /. The coefficient c_i of 
the Laurent series (4.54) is said to be the residue of / at zq, 


Res (f,z 0 ) := c_ x . 


The reason for the somewhat strange name becomes clear when we consider the 
integral of / along a closed path 7 which winds itself once around zo in the positive 
direction. If / is analytic in a punctured disk D := D\{zq} and 7 C D, the formula 
(4.56) for the Laurent coefficients tells us that 


Res (/, z 0 ) 


1 


2tt1 


f(z ) dz. 


7 


(4.66) 


So the residue is essentially c what remains’ of the integral when we integrate 
around an isolated singularity. 

Computation of Residues. It is clear that the residue Res (/, zq) at a removable 
singularity of / vanishes. If zq is a simple pole of /, the residue can easily be 
computed using the formula 


Res (/, z 0 ) = lim (z — zq) f (z). (4.67) 

Z~>Zo 

If / has a pole of order n at zo, the function g(z) := (z — zo) n f(z) has a removable 
singularity at z, 0 , and its derivative of order n — 1 satisfies g^ n ~ 1 \zf) = (n — 1 )! c_i, 
which yields 


1 

(n — 1 )! 


d n_1 

lim — — (z 

Z^z 0 dz n 1 


z 0 ) n f(z). 


Res (/, z 0 ) 


(4.68) 
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Example 4.5.1. The function /(z ) 


z/(e z — 1) has isolated singularities at the 


points Zk = 2/c7ri, k E Z. The singu- 
larity at the origin is removable, the 
other singularities are simple poles. 
Using (4.67) and de L’Hospitahs rule 
we obtain for k = ±1, ±2, . . ., 


Res (. f,z k ) 


lim (z — 

z—>z k 


lim 

- 2 — yz k 

lim 



Zk)f(z) 

- 1 

■ Z k 


z^z k e z 


2kx\. 


Figure 4.23 shows a phase portrait of 
/ in the square 



{zeC: 


Re z < 



Im z 


< 10 }. 


Figure 4.23: /(z) = z/(e z — 1) 


sin z — z — 


cos z 3 = 1 — 

1 _ 2 

1 — cos z 3 z 6 

sin z 2 

1 — cos z 3 z 5 


lr + s +0 (* T ) 

6 




2! +0(z 12 ) 
+ 0 ( 1 ) 


1 


3 z l 


+ 


1 


60 z 


+ 0(z). 



Example 4.5.2. The function f(z) = sinz/(l — cosz 3 ) has an infinite number of 
isolated singularities, among them a pole of order 5 at zq = 0. Figure 4.24 shows 
a phase portrait of / in the square |Rez| < 2, |Imz| < 2. 

An attempt to compute the residue 
Res (/, 0) using formula (4.68) with 
n = 5 is rather discouraging. In such 
cases it is often more convenient to 
work directly with the Laurent series 
of the functions involved. Using the 
rules for manipulating power series 
(see Section 3.2), we get successively 


Consequently Res (/, 0) = 1/60. 


Figure 4.24: f(z) = sin zj (1 — cos z 3 ) 


If z o is an essential singularity , computing the Laurent series is usually the easiest 
way of finding the residue. 


4.5. Residues 


185 


Example 4.5.3. The function f(z ) = (z — 1) cos(l/z) has an essential singularity 
at the origin. Figure 4.25 shows a phase portrait of / in the square |Rez| < 1/2, 
lmz\ < 1/2. 

In order to evaluate the residue 
Res (/, 0) we start with the Taylor se- 
ries of the cosine function, 

z^ 

cos z = 1 - y + T •••• 

Substituting z by 1/z we get the Lau- 
rent series 

1 1 1 

* 2 !z 2 4! z 4 ^ 

of cos 1/z at the origin, and finally 

1 1 

f(z) = z — 1 1 7 =F . . . 

JK J 2z 2z 2 ^ 



is the Laurent series of / at z 0 = 0. Figure 4 . 2 5 : f(z) = (z - 1) cos(l/z) 
Consequently Res (/, 0) = — 1 / 2 . 

Residues at Infinity. The residue Res (/, oo) of a function / with an isolated 
singularity at infinity is defined by 


Res (/, oo) := — c_i, (4.69) 

where c_i denotes the coefficient of 1/z in the Laurent series (4.64) of / at infinity. 
Instead of calculating residues at oo directly from the Laurent series, one can make 
use of the formula 


Res (/, oo) = Res (g, 0), where g(z) := — f{l/z)/z 2 . 


If / is analytic in D := {z E C : \z\ > r}, r > 0, and 7 is a path in D with winding 
number minus one about zero (which is another way of saying that 7 winds once 
around the point at infinity in the positive direction), then 


Res (/, 00 ) 


-c-i = 


1 

2tt1 



f(z) dz. 


(4.70) 


Note that the residue Res (/, zq) for finite zo is involved in the principal part of 
the Laurent series, while Res (/, 00 ) appears in the regular part. So the integral in 
(4.70) may be different from zero even if infinity is a removable singularity of /. 

The Residue Theorem. The next result is an extended version of Cauchy’s inte- 
gral theorem in the presence of isolated singularities. 
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Theorem 4.5.2 (Residue Theorem). Let D be an open set in the plane, assume 
that S := {zi, . . . , z n j is a finite subset of D, and let f : D \ S C be analytic. 
Then, for any cycle T in D \ S which is null-homologous in D, 



n 

2m wind (T, Zk) • Res (/, z\f). 
k = l 


Proof. In the first step we complement T by adding paths which encircle the 
singular points of / to a cycle T which is null- homologous in D\S. 

Since all points Zk are interior points of D , we find pairwise disjoint closed 
disks with centers Zk and sufficiently small radii r k which are contained in the set 
(D\S) U {zk}. For k = 1 , . . . , n we define the paths Ik ■ [o, 1] -» D by 

jk(t) := r k exp(— 2nk7T i £), where := wind (T, ^). 

Then T := T + 71 + . . . + y n is a null-homologous cycle in D \ S. Figure 4.26 
illustrates this situation. The dark-blue circle in the right picture is run through 
twice. 



Figure 4.26: Complementing a cycle T to obtain a null-homologous cycle 


Indeed, for all points z E C \ (D U S) we have wind ( 7 ^, z) 
homotopic in C \ {z} to the point z\f), so that wind (T, z) 
z = Zj G S, then 


wind ( 7 k,Zj) 


0 if k 7 ^ j 
-nj if k = j , 


0 (since 7 ^ is null- 
wind (r, z) — 0 . If 


and we have again 


wind (r, Zj) = wind (T, Zj) + wind (7 j, Zj) = nj — nj = 0. 


Since the integral of / along 7 j is just nj Res (/, Zj), the assertion now follows from 
the general form of Cauchy’s integral theorem (Theorem 4.3.6. □ 


4.5. Residues 


187 


On applying Theorem 4.5.2 to a positively oriented circular path which con- 
tains all singularities, and invoking formula (4.70) for the residue Res (/, oo), we 
get the following corollary. 

Corollary 4.5.3. If f is analytic in the entire plane with the exception of finitely 
many isolated singularities z\, . . . , z n , then 

Res (/, zi) + . . . + Res (/, z n ) + Res (/, oo) = 0. 


Applications. The residue theorem is not only useful in complex analysis, it has 
vast applications in real analysis as well. In particular it is a powerful tool for eval- 
uating real integrals. We demonstrate this for a specific class of integrals described 
in the following theorem. 

Theorem 4.5.4. Let P and Q be polynomials in two variables x and y, assume that 
Q(x, y) 7 ^ 0 whenever and x 2 + y 2 = 1, and let R := P/Q. Then 


where 


*277 


R(cos £, sint) dt 


n 

27T £ Res (/, z k ), 

k = 1 



Z £ (C, 


and zi , . . . , z n are the poles of f in the unit disk B. 


(4.71) 


(4.72) 


Proof. First of all we remark that / is a rational function of the complex variable 
z. If z := x + \y £ T, we have x = (l/2)(z + 1 / z) and y = (l/2i)(z — 1 / z\ so that 
f(z) = R(x, y)/(x + iy) with x 2 -\-y 2 = 1 . Consequently / has no poles on the unit 
circle. 

By definition of the integral along the positively oriented unit circle T with 
the parametrization 7 : [0, 2tt] -£ T, t e lf we get 




i2(i(e w +e" tt )4 (e“ 


e 1# ) ) ie xt dt = i J 0 27r R(cost, sint) dt. 


Evaluating the integral on the left-hand side by the residue theorem yields the 
desired result. □ 

The following example demonstrates that formula (4.71) may still hold even 
when Q does not satisfy all assumptions of Theorem 4.5.4. The reason is a par- 
tial cancellation of zeros in the numerator and the denominator of R after the 
substitution (4.72). 

Example 4.5.4. We would like to evaluate the integral 


*27 r 


• 4 1 

sm t 


dt , 


0 


1 + cos t 
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which has the form (4.71) with R(x,y ) := y 4 /( 1 + x). Here one assumption of 
Theorem 4.5.4 is violated since the denominator Q(x,y) := 1 + x has a zero 
satisfying x 2 + y 2 = 1, namely x = — 1, y = 0. This zero of Q corresponds to a 
(double) zero of the denominator 1 + cos t of the integrand g(t) := sin 4 1/ (1 + cos £), 
but in fact it cancels with the fourth order zero of the numerator of g at the same 
point t = 7r. Setting g{it) := 0 makes g a continuous function on [0, 2 tt] . 

Though this cancellation effect cannot be observed in the function R(x , y), it 
becomes obvious after substituting x and y according to (4.72), which yields the 
function 


1 (A ... i (^ 2 -i ) 4 i (z-i) 4 (^+i ) 2 

z 1 + \ (z + \) 2 3 z 4 (z 2 + 2z + 1) 8 z 4 


(4.73) 


The only pole of this rational function at z\ = 0 has order four. In order to 
determine the residue of / at z\ we thus need the coefficient of z 3 of the polynomial 
(z — l) 4 (z + l) 2 . This coefficient equals 4, so that Res (/, 0) = 4/8 = 1/2, and finally 



• 4 i 

sm t 
1 + cos t 


dt = 27 r Res (/, 0) 


= 7 r. 



Figure 4.27: Phase portraits of the functions / and z ^zf(z) 

Figure 4.27 shows phase portraits of the functions / and h : z ^ z f(z) in the 
square defined by |Rez| < 1.2, |Imz| < 1.2. The zeros of / and h at ±1 and 
the poles at the origin can clearly be identified in these pictures. The (real) val- 
ues of the integrand g are associated to the values of h along the unit circle by 
g(t ) = /i( cos t T i sin t) — R( cos t, sin t) with t £ [0,2t r]. 

The next example illustrates an application of the residue theorem to the 
evaluation of an improper integral 
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Example 4.5.5. The Fourier transform F of the function f(t) = 1/(1 Ft 2 ) is given 
by the (absolutely convergent) improper integral 


F M 



Scot 


l Ft 2 


dt. 


wGt. 


(4.74) 


In order to evaluate the integral by the residue theorem, we ‘complexify’ the inte- 
grand and replace the integral (4.74) by an integral along an appropriately chosen 
closed contour. 

The asymptotic behavior of the function g(z) := e 1UJZ /(I + z 2 ) in the complex 
plane depends on the parameter uj. If uj > 0 it decays (exponentially) in the upper 
half-plane as Im z -Too; if uj < 0 we have exponential decay in the lower half- 
plane. This can be seen in the phase portraits of g for uj = 5 (left) and uj = — 5 
(right) of Figure 4.28. We remark that one can also read off the monotone decay 
of / along the real axis from the inclination of the isochromatic lines against the 
vertical direction. 



Figure 4.28: The function g(z) := e luz /(I + z 2 ) for uj = 5 and uj = — 5 

Assuming that uj is non- negative, we consider a closed path 7 # which consists of 
the segment [— R, R] on the real axis and a (positively oriented) semi-circle 7 J in 
the upper half plane with radius R > 1 and center at the origin. We evaluate the 
integral of g along 7 # by the residue theorem, and prove that the contribution of 
7 ^ tends to zero as R goes to infinity, so that in the limit only the integral along 
the real axis remains. 

The function g is analytic in the plane with the exception of two simple poles 
at z = ±i. Since the pole at — i lies in the exterior of [ 7 #] we only need the residue 
of g at i, 

e iuJZ e~ u 

Res ( g , i) = lim (z - i) — — - = — . 

z-n 1 + r 2 1 
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The residue theorem tells us that for all R > 1 


/ g(z) dz + / g(z)dz = / g(z) dz = 27riRes (g, i) = ne 
-R J 7+ J Zr 


■ CjJ 


(4.75) 


In order to estimate the integral of g along p, we observe that for all u> > 0 and 


* G T 


.1 UJZ 


< 1, Z 2 + 1 > R 2 - 1, 


so that the standard integral estimate yields 




g(z) dz 


< 


7T R 


R? - 1 


Since the right-hand side tends to zero as R oo, we infer from (4.75) that 


• + 00 Q lUJZ 


-oo 


1 + Z : 


dz = 7re cj > 0. 


(4.76) 


If cz < 0 we replace the semi-circle 7^ in the upper half-plane by the corresponding 
semi-circle 7^ in the lower half-plane, which is now run through in the clockwise 
direction. Using Res (g, — i) = ie^/2, we obtain similarly after some calculation 


•+00 i ujz 


■00 


1 + z : 


dz = , uj < 0. 


(4.77) 


Combining formulas (4.76) and (4.77) we finally arrive at 


F{uj) : 


‘ + OO 


— OO 


1 + z : 


dz = 7i e 


— a; 


c j eR. 


Further applications of the residue theorem to integral transformations will be 
given in Volume 2. 

The Logarithmic Residue. We close this section with an alternative approach to 
the argument principle (Theorem 3.5.9) which is provided by the residue theorem. 
Our starting point is the logarithmic derivative f'/f of an analytic function /. If 
zo is a zero of order n > 0 or a pole of order —n > 0, then / can be represented as 
f(z) = (z — zo) n g(z), where g is analytic in a neighborhood of zq and g(zo) 7^ 0. 
A short calculation yields that for all z in a punctured neighborhood of zq 


f{z) = n g'(z) 

f(z ) Z- z 0 g(z ) ’ 


(4.78) 


so that zo is a simple pole of f'/f with residue n. The number n is therefore called 
the logarithmic residue of / at zq. 
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The two windows on the left-hand side of Figure 4.29 show phase portraits in 
a neighborhood of a zero of order three and a pole of order five. The two windows 
to the right depict the corresponding logarithmic derivatives. 



Figure 4.29: A triple zero and a pole of order five with the logarithmic derivatives 


Let / be meromorphic in the simply connected domain Z), and assume that J is 
a positively oriented Jordan curve in D which meets neither zeros nor poles of /. 
Then the residue theorem tells us that 



f'(z) 

m 


dz = 2m Res (/'//> z j ) 
3 


2m(N -P), 


(4.79) 


where N and P denote the numbers (counted with multiplicity) of zeros and of 
poles of / which are located in the interior of J. The integral on the left-hand 
side can easily be evaluated: if 7 : [0, 1] —> J is a parametrization of J, then any 
continuous branch log (/ o 7) of the logarithm is a primitive of f'/f along 7, so 
that 



m 

/(*) 


dz = log (/ o 7)(1) - log(/ o 7)(0) 


2 tt 1 wind jf. 


(4.80) 


Combining (4.79) and (4.80) we again obtain the argument principle (Theorem 3.5.9). 


4.6 Conjugate Harmonic Functions 


In this section we investigate another remarkable consequence of the Cauchy- 
Riemann equations: the real part u and the imaginary part v of an analytic function 
satisfy a special partial differential equation of second order. 

Definition 4.6.1. A function u : D — >• R is said to be harmonic in the open set 
D C M 2 if it is twice continuously differentiable and satisfies the Laplace equation 


A u : = 


d 2 u d 2 u 
dx 2 dy 2 



(4.81) 


in D. The differential operator on the left-hand side is called the Laplace operator. 
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The Laplace equation is certainly one of the most important partial differential 
equations, and harmonic functions are ubiquitous in almost all fields of mathemat- 
ical physics and many other applications. The Laplace operator and the concept 
of harmonic functions have far reaching extensions to higher dimensions and to 
functions on manifolds. 

Analytic and Harmonic Functions. In the following we identify subsets of C with 
the corresponding subsets of the Euclidean plane M 2 . 

Theorem 4.6.2. If f : D C is analytic in an open set D C C ; then u := Re/ 
and v := Im/ are harmonic in D . 

Proof. Since / is infinitely differentiable, we can differentiate the first Cauchy- 
Riemann equation with respect to x and the second equation with respect to y , 

d 2 u d 2 v d 2 u d 2 v 

dx 2 dxdy ’ d y 2 dydx 

Interchanging the order of differentiation and adding these equations yields the 
desired result. □ 

Conjugate Harmonic Functions. By Theorem 4.6.2, any analytic function gener- 
ates two real harmonic functions u and v which are coupled by the Cauchy -Riemann 
equations. Such functions are said to be conjugate harmonic. More precisely, we 
shall say that v is conjugate harmonic to u, but because v is conjugate harmonic 
to u if and only if u is conjugate harmonic to —v, the relation is often symmetrized 
by neglecting the sign. 

Contour Lines. The contour lines 


{(x,y) G M 2 : u(x,y) = const} 
{(x,y) G M 2 : v(x,y) = const} 

of conjugate harmonic functions u 
and v have an interesting property. 
Figure 4.30 shows a number of such 
lines, where u and v are the real 
part (red lines) and the imaginary 
part (blue lines) of the polynomial 

f(z ) =z 3 + z-l. 


The domain depicted is the square 
x\ < 1, \y\ < 1. The next theorem 
confirms the expectation that the 
mutual orthogonality of the fami- 
lies of red and blue lines is not an 
accident. 



Figure 4.30: Contour lines of conjugate 
harmonic functions 
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Theorem 4.6.3. If u and v are conjugate harmonic and have non-vanishing gradi- 
ents, then their contour lines are mutually orthogonal. 

Proof. The Cauchy-Riemann equations tell us that the gradient of u and the 
gradient of v are orthogonal, 


du du 


dv dv 


du du 


du du 


dx 1 dy ) \dx’ dy 


dx' dy 


dy ’ dx 


= 0 . 


Since both gradients do not vanish and are orthogonal to the corresponding con- 
tour lines, the result follows. □ 

The functions u(x,y) = x and v(x,y) = 2 y illustrate that the converse does 
not hold, that is, orthogonality of the contour lines of harmonic functions u and 
v does not necessarily imply that u and v are conjugate harmonic. Nevertheless, 
there is an ‘almost converse’. 


Theorem 4.6.4. Let u and v be real-valued harmonic functions with non-vanishing 
gradient in a domain D. If the contour lines of u and v are mutually orthogonal, 
then there exists a real constant c such that cv is conjugate harmonic to u, i.e., 
u + icv is analytic in D. 

Proof. By assumption, u and v are twice continuously differentiable, the gradients 
of u and v are orthogonal and non-zero. Consequently, there exists a continuously 
differentiable non-vanishing function c : D — )► R such that 


du 

dx 



= — ci 



Separating real and imaginary parts we get 

du dv du dv 

dx dy ’ dy dx 


(4.82) 


Differentiating the first equation with respect to x, the second with respect to y, 
and adding the results we get 


d 2 u d 2 u dc dv dc dv 
dx 2 + d 2 y dx dy dy dx ’ 


(4.83) 


which tells us that the gradients of c and v are orthogonal in D. Multiplying the 
equations in (4.82) by 1/c, differentiating the first equation with respect to y, the 
second with respect to x, and subtracting the results we obtain similarly that the 
gradient of 1/c is orthogonal to the gradient of u. Since the gradients of u and v 
span M 2 , and the gradients of c and 1/c are parallel, the gradient of c vanishes in 
D. Because D is connected, c is a constant, and (4.82) are the Cauchy-Riemann 
equations for u + i cv. □ 
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The next result gives a first answer to the question: which harmonic functions 
have conjugates? 

Theorem 4.6.5. Any harmonic function u : D R in a simply connected domain 
D has a harmonic conjugate v in D . The function v is uniquely determined up to 
an additive constant. 


Proof 1. If Do C D is a disk centered at zq, we define v in Dq by the integral 


v(z) :■ 


7 


du 

dy 


f du 

(. z)dx + J — {z)dy, z e D 0 , 


( 4 . 84 ) 


where 7 is a path from zq to z in Dq. Since u is harmonic, the integrability condition 


d du d du 


dy dy dx dx 


is fulfilled, so that the integral does not depend on the choice of the path from zq 
to 2). Moreover, v is continuously differentiable and 


dv du dv du 

dx dy ’ dy dx 


So the Cauchy- Riemann equations are satisfied, and because /o := u + i v is con- 
tinuously differentiable, it is analytic in Dq. Since the Cauchy-Riemann equations 
determine the gradient of the conjugate function v, any two such functions can 
differ at most by a constant. 

2. If Dq and D\ are two overlapping disks in D, the corresponding analytic func- 
tions /o and /1 constructed in the first step can be adjusted so that /o = /1 in 
D 0 D D\. It follows that /o has an unrestricted analytic continuation in D, and by 
the monodromy principle (Theorem 3.6.10) it generates an analytic function / in 
D. Clearly, the imaginary part of / is a harmonic conjugate of u. □ 

Corollary 4.6.6. Harmonic functions in an open set Del 2 are infinitely differ- 
entiable in D. 


Proof. If u is harmonic in D and Dq C D is a disk, then u has a harmonic conjugate 
v in Dq. Since f = u- fm is analytic, u and v are infinitely differentiable in Dq. □ 


Another consequence of Theorem 4.6.5 is the mean value property of har- 
monic functions. 

Theorem 4.6.7. If u is harmonic in a disk D with center zq and radius R, then 
for any r < R 
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For a proof we complement u by a conjugate harmonic function v to an 
analytic function u + iv in D and apply the mean value theorem for analytic 
functions (Corollary 4.2.3). 


The function u(x,y) = log \x + iy\ shows that a global harmonic conjugate 
need not always exist. This function is harmonic in C \{0}, because it is (locally) 
the real part of (any branch of) logz. Assuming that there exists a harmonic 
conjugate v of u in C \{0}, we can normalize it so that v(l) = 0. Then u + iv is 
analytic in C\{0} and coincides with the principal branch Log z in a neighborhood 
of zq = 1. Consequently u + iv is an analytic continuation of Log z to all of C\{0}, 
but this function is discontinuous at the negative real axis. 

Conjugate harmonic functions play an important role in a number of appli- 
cations, in particular in problems of plane electrostatics and hydrodynamics. 


Plane Electrostatics. The electric field E = (. E x ,E y ) in a region which contains 
no charges is irrotational , rot E = 0, and has zero divergence , divF? = 0. In two 
dimensions these conditions are expressed by 


dEy 

dx 



d E x 
dx 




(4.85) 


i.e., the electric field is governed by the Cauchy-Riemann equations for the analytic 
function / := E x — i E y . However, this complex electric field is seldom used to 
model problems of (plane) electrostatics directly, it is more usual to work with the 
electrostatic potential , which is a real-valued scalar function T whose (negative) 
gradient is the electric field, E = — gradT. The local existence of an electrostatic 
potential is guaranteed by rot E = 0, while div E = 0 implies that T is harmonic, 


AT = divgradT = — divF? = 0. 

The contour lines of T are called (equi-) potential lines. As the negative gradient 
of T, the electric field is everywhere orthogonal to the potential lines. The contour 
lines of any (local) conjugate harmonic function T of T are the field lines. The 
electric field (and hence the force which acts on a test charge) is everywhere 
tangent to the field lines. The analytic function F := T + iT is said to be a 
complex potential of E. Since 

_ <9<f> _ <9T _ <9T _ <9T 

x dx dy ’ v dy dx' 

the complex electric field / = E x — i E y is the negative derivative of the complex 
potential, / = — F' . 

Example 4.6.1. Families of potential lines and field lines give a good idea of the 
electric field. The electric fields of a single charge (left) and of two positive charges 
(right), are visualized in the two pictures of Figure 4.31. The field lines are depicted 
in blue, the potential lines are colored red. 
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Figure 4.31: The electric fields of two configurations of point charges 


Up to physical constants, the potential of a positive unit charge at the origin is 
4>(z) = — Log|z|, its potential lines are concentric circles. The potential <f> is the 
real part of (any branch of the negative of) the complex logarithm 


F(z) = — log z = —Log 


z 


i arg z, 


and hence T(z) = — arg z is a (local) harmonic conjugate of <f>. The field lines 
T = const are radial rays emerging at the origin. 

In contrast to the complex potential F(z) = — log z, which is not globally 
defined in C\{0}, the complex electric field f(z ) = — F f (z ) = 1 jz is a well-defined 
function on all of C \ {0}. 


We mention that the potential lines <f> = const and the field lines T = const 
can be read off from the (enhanced) phase portrait of g := exp(<f> + iT): since the 
equations 


<f> 



and 



exp(<f> + iT) = c, 


are equivalent, the modulus contour lines in the enhanced phase portrait of g 
coincide with the potential lines. Because the isochromatic lines are orthogonal to 
these lines, they are the field lines. 

The potential generated by a configuration of several charges is the sum of 
their individual potentials. If, for example, negative unit charges are located at 
the points £i, . . . , z m and positive unit charges are sitting at z m +i, . . . , z n , the 
resulting potential is 


®(z) Log \z — zi\ + ... + Log \z — z m \ — Log \z - z m +i \ - ... - Log \z - z n 


The potential lines are then the modulus contour lines of the rational function 


g(z) := exp(4> -f iT) = 


(z- Zj) ■■■ (z- Z m ) 
(z 1 ) ’ (z ZrZ) 
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and the field lines are the isochromatic lines in the phase portrait of g. The pictures 
in Figure 4.32 illustrate this for the case of a negative unit charge at z = — 1 and 
a positive unit charge at 1, in which case g(z) = (z + l)/(z — 1). 



Figure 4.32: Two unit charges with opposite sign sitting at z = 1 and z = — 1 


Example 4.6.2 (Electric Dipole). We observe what happens when two opposite 
charges located at the points z = —d and z = d (with d E R+) approach each 
other at the origin. In order to get a well-defined (and non-trivial) limit, the electric 
charges will be scaled up by the reciprocal distance 1/(2 d) of the approaching 
points. The limit configuration for d 0 is called a dipole. 



Figure 4.33: The field of a dipole and the phase portrait of g(z) = exp(l/z) 
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Instead of calculating the dipole potential from its definition, 


1 

$(z) := lim — - Log 
v ; d^o 2d 6 


z d 
z — d 


we determine the limit of the corresponding complex electric field, 

f(z) = lim — ( -2— IA = L. 

d^o 2d \z — d z + dj z 2 

From F' = — / we now get the complex potential F(z) = $ (*) + i4/(z) = 1/z of 
a dipole (the integration constant is of no interest here). Figure 4.33 depicts the 
electric field of the dipole and the phase portrait of g(z) = exp (F(z)) = exp(l / z). 
In the gray zone of the left picture the density of lines is too high to depict them 
individually, the phase portrait on the right has a much better resolution. 

Since the electric field E is the negative gradient of the potential <f>, the 
strength \E\ of the field can be read off from the density of the potential lines. It 
follows from the Cauchy-Riemann equations that 


grad <f> 


grad 4/ 1 , 


so that potential lines and field lines have the same density. This relation is re- 
flected in the enhanced phase portrait of the function g by the fact that the cells 
generated by potential lines and field lines are approximate squares. The edge 
length of these cells is inversely proportional to the strength of the electric field. 

Plane Potential Flow. Another physical problem which is closely related to the 
Cauchy-Riemann equations and conjugate harmonic functions is two-dimensional 
potential flow. This idealized model of fluid flow is based on the assumptions that 
the fluid is incompressible and inviscid (without friction), and that its velocity 
field is time-independent and irrotational. 

In order to state the equations of motion, we denote by V x and V y the com- 
ponents of the velocity V of the fluid particles in the directions of the (Cartesian) 
x and y coordinates. Then the velocity field V = V(x,y) in the two-dimensional 
domain D occupied by the fluid satisfies the partial differential equations 


dV x 

dx 




dV^_dV x 

dx dy 


(4.86) 


The first equation reflects the incompressibility of the fluid (continuity equation, 
vanishing divergence), while the second one tells us that the flow has vanishing 
rotation. These equations are just the Cauchy-Riemann equations for the complex 
velocity 

f{x + iy) := V x (x,y) -i V y (x,y). 

Consequently, any analytic function in a domain D can be interpreted as the 
velocity field of a plane potential flow in T>, and vice versa. 
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A (local) primitive F of the complex velocity / is called a complex veloc- 
ity potential. Separating F into its real part T and its imaginary part 4/, and 
considering 4> and 4/ as functions of x and y, we get 



dx 


~dy' 



<9T 

dy 


dS ' 

dx 


(4.87) 


Since the velocity field V = (V x , V y ) is the gradient of the real function 4>, we refer 
to 4> as the real velocity potential. 

As real and imaginary parts of the analytic function F, the functions 4> 
and 4/ are conjugate harmonic, and hence the contour lines of 4/ are parallel to 
the gradient of 4>, which is just the velocity V. Hence the equations 4/ = const 
characterize the stream linesoi the flow, and 4/ is designated as stream function. 



Figure 4.34: Parallel flow and potential flow around a rectangular obstacle 

The images on the left and in the middle of Figure 4.34 visualize a parallel flow 
with constant velocity field V(x,y) = Vo- The complex velocity and the complex 
potential of this flow are f(z ) = Vq and F(z) = Vq z, respectively, where the 
vector Vo is interpreted as a complex number. The picture on the left shows the 
stream lines of the flow. The window in the middle visualizes the same flow, 
but here we have colored the regions between neighboring stream lines. Since the 
generation of these stripes is computationally more stable, we shall exclusively 
use this representation from now on. Interpreting these pictures, one should take 
into account that the speed of the fluid is inversely proportional to the density of 
stream lines. 

Appropriately chosen branches of the power functions f(z ) = z a describe 
potential flows around edges. The right window of Figure 4.34 shows the flow 
past a rectangular corner, which has the complex velocity /(z) = z -1 / 3 and the 
complex velocity potential F(z) = (3/2) z 2 / 3 . Here the analytic branches of the 
power functions in the three-quarter plane {z E C \{0}: 0 < arg z < 3tt / 2} are 
chosen such that they are positive on R + . Since then arg /(z) = — tt/ 2 on the 
negative imaginary axis, the boundary of the obstacle is (the limit of) a stream 
line of the flow. 
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We remark that often the complex velocity is easier to handle than the com- 
plex velocity potential. For example, the three flows depicted in Figure 4.35 have 
well-defined complex velocity fields f(z ) = a/ z with 0 in the punctured plane 
C := C\ {0}, while the associated complex potentials F(z) = a log z are multiple- 
valued functions. 



Figure 4.35: Three types of potential flows with a singularity at the origin 


All three velocity fields have a singularity at the origin. The window on the left, 
where Ima = 0, shows a source (or a 5mA;, depending on the direction of the flow 
which is determined by the sign of a), the other two depict two types of vortices. 
In the picture in the middle we have Rea ^ 0, Ima ^ 0, while the flow field with 
closed stream lines on the right side corresponds to a purely imaginary value of a. 
The latter is a pure vortex , also called a center. 

Another interesting model of an ideal flow is given by the complex Joukovski 
potential , 


F{z) := Woo (z + z 1 ), 


z 


> 1 


Vqq G IR._|_ . 


(4.88) 



Figure 4.36: Potential flow around a disk (circular cylinder) 

It can easily be verified that the unit circle is a contour line of the stream function 
T := ImF, the potential describes a two-dimensional flow around the unit disk. 
The complex velocity of the Joukovski flow is f(z ) = v oo (1 — z~ 2 ). At large 
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distances from the origin the flow is approximately parallel to the real axis and 
has speed v^. The stream lines are depicted in Figure 4.36 (left). 

Since the equations (4.86) of potential flow are linear, velocity fields and 
potentials can be superimposed. Adding to the Joukovski flow a pure vortex flow 
centered at the origin, we obtain the complex velocity 

f(z) = Woo (l - ^2 ) + “> a € R. (4.89) 

For every real a the velocity field is tangent to the unit circle. The corresponding 
stream lines for two different non-zero values of a are also shown in Figure 4.36. 
The picture in the middle corresponds to 0 < a < 2v 00l and in the window on 
the right we have a > 2 0 ^. In the latter case the flow has a stagnation point zq 
(indicated by a red dot), where f(zo) = 0. 

Note that the pictures of Figure 4.36 can also be interpreted as cross sections 
through a three-dimensional potential flow past a circular cylinder, with velocity 
orthogonal to the cylinder axis. 

If V = (V xl V y ) is the velocity field of a flow and F is an oriented curve (path) 
in the domain D occupied by the fluid, the integrals 


Q ■= J ( Vx dy - V y dx) = J V-Nds, 

f* f* 

(4.90) 

J := J (V x dx -j- V y dy ) = J V • T ds , 

(4.91) 


define two quantities which are important in applications. In the integrals on the 
right-hand side, T is a positively oriented tangent vector to the (smooth oriented) 
curve T, the vector TV := — iT is perpendicular to T, the dot stands for the scalar 
product, and integration is with respect to arc length. Both quantities admit a 
physical interpretation: Q is called the flux of the vector field V through T, and 
J is referred to as the circulation of V along F. 

In terms of the complex velocity f = V x — iV y , both equations (4.90) and 
(4.91) can be summarized in the single relation 

J + iQ = J f(z)dz. (4.92) 

By Cauchy’s integral theorem, the values of J and Q do not depend on the choice 
of the curve T, provided the curves considered are homotopic in the flow region. 
In particular, the vortex field 



Q ~ i J 

2tt z 


has circulation J around and flux Q through any positively oriented Jordan curve 
which encircles the origin. 



Figure 5.1: The Riemann Zeta function in —30 < Kez < 7, —2 < Im z < 48 



Chapter 5 

Construction Principles 


This chapter is concerned with various methods for constructing analytic func- 
tions. We begin by investigating limit processes involving analytic functions in 
Section 5.1. In particular we shall introduce the notion of normal convergence , 
which plays an important role in complex analysis. This concept will be used in 
Section 5.2, where we prove MonteVs theorem , a compactness criterion for families 
of analytic functions. This result is a key ingredient of many existence proofs and 
will be applied in Section 6.4 to derive the Riemann mapping theorem. 

Section 5.3 deals with various types of function series. Besides the prominent 
Taylor, Laurent and (complex) Fourier series, we also study Dirichlet and Lambert 
series, and we comment briefly on Hadamard gap series. 

Infinite products form the subject of Section 5.4. We discuss at length dif- 
ferent concepts of convergence and state several convergence criteria. Infinite 
Blaschke products serve to illustrate the results. 

In Section 5.5 we introduce Cauchy integrals with arbitrary density and in- 
vestigate their basic properties. These powerful tools allow us to construct analytic 
functions with prescribed boundary behavior and will be fundamental to our in- 
vestigations of boundary value problems in Volume 2. 

The last section is devoted to integrals involving parameters , another common 
source of analytic functions. In particular we shall meet such parameter integrals 
in connection with integral transforms , a topic that will be worked out in greater 
details in Volume 2. 


5.1 Function Sequences 

In this section we study general limit procedures as constructive tools for generating 
analytic functions. We have already utilized this approach in Section 3.2, where 
sums of power series were defined as limits of polynomials. In order to gain more 
flexibility we now extend these procedures to general function sequences. 


E. Wegert, Visual Complex Functions: An Introduction with Phase Portraits, 
DOI 1 0. 1 007/978-3-0348-0 1 80-5_5, © Springer Basel 2012 
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First of all we need a concept of convergence which is appropriate for our 
purposes. It is clear that pointwise convergence is too weak a property, since it 
does not even preserve continuity. On the other hand, uniform convergence is too 
strong. As it happened for power series, we shall often meet sequences which do 
not converge uniformly on the entire domain set. 

Normal Convergence. The most important notion of convergence in the theory of 
analytic functions lies in between these two extremes. We define it on continuous 
functions, and do not yet require their analyticity. 

Definition 5.1.1. A sequence (/ n ) of continuous functions f n : X ^ Y is said 
to converge normally in X to the limit function / : X Y , if (/ n ) converges 

uniformly to / on each compact subset of X. 

In the literature, one finds several alternative names for normal convergence, 
like “local uniform convergence” or “uniform convergence on compact subsets”, 
or simply “compact convergence”. Also since the use of the term “normal con- 
vergence” is not absolutely standard in the literature, the reader is advised to be 
careful when working with it. 

Clearly, normal convergence implies pointwise convergence, but the setting 
of normal convergence has the advantage that it also guarantees continuity of the 
limit function. And, as we shall see in a minute, normal convergence has much 
stronger consequences for analytic functions. 

A Convergence Criterion. We now consider complex functions defined in open 
subsets of the complex plane. The following result is often useful in verifying 
normal convergence. 

Lemma 5.1.2. Let D C C be an open set. Then a sequence of functions f n defined 
in D converges normally to a function f in D , if and only if for any z E D there 
exists a (closed or open) disk D z C D centered at z such that f n converges to f 
uniformly on D z . 

Proof For closed disks the necessity of the condition is obvious. On the other 
hand it is clear that it does not matter whether we consider open or closed disks. 
Sufficiency then follows, since any compact set K C D can be covered by a finite 
collection of the open disks D z . □ 

Convergence of Derivatives. The last lemma will immediately be applied for ob- 
taining the following fundamental result, which has no counterpart in real analysis 
- normal convergence of analytic functions enforces convergence of their deriva- 
tives of any order ! 

Theorem 5.1.3. Let (/ n ) be a sequence of analytic functions f n : D —> C which 
converges normally on an open set D C C to the limit function /. Then f is 
analytic in D. Moreover, for every positive integer k, the sequence of the kth 

derivatives f n converges normally to f 
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Proof. 1. Let K be a closed disk contained in D. Since D is open we can find a 
larger disk K that is still contained in D. Denoting by 7 the standard parametriza- 
tion of the boundary of K, and by G the interior of K, we get from Cauchy’s 
integral formula (4.43) that 


fn(zo) = 



(5.1) 


for all zo in G. Since (/ n ) converges uniformly on the trace of 7 we see that / is 
continuous on [ 7 ], and taking the limit in (5.1) using Lemma 4.2.9 we arrive at 


f(z 0) = 



m 

Z- Zo 


dz 


for all zo in G. By Theorem 4.2.20, the limit function / is analytic in G. 

2 . Now applying Cauchy’s integral formula (4.44) for the fcth derivatives of 
/ and f n , we have for all Zq G G 


fT (zo) - f (k \zo) 


fc! f fnjz) ~ f{z) 
2ni J 7 (z - z 0 ) k+1 


(5.2) 


Because f n converges uniformly on [ 7 ], and since [ 7 ] has a positive distance from 
K, the integrand converges to zero uniformly with respect to Zo G K, and the 
standard integral estimate implies uniform convergence of / n to on K. □ 


Zeros of the Limit Function. Another advantage of normal convergence is that 
it preserves locally the number of zeros. A more precise formulation of this vague 
statement is given in the next theorem. 

Theorem 5.1.4 (Hurwitz Theorem). Let (f n ) be a sequence of analytic functions 
fn'D C which converges normally in the open set D to a function f which is 
not the zero -function. Then, for each point a G D, there exist a disk D{a) C D 
and an integer N(a) such that for all n > N(a ) the functions f n and f have the 
same number of zeros in D{a), counted with multiplicity. 

Proof. By the identity theorem, the zeros of / are isolated. Consequently, for any 
point a G D, there exists a disk D{a) such that the closure of D(a) is contained 
in D and contains either no zero of / (if /(a) 7 ^ 0) or exactly one zero, namely a. 
In both cases |/| has a positive minimum M(a) on the (compact) boundary T{a) 
of D(a). 

Since T{a) is compact and f n converges normally to /, there exists an integer 
N(a) such that 


I fn(z) - f{z ) | < M(a) < | f{z) 


z G T(a), n > N(a). 


By Rouche’s theorem (Theorem 3.4.7), the functions f n and / have the same 
number of zeros in D(a). □ 
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Univalent Functions. In the next chapter injective analytic functions will play 
a special role. In complex analysis it is tradition to endow this class of functions 
with a special name. 

Definition 5.1.5. Analytic functions which are injective are said to be univalent 
(or schlicht). 

It is of great importance that normal convergence preserves univalence, with one 
exception. 

Corollary 5.1.6. Let (/ n ) be a sequence of univalent functions f n :D^C which 
converges normally in the open set D to a function f . Then the limit function f 
is either constant or univalent in D. 

Proof. Assume that / is not univalent. Then there exist two distinct points a and 
b in D with /(a) = /(b), so that / — / (a) has at least two zeros, namely a and b. 
The functions f n — f{a) converge normally to / — /(a). If / is not constant, then 
/ — /(a) is not the zero-function, hence, by Theorem 5.1.4, f n — /(a) must also 
have at least two distinct zeros for sufficiently large n. This is impossible because 
f n is supposed to be univalent. □ 


Convergence of the Phase. Using phase portraits for exploring complex functions, 
it is natural to ask in which way (normal) convergence is reflected in the phase. At 
the moment we can only give a partial solution to this question, a more satisfactory 
answer will be obtained in Volume 2 after the necessary tools become available. 

Notice that (normal) convergence of a sequence (/ n ) does not necessar- 
ily imply convergence of the phase functions ip(f n )- For example, the functions 
f n (z) = z n converge normally in the unit disk D to f(z) = 0, but their phase 
functions do not converge at any point, except at the origin. 


Theorem 5.1.7. Let f n : D — > C be a sequence of continuous complex functions 
which converges normally to f on D, and let N denote the zero set of f . Then the 
phase functions ip(f n ) converge normally to 'if(f) on D\N . 


Proof. Let K be a compact subset of D \ N . Since / is continuous, there exists 
a positive number C such that 0 < 1/C < |/| < C on K. Uniform convergence 
of f n to / on K implies that 0 < 1/(2C) < \f n \ < 2 C on K for all sufficiently 
large n. Since the phase if is a uniformly continuous function in the ring domain 
1/(2C) < \w\ < 2 C, the assertion follows. □ 


5.2 Normal Families 

In this section we shall prove a simple version of MonteVs theorem , which yields a 
criterion for compactness of families of analytic functions. 
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Compactness is a basic concept in real and complex analysis 1 and an indis- 
pensable tool in many existence proofs. For instance, in order to find solutions 
of an extremal problem, one may start with a set of ‘almost extremal’ elements. 
If this set is compact, it contains a converging sequence, and the limit of that 
sequence is often a good candidate for a solution. 

When we wish to apply this selection principle to problems involving analytic 
functions, we need appropriate compactness criteria. For families of continuous 
functions we have the Arcela-Ascoli theorem (see Rudin [58] p. 145, for instance) 
which states: a family T of continuous functions / : K C on a compact set K C 
C is relatively compact (which means that the closure of T is compact) with respect 
to uniform convergence on K , if and only if it is bounded and equicontinuous. 

Locally Bounded Families. Somewhat surprisingly, the condition of equicontinu- 
ity is superfluous (which is the reason why we do not even define it here) if T 
consists of analytic functions, and uniform convergence is replaced by normal con- 
vergence (see Definition 5.1.1). Moreover, even the requirement of boundedness 
can be relaxed. 

Definition 5.2.1. A family T of functions / : D C on an open set D C C is said 
to be locally bounded , if for any point a E D there exist a disk D(a) C D centered 
at a and a positive constant C(a) such that 


\f(z)\<C(a), z £ D(a), f e J 7 . 



Lemma 5.2.2. Let T be a locally bounded family of analytic functions on an open 
set D C C, and let K be a compact subset of D. Then T is uniformly bounded 
and uniformly Lipschitz continuous on K , i.e., there exist positive constants C 
and L such that 


f(z)\<c , |/(^i)-/M <L 


Zi - Z 2 


2,21,22 f ^ F. 


(5.4) 


Proof. 1. We cover K by disks D(a) with a E K according to Definition 5.2.1, select 
a finite covering D(a \), . . . , D(a n ) of K, and set C := max{C(ai), . . . , C(a n )}. 

2. The union U := D(a\) U . . . U D(a n ) is an open set which contains K , and its 
boundary has a positive distance to K. Consequently we can decrease the radii 
of all disks D(ak) simultaneously by the same small amount 5 such that K is 
still covered by the shrunk disks D(afc). Moreover, we can choose 5 so that the 
boundary circles of D{a]f) are in ‘generic position’, i.e., there are no pairs of such 
circles which touch each other and no triples which have a common point. 

3. As a result of Step 2 we get an open set G := D(a\) U . . . U D(a n ) with 
K C G C G C U C D. According to the first step, the inclusion G C U implies 
that 

|/(2)| < C, z G G, / G T . (5.5) 


1 Readers who have never heard about compactness are recommended to consult an introductory 
text on topology. 
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The boundary J of G consists of a finite number of closed Jordan curves Ji, . . . , J m 
which are composed by circular arcs. We choose parameterizations 7 *, of Jk which 
are positively oriented with respect to G (so that G lies to left when we walk along 
Jk in the direction of increasing parameters t). Then T := 71 + . . . + 7 m is a cycle 
which is null-homologous in D (see Definitions 4.3.2 and 4.3.3) and has winding 
number one about any point in G. 

4. Applying the generalized Cauchy integral formula (Theorem 4.3.4) we obtain 


/Vo) 


1 


/(*) 


dz , z 0 G G , f G T. 


2/ri j v z — zo 

In particular we have for arbitrary points G if and / G J 7 , 

1 r / 0 ) f(z) , zi - z 2 r f(z ) 


f(zi)-f(z 2 ) 


2ttI j r Z — Z\ Z — Z 2 


2ttI Jy (z - zx)(z - z 2 ) 


dz. (5.6) 


Since J — [T] has a positive distance from K and / satisfies the estimate (5.5), 
the standard integral estimate applied to the integral on the right-hand side shows 
the existence of a constant L such that 


f(zi) - f(z 2 ) \ < L 


z\ - z 2 , 


Zi,z 2 Gif, / G T. 


□ 


Pointwise Convergence. It turns out that pointwise convergence and local bound- 
edness of a sequence of analytic functions already imply normal convergence. In 
fact we prove something stronger. 

Theorem 5.2.3. Assume that (/ n ) is a locally bounded sequence of analytic func- 
tions f n :D^Cinan open set D C C. If the sequence (/ n ) converges pointwise 
on a dense subset S of D, then it converges normally in D. 

Proof. Let K be a compact subset of D, and let L denote the Lipschitz constant in 
the estimate (5.4) for the family T := {f n } cm K. We fix a positive number e and 
cover K by a finite collection of open disks D \ , . . . , D n with radii not exceeding 
e/( 2 L) such that Dk H K 7 ^ 0. Since S is dense in ZJ, any disk Dk must contain a 
point Zk G S. Then it follows that for any z G K there exists a point Zk such that 


Z-Zk 


< e/L. 


(5.7) 


Using the triangle inequality, we estimate I f n (z) — fm(z) I for all m, n G N by 


/n(^) fm(z) I A |«/n (^0 /n(^fe) I T |/n(^/c) /m(^fe) I T /m(^fc) /m(^) 


with Zk G S satisfying (5.7). By estimate (5.4) in Lemma 5.2.2, the first and the 
last term on the right-hand side are less than e. Since the sequence (/ n ) converges 
for all points in 5, the second summand is getting smaller than £, provided that 
m and n are sufficiently large, say m, n > N. In summary we have 

\fn(z) ~ fm(z)\ < 3e, zeK,m,n>N. (5.8) 

By Cauchy’s criterion, the sequence (/ n ) converges uniformly on K. □ 
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Montel’s Theorem. We recall that the limit of a normally convergent sequence 
of analytic functions is analytic (Theorem 5.1.3). The main result of this section 
is the following celebrated theorem by Paul Montel. 

Theorem 5.2.4 (Montel). Any locally bounded sequence (f n ) of analytic functions 
fn : D —> C on an open set D C C contains a subsequence which converges 
normally in D to an analytic function f : D C. 

Proof. 1. The set S of all points in D with rational real and imaginary parts is a 
dense subset of D. In order to construct a subsequence of (/ n ) which converges at 
all points of 5, we utilize a diagonal argument. 

2. Since S is countable, it can be arranged as a sequence, S := {zi, Z 2 , . . .}. By 
assumption, the sequence (f n (z i)) is bounded, so that we can select a subsequence 

/l,l> /l, 2 ? /l,3 5 •••? /l,n> •••? (5.9) 

which converges at z\. Analogously, the sequence (5.9) contains a subsequence 


/2,1, /2,2? /2,3: 


/ 2 . 


ni 


converging (additionally) at Z2- Continuing in this manner we obtain for any k G N 
a sequence 

fk, 1? fk,2i fk,3i • • • 5 fk,m • • • ? (5.10) 

which is a subsequence of (fk-i,n)n and which converges at all points 2 q, Z 2 , . . . , zj~. 


3. We now form the diagonal sequence, 


/l,l? /2,2? /3,3 j •••? fn,n i (5-H) 

Because any ‘tail’ fr,k, fk+i,k+u fk+ 2 ,k+ 2 , ... of that sequence is a subsequence 
of (5.10), it converges at all points Zk G 5. So the diagonal sequence (5.11) satisfies 
the assumptions of Theorem 5.2.3, and hence it converges normally in D. □ 


Normal Families. A concise formulation of Montel’s theorem uses a standard 
notion in complex function theory, which gives us another name for relative com- 
pactness with respect to normal convergence. 

Definition 5.2.5. A family T of analytic functions on an open set D is said to 
be normal , if any sequence (/ n ) C T contains a subsequence which converges 
normally in D. 

Theorem 5.2.6 (Montel). A family T of analytic functions f : D C on an open 
set D C C is normal if and only if T is locally bounded. 

Proof. It only remains to show the “only-if” direction. If T fails to be locally 
bounded, there exist a closed disk K C D and a sequence (/ n ) C T such that 
max ze K |/n(2)| > n. Because T is normal, a subsequence (/ nfc ) converges uni- 
formly on K to a function / which is analytic on D. This leads to a contradiction 


ni, < max 

zeK 


Jn k (z) < max 

z£K 


Jn k V /C ) J V 




zeK 




□ 
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5.3 Function Series 

By definition, normal convergence of a function series means that the sequence 
of its partial sums converges normally. It follows immediately from Theorem 5.1.3 
that normally convergent series of analytic functions can be differentiated term- 
by-term. 

Theorem 4.4.1 tells us that Laurent series , and in particular power series , 
are normally convergent in their domains of convergence. We present some other 
typical examples below. 

Fourier Series. Laurent series are in close relation to Fourier series of periodic 
functions. Recall that a function / : D — > C is periodic with period uj G C, if for 
all z G D we have z -j- uj G D and f ipz Tee) — f (z) . 



Figure 5.2: A periodic function / in a strip 


The first condition is certainly satisfied when the domain set of / is a strip with 
boundary lines parallel to (the vector) uj. The exponential function 


w = exp 


27ri z 


UJ 


maps the strip 

S := {z G C : a < Im (z/uu) < b} (5.12) 
onto the ring domain 


R := {w G C : e~ 27Tb < \w\ < e“ 27ra }. 

Any function / in the strip S with period 
uj can be transplanted to a function g in R by 



Figure 5.3: Transplantation of 
the function / to a ring domain 

and vice versa, as is demonstrated in Figures 5.2 and 5.3. Due to the periodicity 
of / it does not matter which branch of the logarithm is chosen, we could even 
take the principal branch. 
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If / is analytic in S, then g is analytic in R and can be expanded into a Laurent 
series 

oo 

g(w) = E Ck vj k f w G R. 

k= — oo 

With the substitution w = exp(27ri z/co) we get a corresponding series for the 
function /, 

oo 

f(z)= Y, c k e 2k * izl “, zes. (5.13) 

k= — oo 

The series (5.13) is called the (complex) Fourier series of the function /. Evaluat- 
ing the formula (4.56) for the Laurent coefficients with the standard parametriza- 
tion 7 of a circle with radius r and center 0, and translating the result to the 
variable z by means of the substitution w = exp(27ri z/oj), we obtain the coeffi- 
cient formula 

C k = T f dw=l f f(z) e~ 2kni *!" dz, k e Z. (5.14) 
2m J (jo J 

7 [2:0,2:0+01] 


Here Zq is an arbitrary point in S and integration is along the segment [zq, Zq +uj . 
By Cauchy’s integral theorem, this segment can be replaced by any path from zo 
to Zq T co in S. We summarize the results in the following theorem. 


Theorem 5.3.1. If f : S -+ C is analytic and cz-periodic in the strip S defined 
by (5.12), then it can be represented by the Fourier series (5.13) with coefficients 
given by (5.14). The Fourier series converges absolutely and normally in S. 

If uo = 2tt and S contains the real axis, we obtain (formally) the classical 
Fourier series of 27r-periodic functions on the real line. 


Example 5.3.1 (Jacobi Theta Functions). Let q be a complex number with | q 
Then the Laurent series 


< 1. 


00 

/<+)= E Tz k , 

k= — 00 


(5.15) 


converges in the punctured plane C := C \ {0}. The substitution w = exp(27ri z) 
transforms the functions f q to 1-periodic functions $ q (z) := f q ( exp(27ri z)) in the 
plane. The function d q is the Jacobi Theta Function with nome q which we already 
met in Example 3.3.3. 

Figure 5.4 depicts the phase portraits of these functions with nome q = 0.9 
and q = 0.9e 17r / 6 in the square |Rez| < 0.6, llmz < 0.6. 
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Figure 5.4: Two Jacobi Theta Functions d q with q = 0.9 and q 


0.9e i7r / 6 


Lambert Series. Another interesting class of function series is constituted by the 
so-called Lambert series , which have the general form 


oo 

J2 ak 

k = 1 




(5.16) 


If infinitely many coefficients are different from zero (and this is the only case 
of interest) the poles of the partial sums of this series include a set of roots of 
unity which are dense on the unit circle, so that the unit circle forms a natural 
boundary. Convergence of Lambert series is therefore usually considered only in 
the unit disk, though the series may converge for other values of z as well. 


Theorem 5.3.2. Let a := limsup yJ\ok\. Then the Lambert series (5.16) converges 
absolutely and normally in the disk 


{z G C : \z\ < R := min(l, 1/a)}. 


(5.17) 


Proof. Let 0 < r < R < 1. The definition of R guarantees that there exist a 
positive number q and an integer K such that 


r 



<q< 1 , 


k > K. 


Consequently, the 
\z\ < r < R , 


summands of (5.16) can be uniformly estimated for all z with 

k 
r 


z 


k 


&k 


l- Z 


k 


< 


Q>k 


r 


k 


1 — r 


< 


q 


l 


so that the series converges absolutely and uniformly by the root criterion. 


□ 
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In particular the Lambert series defines an analytic function in the unit disk if the 
sequence of coefficients is bounded. 

Example 5.3.2. Lambert series are important in number theory. A famous example 
is the series 

OO 

( 5 - 18 ) 

k-l 

which converges normally in the unit disk. The application we have in mind is 
related to the power series expansion of / at the origin. To find this series, we 
mention that 1/(1 — z k ) is the sum of a geometric series with quotient z k , and 
observe that the term 

z = Z k + z 2k + z 3k + . . . (5.19) 

1 - z k v ’ 

contributes one unit to the Taylor coefficient a n of / if and only if k is a divisor of 
n. Summing up over all fc, we get that a n is equal to the number d(n) of positive 
integral divisors of n. Note that the order of summation of the series (5.18) and 
(5.19) can be interchanged since the series converge absolutely. 

In number theory, the counting function d is called the divisor function. 
Saying that / is the generating function of the divisor function, just means that 
the Taylor coefficients a n of / coincide with the values d(ri) of the divisor function 
for all n. 



Figure 5.5: Phase portraits of / defined in (5.18) and its partial sum sio 


Figure 5.5 (right) shows the enhanced phase portrait of the partial sum sio of 
(5.18), the function / is depicted on the left. Note that s n converges (normally) 
to infinity in the exterior of the unit disk \z\ > 1. 
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Dirichlet Series. The last general class of series which we are now going to con- 
sider is formed by the so-called Dirichlet series , 

oo oo 

f( z ) ■= 'p ^7 = 'p a« exp (-z Log n ). (5.20) 

n — 1 n= 1 


Since the absolute value of exp(zLogn) is determined by the real part of z, we 
expect that the convergence of Dirichlet series is mainly dependent on Re z. This 
is indeed the case: if (5.20) converges for some zo, then it converges for all z with 
R ez > cr : = Rezo- Convergence is uniform in any sector | arg [z — zq)\ < a < tt/ 2, 
but in general not in the half plane R ez > Re^o* For a proof of these facts and 
the following theorem we refer to Titchmarsh [65], Chapter 9. 


Theorem 5.3.3. Let (a&) be a sequence of complex numbers. Then there exists a 
number cr c E MU{ — oo, Too} such that the Dirichlet series (5.20) converges for all 
z with R cz > cf c and diverges for all z with Re z < cr c . The abscissa of convergence 
c j c is given by 







lim sup 

n— >■ oo 

lim sup 

n— >• oo 


Log \ai + ^2 ■] h a n 

Log n 

Log | 1 + a n + 2 + • ‘ • 

Log n 


if 


is divergent , 

if 


is convergent. 


(5.21) 


Moreover, the series converges normally in the half-plane R ez > a c . 

One might expect that, in analogy to power series, Dirichlet series also con- 
verge absolutely in their half-plane of convergence. This is not so in general, there 
may be a strip where the series converges conditionally. More precisely, there is an 
abscissa of absolute convergence cr a > cr c , such that the series converges absolutely 
if R ez > a a , and does not converge absolutely if R ez < cr a . The value of cr a can 
be determined from (5.21) with a & replaced by | . 

Example 5.3.3 (The Riemann Zeta Function). The most famous Dirichlet series 
defines the celebrated Riemann Zeta function , 


oo 


CM := E 


n — 1 


1 


m 


Re z > 1 


(5.22) 


Since \n z \ = n Rez , so that \n~ z \ < n~ a for all z with Re z > cf > 1, the series (5.22) 
converges (absolutely) in the half plane Kez > 1 (this also follows immediately 
from Theorem 5.3.3). For z = 1 the series represents the divergent harmonic series. 
Another remarkable fact is 


C(2) 


1 1 

1 + X77 + 


2 2 3 2 


1 _ 71 
"F • * • T o" ' ' • • 

n z 6 


The picture on the left in Figure 5.6 shows a phase portrait of the partial sum 
5iooo of the series (5.22) in the square |Rez| < 10, |Imz| < 10. In the left part of 
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this square, where the series does not converge, the modulus of siooo is quite large, 
the partial sums are growing exponentially in the direction of the negative real 
axis (which is related to the parallel strips in the phase portrait, see comments on 
page 148). 



Figure 5.6: Divergence and convergence of the Dirichlet series for the Zeta function 

The window in the middle shows the same partial sum in the subdomain where 
the series converges. The picture on the right is the corresponding phase portrait 
of the sum of the series. It is clearly visible that convergence is rather slow if Re z 
is close to one, even Siooo is still a very poor approximation of the Zeta function. 
In particular, the few details which show up in the middle of the left boundary 
are misleading, and have (almost) no relation to the actual function. 

Though the Zeta function looks quite uninteresting in this domain, it is of 
an unbelievable richness and conceals a number of deep secrets, which sometimes 
border on the mysterious. Among them is one of the monumental open problems 
of mathematics: the Riemann hypothesis on the location of its zeros. 

We shall continue the investigation of the Riemann Zeta function in Exam- 
ple 5.6.3 of Section 5.6, where we show that it has an analytic extension to the 
complex plane, with a simple pole at Zq = 1. 

Doubly Infinite Series. As was the case for Laurent series, the (absolute, uni- 
form, normal, . . . ) convergence of general doubly infinite series is reduced to the 
convergence of two one-sided series by the splitting 


oo oo oo 

E a == +XW 

k= — oo k— 1 k— 0 


(5.23) 
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Example 5.3.4 (The Cotangent Function Revisited). We show that the doubly 
infinite series, with a separately written summand corresponding to k = 0, 



1 

z 




(5.24) 


converges absolutely and normally in C \ Z. If K is any compact subset K of C \ Z 
there exists an R such that \z\ < R for all z E K. Then 


1 1 

z — k + k 


z 


k(z — k) 


< 


2 R 

"P"’ 


(5.25) 


for all k with \k\ > 2 R, so that 2 R is a convergent majorant series for 

(5.24). 

Figure 5.7 depicts phase portraits of partial sums s ^ := /fc °f the 

doubly infinite series (5.24) in the square |Rez| < 3, |Imz| < 3. On the left 
picture we see Sq°, the picture on the right shows s^q. 



Figure 5.7: Partial sums Sq° and of the doubly infinite series (5.24) 

Since the (double) series converges absolutely, it can be rearranged by collecting 
the summands corresponding to k = n and k = — n, 

1 00 27 

M'T + Ect (5-26) 

k = 1 

Attentive readers may have observed that the illustration on the right in Figure 5.7 
resembles the phase portrait of the cotangent function in Figure 3.20, which we 
reproduce for convenience again in Figure 5.8. And indeed the sum of the series 
(5.26) is a scaled cotangent function, as we shall show a little later. 
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Another interesting observation can be made by looking at the phase portrait 
of the partial sums from afar. Figure 5.8 (right) shows such a view for s?_° 2 0 of (5.24) 
in a square with edge length 60. 



Figure 5.8: The cotangent function and a view from afar of a partial sum of (5.26) 

We shall see a quite similar phase portrait in Figure 5.12 of Section 5.5 when we 
study Cauchy integrals with constant density on an interval. This is of course not 
accidental - up to some constant factor and an appropriate scaling of the plane, 
the partial sums s r S n are just the approximations of that Cauchy integral by the 
rectangle rule. 

Now let us confirm that the function / defined by (5.26) is related to the 
cotangent function. First of all we need a more precise conjecture about what this 
relation could be. A useful tool to achieve this goal is the principle of pole matching. 
The cotangent function has (simple) poles at the points z = /c7r, k E Z, while / 
has (simple) poles at the integers. To match the poles we thus compare / with 
cot ( 7 rz). Indeed, the phase portraits of these two functions seem to be identical. 
Taking this for granted, it follows that f(z ) = c cot(7rz) with c E R+. The positive 
constant c cannot be estimated from the phase portrait. Instead we consider a 
Laurent expansion of / and ccot(7rz) at the origin. Since f(z ) — 1/z is analytic at 
zo = 0 we have f(z) = 1/z + <20 + a±z + . . .. From sin z = z (1 — z 2 /6 ± . . .) and 
cos z = 1 — z 1 / 2 ± . . . we deduce that cot z = 1/z F bo F b\z F . . ., which implies 
c cot (7 tz) = (c/tt)1/z F cq F . . .. Comparing coefficients, we find c = 7r, so that our 
qualified working hypothesis is 

\ 00 ^ 2 z 

7T COt(7T2) = - + 22 ~2 _ fc 2 • ( 5 ' 2? ) 

k=l 

In order to prove this conjecture we set g(z) := 7 r cot(7rz) and consider the function 
h := f — g. If follows as in the preceding paragraph for zo = 0 that all poles Zk = k 
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of / and g compensate each other, so that h is an entire function. 

In the next step we are going to show that h is bounded. A direct estimation of 
h\ would be rather technical, so let us first show that the derivative h' is bounded 
on C. This estimate of h'(z ) depends on the location of z. If z is close to the 
real axis we can avoid any computation by a clever application of the maximum 
principle in the (closed) rectangle R := {x + iy : \x\ < 1/2, \y\ < 1}. 

Because f and g' are analytic in C\Z, they are continuous on the (compact) 
boundary dR of R. By Weierstrass’ theorem, /', g' , and hence h f are bounded on 
dR , and the maximum principle implies that h' is bounded on R. Since h! is 
1-periodic, it is bounded on the strip \Imz\ < 1. 

In order to estimate h\z ) for \lmz\ > 1 we differentiate / and g. Normal 
convergence on C\Z guarantees that (5.24) can be differentiated term-by-term, 
which yields the representation 


h'(z) = f'(z) — g'(z) = — 


7 T 


oo 


(sin7rz) : 


E 

k= — oo 


1 


(z — k ) 2 ’ 


z e C \ Z. 


(5.28) 


It is remarkable, that the convergence of the series (5.24) is improved by differen- 
tiation , which is the reason why we consider h' and not h itself. 

Writing z = x + iy, and assuming \x\ < 1/2, \y\ > 1 we estimate 

z—k \ 2 = k 2 — 2xk-\-x 2 +y 2 > (\k\ — 1/2) 2 — l/A-\-x 2 j ry 2 > (|fc| — 1/2) 2 4-3/ 4. (5.29) 

Consequently for \x\ < 1/2, and then by periodicity for all x G R, 


oo ^ 

fix + i 2 /) I < V — -— 7 : — < C < 00 , 

V yn " (|fc| -1/2) 2 + 3/4- 


y 


> 1 


(5.30) 


The estimate of g' is straightforward, 


1 


1 


1 


sin (ttz )\ 2 = - {c 2lzy + e 2lTy ) cos (27 nr) > - (e 27r ' y \ — 2) 


4 


4 


Consequently, 


g'(x + iy)\ < 


-in' 


^7T\y\ 


< 


1 


y 


> 1, 


(5.31) 


(5.32) 


2 “ 10 7 

The estimates (5.30) and (5.32) show that h' is also bounded for |Imz| > 1, and 
thus on the entire plane. Using Liouville’s theorem we conclude that h' = const. 
Letting y 00 in (5.30) and (5.32) we get h' = 0, and hence 


00 


7T 


(sin 7 tz)‘- 


E 

k= — 00 


1 


(z — k ) 2 


(5.33) 


Once we know that h is constant, h = 0 follows because /, <7, and hence h are odd 
functions. 
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Figure 5.9 visualizes the function 7r 2 /(sin ttz ) 2 and the partial sum sL 0 i°oo °f 
the series (5.33). The convergence of this series is rather slow, with an error of 
order 1/n for the nth partial sum. The reason for the discrepancy in the phase 
portraits is the fast decay of the function with increasing distance from the real 
axis (which can be seen more clearly in the domain coloring picture on the right- 
hand side), which causes large deviation in the phase even when the difference of 
the function values is quite small. 



Figure 5.9: The function 7r 2 /(sin nz) 2 and the partial sum sl 0 ^ 0 o of (5.33) 

The representations (5.27) and (5.33) are prototypes of partial fraction decompo- 
sitions of analytic functions, which we shall study in more detail in Volume 2. 

5.4 Infinite Products 

When one is interested in constructing analytic functions with prescribed behav- 
ior, some goals can be more easily achieved using products instead of sums. In 
this section we therefore turn our attention towards infinite products of complex 
numbers and functions. 

Convergence of Infinite Products. Recalling the definition of a convergent series, 
it is tempting to say that an infinite product 

oo 

n c fe ( 5 - 34 ) 

k=l 


n 

converges, if the sequence (p n ) of its partial products p n := Yl c k converges. How- 

k = 1 

ever, closer inspection of this setting shows that it would have several unpleasant 
consequences. For example, if one single factor c & is zero, the product would con- 
verge, regardless of what the other factors are. This is also contrary to our expec- 
tation that convergence or divergence of a product (or a series) only depends on 
its “tail” and not on the initial terms. Another property of finite products which 
we would like to preserve is that a product is different from zero if all its factors 
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are non-zero. The above definition would violate this rule, for example if Ck = 1/fc. 
These observations motivate the following more subtle definition. 

Definition 5.4.1. Let (c&) be a sequence of complex numbers. We say that the 
infinite product (5.34) converges , if at most finitely many factors c k are zero (that 
is Ck 0 for all k > K ), the limit 

n 

p(K ) := lim TT Ck (5.35) 

n— >• oo 

fc=K+ 1 

exists, and is finite and non-zero. If the infinite product converges, its value (or, 
well, its product) p is defined by 

P := Pi ’ P2 • • • • * Pk ’ p(K). (5.36) 

A product (5.34) which does not converge is said to be divergent. 

It is clear that the value of a convergent product does not depend on the 
choice of the integer K. 

Like for series, the symbol fl c k also denotes the value of a convergent prod- 
uct. It follows almost immediately from the definition that convergent products 
“can be multiplied” according to the rule 

/ OO \ / OO \ oo 

( | Ck J ( | d k J (c k d k ). 

W=1 ' ' k=l ' k=l 

For k > K we write the factor c k as p(k — 1 )/p(k) and obtain that c k 1 is a 
necessary condition for convergence of the infinite product (5.34). This observation 
forms the background for writing infinite products in the form 

oo 

II( 1 + a fc)- (5-37) 

k = 1 

A Convergence Criterion. A necessary and sufficient condition for convergence of 
infinite products is formulated in the next theorem, which reduces the problem to 
the convergence of an associated infinite series. Since, according to Definition 5.4.1, 
the leading factors ci, . . . , ck are irrelevant for the convergence of the product, we 
may restrict ourselves to the case where all c k are different from zero. Recall that 
Log denotes the principal branch of the complex logarithm. 

Theorem 5.4.2. Let (c k ) be a sequence of non-zero complex numbers. Then the 
infinite product and the infinite sum 

oo oo 

]T C fc , £ Log c fe (5.38) 

k = 1 k — 1 

either both converge or both diverge. If s is the sum of the series, then the product 
has the value exps. 
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Proof. 1. Let a k := Logc^. We consider the partial products and partial sums 


n 


n 


Pn ■= L Cfc, 
fc=l 




^ ^ a k 

k = 1 


Since c k = expa^ we have p n = exps n , which shows that the convergence of the 
sum (to s) implies convergence of the product (to exps). 

2. Now assume that the product converges to p ^ 0. As a consequence of p n = 


exps n we then obtain that Res n = Log \p n \ — > Logp. Showing that the imaginary 
part of s n also converges is a little more delicate, since Ims n is determined by 
exp s n only up to an additive value of 2mi\. 

But there is some additional information: since the product converges, c k 
must converge to 1, so that a k converges to zero. Then Ims n — Ims n _i = Ima n 
tends to zero as n oo, so that 


Im s n 


Im s n - 1 


< tt/2, 


n > TV, 


(5.39) 


for some positive integer TV. Since the points p n converge to p 7 ^ 0, there is 
some sector S with opening angle tt/2 and vertex 0 such that p n lies in S if n 
is sufficiently large. Increasing TV, if necessary, we may assume that this happens 
for all n > TV. More precisely, for every n > N either 


In fact the first inequality of (5.40) must hold for all n > N. Otherwise there is a 
smallest value n for which the second inequality would be satisfied. Then, by the 
triangle inequality, 


Ims n — Ims n _i| > |Ims n — IuisatI — |Ims n _i — ImsAr| >7 r, 


in contradiction to (5.39). Finally, the conditions 


Ims n — IuistvI < tt/ 2, exps n — 


ensure the convergence of Ims n . 


□ 


Absolute Convergence. To allow certain manipulations with infinite products, 
like rearrangement of the factors, the concept of convergence must be strengthened. 
The analogue of absolute convergence for sums is introduced in the next definition. 


Definition 5.4.3. The infinite product ri/c=i(l + a k ) is absolutely convergent if 
nr=i(i + | a k | ) is convergent. 


The following necessary and sufficient criterion transforms the problem of 
testing absolute convergence of products to checking convergence of the associated 
series. As in Theorem 5.4.2 we confine ourselves to the case where all factors are 


non- zero. 
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Theorem 5.4.4. Let (a^) be a sequence of complex numbers with dk ^ — 1. Then 
the infinite product n**li(l + a /c) converges absolutely if and only if one (and then 
all) of the following three series converges , 


oo 

^|L°g( 1 + a fe )|, 

k=l 


OO 


^ Lo g(i + \a k \), 


k = l 


OO 

E i a/c 

k = 1 


(5.41) 


Proof. The result can be easily derived from Theorem 5.4.2, the comparison test, 
and the estimate 


2 1/2 < |Log (1 + z) 


< 2 


z 


z 


< 1/2. 


(5.42) 


□ 

By virtue of Theorem 5.4.2 and the criterion of Theorem 5.4.4 with the first sum 
in (5.41), we conclude that any absolutely convergent product is convergent. 

To convince ourselves that the factors of an absolutely convergent product 
can be rearranged in any order without changing the value p of the product, we 
refer to the representation p = exps in Theorem 5.4.2. Since now s is the sum of 
an absolutely convergent series, it is invariant with respect to permutations of the 
summands, so that also p does not depend on the order of the factors. 

Products of Functions. Now let (fk) be a sequence of complex functions on a 
domain set D. We say that the infinite product YlkLi fk converges pointwise ( ab- 
solutely ) on a set A C D, if YlkLi fk( z ) converges (absolutely) for each z G A. In 
this case 

oo 

f(z) ■= n fk(z), Z e A, (5.43) 

k= 1 

defines a function / : A C. Note that the definition of infinite products guar- 
antees that the zero set of / is just the union of the zero sets of the factors /&. 

Uniform and Normal Convergence. Pointwise convergence is a rather weak form 
of convergence, and for many purposes it has to be strengthened. Again, normal 
convergence is the most adequate concept which satisfies our needs. 

Definition 5.4.5. The infinite product (5.43) is said to converge uniformly on a set 
A if the following three conditions are satisfied: 

(i) the product converges pointwise on A, 

(ii) there exists an integer K such that fk has no zero in A for all k > K, 

(iii) the sequence (p n ) of truncated partial products 

n 

Pn(z) ■= n fk(z) (5.44) 

k=K+l 


converges uniformly on A. 
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We declare that (5.43) converges normally in D, if it converges uniformly on any 
compact subset of D. 


We emphasize that this definition of normal convergence guarantees that the 
value of a normally convergent infinite product of analytic functions is analytic. 
The most important criterion for uniform convergence of infinite products is the 
following result, which translates the problem into the language of series. 


Theorem 5.4.6. Assume that every function /i, / 2 , . . . is bounded on A, and suppose 
that the series 

oo 


E i/fc - 1 


(5.45) 


OO 

converges uniformly in A. Then the product ]/[ fk converges absolutely and 
uniformly in A. fc_1 

Proof. 1. The uniform convergence of the sum (5.45) implies that the functions fk 
have no zeros for sufficiently large k. Hence, by Theorem 5.4.4, the product Ylfk 
converges pointwise (absolutely) on A to a function p. 

2. Let gk := fk — L Uniform convergence of J/ \ flk\ implies the existence of an 
integer K such that 

oo 

E \ 9 k(z ) I < 1/2, Z e A. (5.46) 

k=K + 1 

In particular, \g^\ < 1/2, so that fk = 1 + gk has no zeros in A if k > K. 
Furthermore (see (5.42)), 


Log fk(z) 


Log (1 + gk(z))\ < 2 I g k (z)\, 


z G A, k > K. 


(5.47) 


3. Representing the truncated partial products p n defined in (5.44) by 


Pn(z) = exp ( Y Log f k (z) j , 

k=K + 1 ' 


(5.48) 


and using (5.46) and (5.47), we obtain the estimate 


Pn(z) |=exp( Y Re Log fk{z) j < exp f 2 Y \ 9 k(z)\ j < e, 

\ U — EO i 1 / \ U — IS II / 


(5.49) 


k=K + 1 


k=K + 1 


which is valid for all z <E A. Taking the limit n oo it follows that the trun- 
cated products p n converge to a bounded function. Since the factors /i, . . . , fx are 
assumed to be bounded, the value p of the product is a bounded function. 


4. Given any positive number £ < 1, uniform convergence of ^ \gjf\ ensures that 


we can increase iL, if necessary, such that ^ 


n 

k-- 


- mn -\- 1 


gk(z) | < £ for all n > m > K 
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and z G A. Consequently, 


n 


E L °g fk 


k=m -\- 1 


n 


^ E 

k—m-Tl 


9k I < 2e, 


which shows that p m {z) / p n (z ) = exp 
to infinity we get 


Pm(z) 

p(z) 


(r mn (z)) with 


C mn 



<C 4s, z G .A, 


< 2s. When n tends 


where we made use of the estimate | exp z — 1| < 2 \z\ for \z\ < 1. This shows that 
Pm/p converges uniformly to 1 as m oo, and since p is bounded, p m converges 
uniformly to p, as claimed. □ 


For applications in complex function theory, it is important to know under 
which conditions the analyticity of an infinite product follows from the analyt- 
icity of its factors. One such criterion is provided by the following corollary of 
Theorem 5.4.6. 


Corollary 5.4.7. If the functions fk are analytic in D and ^2\fk — 1| converges 
normally in D, then the product n fk converges normally (and absolutely) to an 
analytic function in D. 

Proof If A is a compact subset of D, then every analytic function fk is automat- 
ically bounded on A, so that Theorem 5.4.6 applies to the restriction of fk to A. 
Since A can be chosen arbitrarily, the assertion follows. □ 

Infinite Blaschke Products. We continue the investigation of Blaschke products 
in Example 3.4.4, now admitting that they are composed of an infinite number of 
Blaschke factors 


fk(z) = Cfc 


z- Z k 
1 -Z k z’ 



1 , 0 < Zk < 1 . 


(5.50) 


The crucial problem is to find criteria which ensure that a Blaschke product with 
infinitely many factors fk converges. To begin with, we restrict all functions to 
the unit disk and forget about the exterior of the unit circle where the Blaschke 
factors have poles. 

First of all we consider the necessary condition that the fk must tend to one. 
To bring at least /&(0) as close as possible to 1, we normalize the Blaschke factors 
(5.50) such that fk( 0) is positive by choosing an appropriate unimodular constant 


Cfc, 


fk(z ) 


Zk 

Zk 


Zk- z 
1 -Z k z’ 


0 < 


Zk 


< 1. 


(5.51) 


Figure 5.10 shows the effect of normalization for three Blaschke factors with zeros 
at —0.7, 0.9 i, and 0.96. 
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Evaluating the product Yifk( z ) at z = 0 we obtain f[ \ z k( which by Theo- 
rem 5.4.4 converges if and only if the z k satisfy the condition 


oo 


Ed 

k=l 


z k |) < Too. 


(5.52) 


This so-called Blaschke condition tells us how fast the zeros of the Blaschke factors 
must tend to the boundary of the unit disk in order to make the product converge, 
at least at z = 0. 



Figure 5.10: Phase portraits with contour lines of normalized Blaschke factors 


Now let us check how successful we have been for the other values of z: 


1 


z k 

0 

1 

o 

1 

— (1 

li 

1 + 2 

Zk\/Zk 


Z \ 

z k 

1 - Z k z 


z k \ ) 

1 - 

Zk z 

\ 

“ 1 - 

z j 




(5.53) 


Together with Theorem 5.4.6 this estimate shows that the Blaschke condition 
(5.52) is also sufficient for absolute and normal convergence of a Blaschke product 
in the unit disk. 

If we finally add some Blaschke factors with a zero at the origin, which have 
been excluded so far since they cannot be normalized, we can summarize our 
findings in the following theorem. 


Theorem 5.4.8. Let (z k ) be an infinite sequence of complex numbers with \z k \ < 1, 
which is arranged such that z\ = . . . = z m = 0 (with m > 0) and z k f 0 for k > m. 
Then the Blaschke condition (5.52) is necessary and sufficient for the convergence 
of the Blaschke product 


oo 


Z 


m 


n 


z k z k ~ z 


z k \-z k z' 


(5.54) 


at z = 0. If (5.52) is satisfied , then the Blaschke product (5.54) converges ab- 
solutely and normally in D to a holomorphic function f whose zeros are exactly 
the points z k (counted according to multiplicity). Moreover, the modulus of f is 
bounded by one, \f(z)\ < 1 for all zGP. 
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Proof. The Blaschke condition and the estimate (5.53) guarantee that the series 
^2 \ fk — 1| converges uniformly on any disk \z\ < r < 1, and hence on any compact 
subset of B. The first assertion then follows from Corollary 5.4.7. By definition of 
infinite products, the zero set of / is the union of the zero sets of the (Blaschke) 
factors. Finally, \f(z)\ < 1 follows from \fk(z)\ < 1 and \fi(z)\ < 1 on B. □ 


In Figure 5.11 we have tried to visualize two infinite Blaschke products. Of 
course, such pictures cannot show infinitely many zeros, but the special patterns 
help to acquire a feeling how these functions behave close to the boundary. 



Figure 5.11: Phase portraits of two infinite Blaschke products 

The function depicted on the left has zeros z^ — (l — /c -101 ) e lk with k — 1,2,..., 
while for the function on the right-hand side 


z kj = (-1 ) k UJ 3 fl - 


25 


(25 + A:) 2 


w = e 27ri/5 . 


j — 0, . . . , 4, k — 1, 2, 


Note that the second function is not normalized as usual but has an additional 
factor c = — 1. 

But what happens outside the unit disk? Since all finite Blaschke products, 
and in particular the partial products of (5.54), satisfy the symmetry relation 
/(l/z) = 1 //(*), we can use this identity to study infinite Blaschke products in 
the exterior E : C \ B of the unit circle. With Z := {l/zr • k = m + 1, m + 2 , . . .}, 
the product (5.54) converges (absolutely and normally) in E \ Z to an analytic 
function /. Setting f(z) := oo for z G E, we obtain an analytic (meromorphic) 
function in all of E, having poles at the points of Z. 

Finally, if Zq E T there are two possibilities: either zq is an accumulation 
point of zeros or the distance of zq to zero set is positive. In the first case 
there is no chance to extend the Blaschke product analytically to zq, because any 
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such extension must vanish in a neighborhood of Zq by the identity theorem. In 
the second case the Blaschke product converges (absolutely and normally) in a 
neighborhood of zq. To verify this we may assume that zq = 1 and estimate 


1 


Zk 

Zk 


Zk- Z 
1 -z k z 


(1 - \Zk\) 


Zk+ Zk\Z 
(1 -z k z)z k 


< (1 - \Zk\) 


1 + 


z 


1 - z k z 


(5.55) 


Since 1 /zq = zy E T is not an accumulation point of the points Zk, we have 
|1 — Zk z\ > 1/C > 0 for all z in some neighborhood of zq and all k = 0 , 1 , 2 , . . ., 
so that the denominator on the right-hand side of (5.55) is bounded from below 
by a positive constant. Now the Blaschke condition implies the desired result. 

While the Blaschke product depicted on the left-hand side of Figure 5.11 
converges nowhere on T (all points on T are accumulation points of the zeros 2^), 
the one on the right-hand side converges at all points of T, except at the tenth 
roots of unity. 


5.5 Cauchy Integrals 


The integral which appears in the Cauchy integral formula does not only allow 
one to investigate a given analytic function, it also yields a constructive principle 
for analytic functions: when the function / in the integrand is replaced by an 
arbitrary continuous function p on the trace of 7 , it defines a function /, 



zeG:=C 



(5.56) 


According to Definition 4.2.19, the integral on the right-hand side of (5.56) (and 
sometimes also the function /) is referred to as the Cauchy integral with density 
p along 7. The function C(z,w) := 1 /(w — z) is called the Cauchy kernel. 

General Assumptions. In contrast to the Cauchy integrals encountered in the 
preceding section, here we do not in general assume that the path 7 is closed. 

In order to make the integral (5.56) well defined we assume for simplicity that 
the path 7 is piecewise smooth, and that the density ip is a continuous function on 
the trace of [7]. Note that there is a well-established theory of Cauchy integrals 
for more general classes of densities and less regular paths. 


Definition of the Densitity. In Definition 5.56 we follow the usual convention 
that the density p is prescribed on the trace [7] of the path. However, it would be 
more natural to transplant it from the parameter interval [a, /3\ of 7, so that the 
composition p o 7 in the definition of the path integral along 7 is replaced by a 
function ^ on [a, /3 . 


.7. 


is 


To explain the difference between the two concepts, we say that zq E 
a simple point of 7, if there is only one t E [a, /3\ with z 0 = 7(t), otherwise Zq is 
called a multiple point of 7. 
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Defining the density on the parameter interval is more flexible, because it 
allows that cp attains different values at the various “branches” of [ 7 ] at multiple 
points of 7 . As mentioned above, we keep to the traditional concept, but all results 
are formulated such that they can easily be interpreted in the more general setting. 
The fundamental result on Cauchy integrals is Theorem 4.2.20, which tells us that 
the function / defined by (5.56) is analytic in D := C \ [ 7 ] and tends to zero at 
infinity. 

Before we study further properties of Cauchy integrals, let us consider two 
typical examples to get some feeling for how such functions look like. 

Example 5.5.1. Let 7 be the standard parametrization of the segment [—1, 1] on 
the real axis. The Cauchy integral with constant density 1 along 7 can be computed 
explicitly, 

x 1 f dw 1 z — 1 

f{ z > : =— I - = — Log 


2tt1 


w 


z 


2tt\ 


z + 1 


Here, as usual, Log stands for the principal value of the logarithm. Indeed, if for 
example Imz > 0, then Im (w — z) <0 for all w E [—1,1], so that w Log (w — z) 
is an analytic branch of the logarithm and a primitive of w l/(w — z ) , and the 
fundamental theorem of complex calculus (Theorem 4.2.11) yields 


= Log(l - z) - Log(-l - z) = Log^— t. (5.57) 

Z | i 

The other cases can be treated similarly. Note that the last equality in (5.57) is 
not automatic but has to be verified (and is left as an exercise); in general we 
cannot be sure that Log a — Log b = Log ( a/b ). 




Figure 5.12: Values of two Cauchy integrals with constant density 1 

The phase portrait of the function / in some square D is shown Figure 5.12 
(left). The picture on the right visualizes what happens if the path 70 = [—1,1] of 
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integration is deformed (homotopic) to another path 71 with the same endpoints. 
We see that the function has changed only in the (blue) region B bounded by 

7o] U [71] which was swept through by the moving path. How can one explane this 
? 

First of all we remark that the density ip = 1 is not just defined on [7], but is 
an analytic function on the entire plane, so the integrand of the Cauchy integral 
(5.56) is analytic in C\{z}. Furthermore, for all points z ^ F>, the paths 70 and 71 
are homotopic in C\{z}, and Cauchy’s integral theorem (Theorem 4.2.32) tells us 
that for these points the Cauchy integrals along 70 and 71 attain the same value. 

There is still another interpretation of the two pictures in Figure 5.12. Once 
we know that the analytic functions /o and /1, corresponding to integration along 
70 and 71 respectively, coincide on some disk, say Do, both can be considered as 
analytic continuations of the function element (/o, T>o) = (/i,T>o) to the respec- 
tive domains D \ [70] and D \ [71] (recall that D denotes the square shown in 
Figure 5.12). So what we see in the picture on the right is just another analytic 
branch of the logarithm log (z — l)/(z + 1). 


Piecewise Analytic Functions. The two windows of Figure 5.13 depict phase por- 
traits of Cauchy integrals / with some more involved density functions. Since the 
densities have no special meaning, we do not describe them by explicit formulas. 
Functions like in Figure 5.13 (right) are often called piecewise analytic. 



Figure 5.13: Two functions defined by Cauchy integrals with variable density 


Behavior Near the Trace of the Path. In all examples we observe that the limits of 
the functions / on both sides of [7] are different, the functions / suffer a jump along 
the trace of 7. We shall show that this behavior is typical for Cauchy integrals. 

Our first result serves to split the Cauchy integral into a regular part and a 
main part; the latter dominates the behavior near the path of integration. Some 
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regularity assumptions on the path 7 and the density p are given in the next 
definition. 


Definition 5.5.1. Let 7 : [a, /?]—>> C be continuously differentiable. A point Zq on 
7 ] is called regular , if 7 ' (to) 7^ 0 for all to E [a, /?] with 7(^0) = zq. If 7 '(£) 7^ 0 for 
all £ E [a, /?], we say that 7 is a regular path. A density (p : [ 7 ] -E C is said to be 
continuously differentiable along 7 , if p 07 is continuously differentiable on [a ,/3 . 

Lemma 5.5.2 (Fundamental Lemma). Let the density p be continuously differen- 
tiable along a smooth path 7 . If zq is a regular point on [ 7 ], then the function 
defined by 

tp(w) - ip(z 0 ) 


tp(z) := 

has a finite limit at zq 


7 


w 


z 


dw , 


zeG:=C 


. 7 . 


(5.58) 


Proof. 1. We assume that 7 is defined on [0, 1]. In the first part of the proof we 
suppose that zo is a simple point of 7, i.e., there is exactly one to E [0, 1] with 
7(^0) = zo- To begin with, we consider the case where zo is the initial point of 7. 

2 . Since the functions 7 and p o 7 are continuously differentiable, they can be 
represented on [ 0 , 1 ] by 


j(t) = a 0 + t (ai + g(t)) , ip {jit)) = b o + t (h + f(t)) , (5.59) 


where ao := 7 ( 0 ) = zo, &i := 7 '( 0 ) 7 ^ 0, bo := p(zo), and b\ := (p o 7 )'( 0 ). The 
functions / and g are continuous on [ 0 , 1 ], continuously differentiable on ( 0 , 1 ], and 
satisfy /( 0 ) = g( 0 ) = 0 . 

3. Inserting (5.59) in the definition of -0, we obtain a natural extension of to zq, 



v(w) - dw 

W — Zo 


t ^^71 <#. 

Jo ai+g{t) 


(5.60) 


Due to the assumption that zp is simple, we have t(u \ + (jit) j = 7 (t) — zp 0 for 
all t E (0, l]. Since also a\ £/( 0) 7 ^ 0? the integrand is a continuous function on 
[0, 1], so that there exists an M with 


tp(w) - <p(z 0 ) 

W — Zo 


< M, 


w € [7] \ {zo}. 


(5.61) 


4. In order to show continuity of at zo, we fix a positive £ and verify the classical 
definition. The proof is based on the representation 


J>(z) - 1 p(z 0 ) 



z - Zo (pw) - <p(z 0) 
W — Z W — Zo 


w E ( 7 , 


(5.62) 


and will be achieved in several steps. 
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5. After an appropriate rotation of the complex plane we may assume that 7'(0) 
is positive. Let K and L denote the two sectors with vertex zq defined by 

K := {z G C \ {zq} : |Arg (z 0 — z)\ < 2tt/3}, (5.63) 

L :={zGC \ {zo} : |Arg (z — zo)| < tt/ 6 }. (5.64) 

A short excursion to elementary geometry shows that for all z G K and w G L 

<2, z G K, w G L. (5.65) 


Z - Zo 
w — z 


6. The assumptions on 7 (in particular 7 ; (0) > 0) and the construction of L 
ensure the existence of a positive number r such that 7 (t) G L for all t G (0, t\. 
We fix one such r, which additionally satisfies r < e/(4M max 1 7' | ) , and denote 
the restrictions of 7 to the intervals [0, r\ and [r, 1] by 70 and 71, respectively. 
Then we get, using (5.61) and (5.65), 


2 - z o <p(w) - <p(z 0 ) 


dw 


7o 


W — Z 


W — Zo 


< 2 Mr < -, 
” 2 


zeK. 


(5.66) 


7. Since Zq has a positive distance from [71], we find positive constants q and C 
such that 


w 


Zol > l/c, 


w — z 


> 1/C, w G [71], z G iL, |z — zq| < p. (5.67) 


Choosing 5 so small such that 5 < s/(4C 2 max \ ip\) and 0 < 5 < q we get 


z - z 0 (f(w) - (f(z 0 ) 


dw 


71 


w — z 


W — Zo 


£ 

< 2 


z - z 0 


< (5. 


(5.68) 


8. Since 7 = 70 ® 71, we infer from (5.62), (5.66) and (5.68) that 


^(z) - if>(z 0 )l < £, 


zeK , 


z - z 0 


< (5. 


(5.69) 


Before we continue with obtaining a corresponding estimate without the restriction 
z G K, we briefly discuss the case where zo is not an endpoint of 7 . Considering 
z o = 7 (^ 0 ) as a common endpoint of the restrictions of 7 to [0, to] and [£o,l], 
respectively, we see that the estimate (5.69) remains in force for such points zq if 
the sector K defined in (5.63) is replaced by the double sector 


K := {z G C \ {0} : tt/3 < |Arg (zq 



< 2tt / 3} . 


(5.70) 


9. In order to get rid of the condition z G iL, we vary the point Zo along the trace 
of 7 . Since then the function ^ depends on two variables z and zo, we denote it 
by ^(z,z Q ), i.e., 


^(z,z 0 ) := / 

J 1 


- (fi(z 0 ) 


W — Z 


dw , Zq G [ 7 ], Z G G U {zo} 


(5.71) 
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with the modified definition (5.62) if z = zq. In order to show that the function 
zq ^(zo,zo) is continuous, we remark that all parameters in Steps 2 to 7 can 
be chosen independently of zq, so that we get uniform estimates 


\^(z,zq) - ^(zq,zq)\ <e, z 0 e 7, 2? e K(zq), jz - z 0 \ < S , 


(5.72) 


where K(zq) denotes the (double) sector associated with zo, rotated according to 
the argument of 7' (to) (see Figure 5.14). 

If S is sufficiently small, then for all points Zq 
and Z\ on [7] with \zo — zi\ < 6/2 there exists 
a point z which belongs to K(z$) and K(z\) 
and satisfies \z — zq\ < 6, jz — zij < 6. For any 
such point z, 


V(z,z 0 ) - ^(z Q ,zo)\ < s, 

&(z,zi) - ^f(zi,zi) \ < £. 


(5.73) 

(5.74) 



Figure 5.14: The sector K(zq) 


Moreover, the points z can be chosen such 
that their distance to [7] is bounded by a pos- 
itive constant, uniformly for all zq and z\. 

Decreasing (5, if necessary, the standard estimate for the integral (5.71) shows that 
also 

T(z, zo) — T(z, z\) < £, \zq — z\\<8/2. (5.75) 

Using the triangle inequality, we conclude from (5.73), (5.74) and (5.75) that 

\^(zi,zi) - T(z 0 ,z 0 )| < 3er, 2:0,27 G [7], \z 0 - zi \ < 6/2, (5.76) 

which proves the continuity of zo T(zo, Zo) on 7. 

10. In order to complete the proof for simple points zo, we consider any point 
zeG with \z — zq\ < 6/2. Then there exists a point 27 on [7] such that z G K(zi), 
z\ — zq\ < 6/ 2, and \z — zi \ <6, and from (5.73), (5.74) and (5.76) we get that 


T(z,zi) - ^(27,27) 


< £. 


^(27,27) - T(z 0 ,^o)| < 3 e 


and finally 

ip(z) - i’Co) 


T(z, zq) — T(z 0 , ^o)| < 4e, zgG, \z — zq\ < 6/2. 


11. Now let Z \ 0 be not necessarily a simple point. If the number of points t G [0, 1] 
with 7 (t) = z 0 were infinite, there would exist a sequence (tfc) of such points 
converging to to G [0, 1]. By continuity of 7 we have 7(^0) = Zo, and since Zq is 
regular, 7' (to) Y 0. Because 7' is continuous, there exists a constant c G C such 
that Re (07' (t)) > 0 for all t G [0 7 1] sufficiently close to to* But this contradicts 

f cj'(t) dt = c (7 (t k ) - j(t 0 )) =c(z 0 - z 0 ) = 0 

Jto 
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for all k. Consequently there are only finitely many points G, . . . ,£ n E [0, 1] with 
7 (tk) = zq. The assertion then follows on applying the considerations of the pre- 
ceding steps repeatedly, with to replaced by tk for k = 1, . . . , n. □ 


Behavior Near Endpoints of the Path. Our next concern is to investigate the 
behavior of a Cauchy integral / near an endpoint of the integration path. Roughly 
speaking, we shall show that / has a logarithmic singularity at these points. 

We begin by remarking that G := C \ [7] is an open set which consists of 
(at most countably many) connected components. On each of these components 
of G, the Cauchy integral with density one defines a special analytic branch of the 
logarithm log ((6 — z) / (a — z)) . 

Definition 5 . 5 . 3 . The function L 1 defined by 




b — z 


a — z 



dw 

w — z 


zeC 



(5.77) 


is referred to as the canonical logarithm of the path 7. 

Which of the two equivalent expressions in (5.77) we prefer will depend on 
the context. Denoting by w arg 7 (w — z) a continuous branch of the argument 
of w — z along 7, we get the representation 


L 7 (z) = Log \b — z\ — Log \a — z\ + i arg 7 (b — z) — i arg^ (a — z). 


>7 


(5.78) 


Note that L 7 is also well defined on the unbounded component of G and tends 
to zero as z —> 00, so that it is natural to define L 7 ( 00) := 0. If 7 is closed, then 
L 7 (z) is constant on the connected components of G and equal to 2yri wind (7, z). 

Figures 5.15 and 5.16 show phase portraits of the canonical logarithm for 
several paths 7. 



Figure 5.15: Phase portraits of L 1 for an evolving double-spiral path 
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Figure 5.16: Phase portraits of L 1 for a closed and an almost closed path 


Exploring the Canonical Logarithm. Let us devote some time to interpret and 
explore these pictures. In the unbounded component of G the canonical logarithm 
is just the analytic branch of log ((z — b)/(z — a)) which vanishes at infinity. If 7 is 
closed, this branch is identically zero, as in Figure 5.16 (left). Otherwise its phase 
portrait can be obtained from the portrait of 

L*(z) ■.= Log ((z - 1 )/(z + 1 )) 

by a similarity transformation (translation, rotation, dilation) which sends —1 to 
a and 1 to b. If the segment [a, b] is short, this has the effect of “zooming out”, 
as if we were looking at the portrait of L* from afar. The contour lines are then 
almost circular, as in the picture on the right in Figure 5.16. 

Interestingly, the phase portrait in the unbounded component makes it easy 
to decide which endpoint is the initial point of 7 : the ray from the terminal point 
b to the initial point a must end up in the red region (positive real values) of the 
phase portrait. For example, the spiral path of Figure 5.15 starts in the lower left 
corner and terminates in the upper right corner. 

Departing from a point in the unbounded component of G, we can explore 
the rest. The real part of L 1 can easily be determined everywhere, it is just the 


logarithm of the distance ratio 


. We only have to observe carefully the 


z — b\/\z — a 

argument of (z — b)/(z — a), which determines the imaginary part of L 7 . So we have 
to monitor how the angle between the rays from z — b and z — a is changing. If, for 
example, we travel into the right arm of the spiral shown in Figure 5.15, arg (z — b) 
increases monotonously, while arg ( z — a ) oscillates. So the imaginary part of L 1 (z) 
is getting bigger and bigger. At the same time the real part of L 1 has a tendency 
to decrease, since we move closer to the point 6 , while the distance to a remains 
almost unchanged. Since the real part decays very slowly (logarithmically), the 
value of L 1 stays in a small sector near the upper part of the imaginary axis, the 
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phase portrait of this spiral arm shows shades of green. Figure 5.17 shows the 
(circular) contour lines of the real part (left) and the imaginary part (right) of L 1 
for the same spiral path as on the right of Figure 5.15. But why are these lines 
circular arcs? 



Figure 5.17: Contour lines of real and imaginary part of L 1 for a spiral path 


When we cross the trace of the path, the value of L 1 jumps by an integer multiple 
of 2 tt1 . At a simple point of 7 this jump is either 2 tt1 or — 27ri, where the positive 
sign has to be taken when the path in front runs from left to right. This happens, 
for instance, if 7 is closed and the winding number of the component which we are 
leaving is smaller than the winding number of the component we are entering. 

Let us apply this to the picture on the right in Figure 5.15. If we enter one of 
the (purple) loops coming from the exterior domain, the path in front runs from 
right to left, and consequently the value of L 1 jumps by — 2yri. 

But in fact we can say much more about the value of L 1 . Since we entered 
the loop coming from the exterior domain at a point which has almost the same 
distance to a and 5, the value of L 1 was rather close to zero before, so that it must 
be close to — 2 tt 1 after the border crossing. This explains the almost uniform blue 
color inside the loops. 

A Representation of the Cauchy Integral. After these experiments it is time to 
state the main result of our investigations so far. 

Theorem 5.5.4. Let f be defined by the Cauchy integral (5.56) with continuously 
differentiable density along a smooth path 7 from a to b. If zq is a regular point 
of 7, then the function 


/oO) := f(z) 



(5.79) 


is continuous on (C \ [7]) U {zq}. 
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Proof. The assertion is just a reformulation of Lemma 5.5.2, using the definition 
(5.77) of the special branch of the logarithm and the representation 


2iri f(z ) 




ip(w) - ip(zp) 
w — Z 


dw + ip(zo) 



dw 


w — z 


(5.80) 


□ 


The crucial point about Theorem 5.5.4 is the continuity of fo at the point zo on 
7 . If z , 0 is a regular endpoint of 7 , then the modulus of log 7 ((6 — z)/ (a — z)') tends 
to infinity as z —> zo, and we obtain the following corollary. 

Corollary 5.5.5. If zo is a regular endpoint of 7 and ip(zo) 0, then the asymptotic 
behavior of f at z 0 is given by 


f(z) ~ 


fpo) 

2 yri 



b — z 


a — z 


(5.81) 


The Jump Relation. The most important consequence of Theorem 5.5.4 is a 
celebrated jump relation for Cauchy integrals, which generalizes our previous ob- 
servations for integrals with constant density. 

In order to keep formulations simple, we assume that 7 is smooth, and Zq is a 
simple regular point on [ 7 ] . Furthermore we suppose that Zo is not an endpoint of 
7 . Under these assumptions there exists a disk D centered at zo such that D \ [ 7 ] 
consists of two connected components D~ and D + . The vector 7 / (to) is tangent 
to [ 7 ] at Zo and we choose the ^ notation so that points into the interior 

of D + (walking along [ 7 ] in the direction of increasing t, the region D + lies to the 
left and D~ lies to the right). Finally, we define the one-sided limits of / at zo by 

f-(z 0 ) ■■= lim _f(z), f+( Zo ):= lim f(z). (5.82) 

z — yzq^zCD z — >z 0 ,zeD+ 


Theorem 5.5.6 (Plemelj-Sokhotsky Jump Relation). Let f be defined by the Cauchy 
integral (5.56) with continuously differentiable density along a smooth path 7 . 
Then, at every simple regular point zq of [ 7 ] which is not an endpoint, the one 
sided limits (5.82) exist and satisfy 

f + (zo ) - f-(zo) = <p(zo). 


Proof By virtue of Theorem 5.5.4, the difference / + (zo) — f~{z 0 ) is solely deter- 
mined by the behavior of log 7 ((b — z) (a — z)) in a neighborhood of zq. It follows 
from (5.78) that this function jumps by 2 tt 1 when z moves across [ 7 ] from the 
minus side to the plus side. This can be seen most easily by observing the winding 
numbers of the path which results from 7 by complementing it to a closed path 
with a line from b to a. □ 


We point out that the statement of Theorem 5.5.6 is purely local. It can be 
generalized to Cauchy integrals along piecewise smooth paths 7 = 71 ® . . . ® y n , 
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with densities that are continuous along 7 and smooth on every component 7 *,. 
To obtain the result at a common endpoint Zq of two components gk-i and 7 *,, 
Theorem 5.5.4 can be applied separately to gk-i and 7 ^. 

We also remark that the simplicity of the jump relation is the reason why 
the Cauchy integral is usually introduced with the factor l/(27ri) in front. 


The Cauchy Singular Integral. Our final concern is an option for computing the 
one sided limits / + (zo) and f~(zo) directly from p on [ 7 ], without making the 
detour to the domain C \ [ 7 ] and taking limits afterwards. Inserting Zq directly in 
the definition (5.56) of the Cauchy integral is problematic, at least if the integral 
is understood as a Riemann integral, because then the integrand becomes infinite 
at w = Zq. Even the interpretation as an improper Riemann integral or a Lebesgue 
integral does not help much, since typically the integrand has a pole of first order 


at zq . 

Nevertheless, there is an appropriate modification of the integral concept 
which resolves the problem. The trick is to cut off two (almost) symmetric pieces 
of the path in a neighborhood of Zq in order to eliminate the singularity, and then 
to consider what happens when the lengths of these two pieces tend to zero at 
the same rate. It turns out that, under certain conditions, the big values of the 
integrand cancel each other, so that a finite limit exists. The technical details of 
this procedure are described next. 

Let zq = 7 (^ 0 ) be a simple regular point on the smooth path 7 : [a, f3\ C. 


Then, for any £ > 0, the restrictions of 7 to [a, to — e] and [to + £, / 3 ] are denoted 
7T and 7+ respectively, and we set y £ := 7“ + 7+. Note that yf may be empty. 


Definition 5.5.7. Let 7 be a smooth simple path. Then the Cauchy singular integral 
along 7 with density p is defined by 


Sp(z 0 ) 


1 

— V.p. 

7T1 




lim 

£^ + 0 



(5.83) 


for all points zq G [7] where this limit exists. 


Integrals which are defined by the limit construction in (5.83) are said to be 
principal value integrals , the abbreviation v.p. stands for “valeur principale”. By 
convention, the factor in front is 1 / (tt!) and not 1 / (2ttI) . 

Singular integrals form a large and fascinating subject with an elaborate 
theory and still ongoing research. In Definition 5.5.7 we did not worry about the 
conditions for the existence of the limit (5.83). In this book we consider a simple 
situation, where a sufficient criterion can be derived without too much machinery. 


Lemma 5.5.8. If p is continuously differentiable along a two -times- continuously - 
differentiable path 7 from a to b, then the limit Sp(z) in (5.83) exists for all regular 
simple points z G [7] \ {a, b}. 

Remark 5.5.9. If the definition of the principle value integral is modified such that 
symmetric neighborhoods of tk are excluded from the parameter interval for all 
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points tk with 7 (tk) = zo, the assumption of Lemma 5 . 5.8 that z is simple can be 
omitted. 


Proof. Let 7 : [a, / 3 ] — >• C, and let zq := j(to) with 1 0 G (a, / 3 ). By virtue of the 
assumptions on 7 and p, we can represent 7, 7', and (/? o 7 as 


7 (to+t) =70 +t (71 + g(t)), 

( 5 . 84 ) 

7V0 + 1 ) = 71 + g(t) +tg'(t), 

( 5 . 85 ) 

p{l(to +t)) =<p 0 +t (ipi + h(t )) 

( 5 . 86 ) 


with 70 := 7(t 0 ), 71 := 7 / (t 0 ) ^ 0 , po := ^(z 0 ), <£i := (p o 7)'(£ 0 ). The definitions 
h(0) := 0, g(0) = 0, and g'( 0) := 7 // (to)/2, extend h to a continuous and g to a 
continuously differentiable function on [a — to, /3 — to}. Omitting the factor l/(7ri) 
in the definition of the singular integral, we set 


S £ p(zo) := f g w 

JleCo) W Z 0 


For 0 < £1 < £2 < 6 , we consider the difference 


S Sl {z 0 ) - S £ 2 {z 0 ) 


’to— El 


to — £2 




l{t) - 7 (t 0 ) 


7 \t) dt + 


*t 0+^2 


^0+ £ l 




l{t) - 7 (t 0 ) 


7 ft) dt. 


Substituting the integration variable t by to — t in the first, and by to + t in the sec- 
ond integral, and inserting ( 5 . 84 ), ( 5 . 85 ), ( 5 . 86 ), we end up with a representation 
of S £i (zq) - S £2 (zq ) as 



fo (71 + gffl) (71 + 9 (-t)) - po (71 + g(-t)) (71 + gif)) + 1 r(t) 

t (71 + g(t)) (71 + g(-t)) 


dt , 


where r is a continuous function on [a — to ,/3 — to}. Deleting all terms which 
compensate each other, just tr(t) remains in the numerator. After cancelling t we 
see that the denominator does not vanish if £ is sufficiently small, since 71 7^ 0 
and gif)) = 0 . So we arrive at an integral of a continuous function on the interval 
61,62]- By the standard integral estimate, S £i (zq) — S £ 2 (zo) becomes arbitrarily 
small when £ tends to zero. Consequently, by Cauchy’s criterion, the limit of S £ (zo) 
for e +0 exists. □ 


Theorem 5.5.10. Let f be defined by the Cauchy integral with a continuously dif- 
ferentiable density p along a two-times- continuously- differentiable path 7 from a 
to b. Then, for all regular simple points z E [7] \ {a, b}, 


1 


1 


f + (z) = 7, (Sip{z) + tp(z)), f (z) = - (Sif(z) - <p(z)). 
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Proof. 1. We start with the constant density function Lp 
values of 

1 f dw 

/ ? z e € 

Z7T1 J 1 W — Z 



= 1 and study the limit 



To avoid wasting time with complicated computation, let us look again at Fig- 
ure 5.12 from which we can learn a useful trick. Assume that we are interested in 
a limit value of the function / at a point Zq on the (black) interval from below. 
Then all that we need to do is to ‘ lift the curtain ’ as shown in the picture on the 
right. The function is not changed by the deformation of the integration path in 
the region below the interval, but now zo lies in the interior of the domain ! By 
lifting the curtain we get immediate access to the limit values which were hidden 
so far. 

In order to exploit this idea for actually computing the limit values of 51, say 
on the “plus side” , we replace a short (almost symmetric) piece of the path 7 in a 
neighborhood of zo by a small semicircle in the “minus side” of the path. Then the 
limit of the Cauchy integral at zq on the “plus side” is equal to the value at zq of 
the Cauchy integral along the modified path. If we contract the semicircle to the 
point Zo, the integral along that semicircle converges to 7ri, while the integral along 
the unchanged part of 7 converges (per definition) to (one half of) the singular 
Cauchy integral. Now let us check more formally how this procedure works. 



Figure 5.18: Deformation of a path for computing one-sided limit values 


Let zo = 7 (^ 0 ) be a regular simple point on [ 7 ] \ {a, b}. We choose a (small) disk D 
centered at Zq such that D \ [ 7 ] consists of two connected components D~ and D + 
(see (5.82)). Then, for all sufficiently small positive e the points := y{to — e) 
and zf~ := y(to + £) lie in D. We connect these points by a path yf from z~ to zf~ 
in D~ (see Figure 5.18 left) and replace the portion 7 ^ of 7 between 27 and zf~ 
by 7 “. Abusing notation slightly, we write the modified path y £ in the intuitive 
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form % := 7 — j £ + j £ . By Cauchy’s integral theorem, the function (Sl) £ defined 

by 

1 f dw 


(51)W) ■= 


2tt\ ,/ 7e w — z 


Z e C 


7* 


coincides with (51) in D+. Consequently, the limit (51) + (zo) exists and is equal 
to the value (51) e (zo)- In order to calculate it, we first write it in a convenient 
form 


(Sl) e (*o) 


1 


dw 


1 


dw 


2yri J le w — z 0 


2yri 


/0 w — z 0 


+ 


1 


dw 


2yri 


1~1 e U J 7s 


- W — Z(J 


The first integral on the right-hand side appears in the definition of the principal 
value integral, and it converges to (1/2) (51) (^ 0 ) as £ 0- The value of the last 

integral can be calculated explicitly, 

dw 

: log (7C0 + e) - z 0 ) - log (7(^0 - e) ~ Z 0 ) , (5.87) 


7e 


- W — Zq 


where log is a continuous branch of the logarithm along . To find the limit for 
£ +0 we observe that 


Wo + e) ~ z 0 


1, arg(7(< 0 + e) - z 0 ) - arg(7 (t 0 - e) - z 0 ) n, 


Wo -e)-zo 

and thus the limit of (5.87) is equal to m. Summarizing we have 

(Sl)Wo) = lim (51) e (z 0 ) = \ (-51) (z 0 ) + 

£— >- + 0 Z Z 


(5.88) 


Replacing the arc 7 e by an arc 7+ contained in D + , we obtain in a similar manner 

(5.89) 


(51) (z 0 ) = ff hm o (51) e (z 0 ) = ^ (-51) (20) - \ 


2. In the general case we split / into the function // defined by (5.58), which is 
continuous at Zq by Lemma 5.5.2, and a Cauchy integral with constant density, 


m 


i 


27ri 


y(w) - ifi{z o) dw <p(z o) 

w — z 2ttI 


dw 


w — z 


(5.90) 


7 J 7 

The integrand w (<p(w) — <p(zo)) / (w — z) has a finite limit at zo, so that 'ip(zo) 
can be represented as 

<p(w) - Wo) 


Wo) 


1 


lim 


2ttI £ — w 


7s 


W — Zq 


dw = ls<p(zo) - 1 ip(z 0 ) (Sl)(z 0 ). (5.91) 


Combining this with (5.90) and the results (5.88), (5.89) of the first step, we finally 
get the desired result 

2 /Wo) = <5 Wo) “ Wo) (-51) (zo) + Wo) (-51) (zo) ± Wo) = <5 Wo) ± Wo)- 


□ 
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The method of “lifting the curtain” works as long as the density cp is the 
restriction of an analytic function in a neighborhood of [ 7 ]. By the way, this is 
one motivation for defining the density on the trace of 7 and not on its parameter 
interval. If this is not so, we cannot deform the path without affecting the values 
of the Cauchy integral in the entire plane. 


Cauchy integrals play an important role in the investigation of boundary 
value problems , in particular in the theory of linear and non-linear Hilbert and 
Riemann- Hilbert problems. We shall come back to this issue in Volume 2 . 


5.6 Integrals with Parameters 


In this section we shall introduce and study a constructive method for building 
analytic functions which can be considered as a generalization of infinite series. 
While a series is a superposition of a countable number of summands, we are 
now concerned with superpositions of (analytic) functions which depend continu- 
ously on a parameter, which leads to the concept of integrals with parameters or 
parameter integrals in short . 2 

One prototype of a parameter integral we have already met is the Cauchy 
integral 




¥>(w) 

w — z 


dw. 


In the above interpretation, the function / is a weighted superposition of analytic 
functions z 1 /{w — z). The family of these functions is parameterized by the 
point w on the trace of 7 , or, more naturally, by the parameter t from the parameter 
interval of 7 . The “weight” of a function z 1 /{w — z) in the superposition is the 
value <p(w) of the density. 

With this interpretation in mind, it becomes intuitively clear, why a Cauchy 
integral defines an analytic function, no matter whether the density is analytic or 
not. Moreover, the distinguished role of the Cauchy kernel seems not to be relevant 
at all - so let us look what happens if we replace it by any (continuous) family of 
analytic functions. 

After these considerations the following result is probably not a big surprise. 


2 To convince you of the utility of this technique we quote from Surely you’re joking, Mr. Feyn- 
man p.86-87: ‘This book [which is Advanced Calculus by Frederick Woods] also showed how to 
differentiate parameters under the integral sign - it’s a certain operation. It turns out that’s not 
taught very much in the universities; they don’t emphasize it. But I caught on how to use this 
method and I used that one damn tool again and again. So because I was self-taught using that 
book, I had peculiar methods of doing integrals. 

The result was, when guys at MIT or Princeton had trouble doing a certain integral, it was 
because they couldn’t do it with the standard methods they had learned in school. If it was 
contour integration, they would have found it; if it was a simple series expansion, they would 
have found it. Then I come along and try differentiating under the integral sign, and often it 
worked. So I got a great reputation for doing integrals, only because my box of tools was different 
from everybody else’s . . . ’. 
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Theorem 5.6.1. Let D C C be an open set , let I := [a,/?] C R be a (parameter) 
interval, and let g : I x D — > C be a continuous function. If g is analytic with 
respect to z, i.e., the mappings z i— >> g(t,z) are analytic for every t G I, then the 
function f : D C defined by 


/(*) 7 


•p 


g(t, z) dt 


(5.92) 


a 


is analytic in D. Furthermore, the derivative dg/dz is continuous on I x D and 


m = J zf(t,z)dt. 


(5.93) 


Proof. 1. First of all note that / is continuous in D. For verification, fix zo G D, 
choose a closed disk Kq C D centered at zo, and estimate \f(z) — f(z o)| by the 
standard integral estimate, using the uniform continuity of g on I x K o. 

2. In order to prove that / is analytic, we pick zq G D and denote by D 0 the interior 
of the disk Ko defined in the first step. Denoting by 7 the standard parametrization 
of the boundary of Do, Cauchy’s integral formula tells us that 

1 r g{t,w) 


g(t,z ) 


2tt1 


7 


w 


z 


dw , 


t G I, z G D q. 


(5.94) 


Integrating (5.94) along the parameter interval /, and interchanging the order of 
integration using Fubini’s theorem, we obtain 

f f( w ) 

aw at = / 

j j 1 W — Z 


m 


1 

2ttI 


°JhHl dwdt =±- 

2 ttI 


7 


w — z 


dw, z G Do. 


(5.95) 


Formula (5.95) represents / as a Cauchy integral with continuous density, so that 
/ is analytic in Dq by Theorem 4.2.20. Since zo was chosen arbitrarily, / is analytic 
in D. 

3. Now applying Cauchy’s integral formula for the derivative of /, we get 


/'(*) = 


1 


/O) 


2 ttI 


(re — z) : 


dw = 


1 


g(t,w) 
2 tti J Jj (w — z)' 



dtdw, z G Dq. 


7 V ' J 7 

Since the integrand is continuous on / x [ 7 ], we can interchange the order of 
integration again, which results in 


no = 


V 7 / f-f- 1 —fdwdt= f *L(t,z)dt, z £ Do- 
2 tti Jj J (w - z Y Jj dz 


The last equality follows from Cauchy’s integral formula applied to the mappings 
* ^ g(t,z), 


dg , . 1 

Tz lt ’ z) = 


g(t,w) 


2ttI 


dw, zeD 


2 (5.96) 

7 (w - z) J 

As in step 1 and using representation (5.96) we can see that dg/dz is continuous 
on I x Dq and thus on I x D. □ 
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Corollary 5.6.2. Let D and G be open subsets ofC. If 7 is a piecewise smooth path 
in G, and if the continuous function g : G x D C is analytic with respect to z, 
then the function f defined by 


f(z) ■= / g{w,z)dw, 
is analytic in D and its derivative is given by 


z e D 


f\z) = J *h(w,z)dw. 


Proof. Assuming that 7 is smooth, the result follows on applying Theorem 5.6.1 
to the representation 

f(z)= / g{w,z)dw= / g(j(t),w) — dt. 


7 


a 


dt 


In the general case, we just add up the integrals along the smooth components of 
the path. □ 


Example 5.6.1 (Bessel Functions of Integral Order). One source of special func- 
tions are eigenvalue problems which arise in mathematical physics. For example, 
solutions of partial differential equations on circular or cylindrical domains often 
involve Bessel functions. Here we restrict ourselves to Bessel functions of the first 
kind with integral order n. These functions can be conveniently defined by the 
parameter integrals 


1 r 

Jn( z ) := — / cos (z sin t — nt) dt, 

27r J 0 


z eC. 


(5.97) 


Since the integrand is continuous on [0, tt] x C and analytic with respect to z, the 
assumptions of Theorem 5.6.1 are satisfied, so that the J n are entire functions if 
n G Z. Graphs of the functions Jo and J 5 are presented in Figure 5.19. Figure 5.20 
depicts the corresponding phase portraits in the square |Rez| < 15, |Imz| < 15. 




Figure 5.19: Graphs of the real Bessel functions Jo and J 5 
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Figure 5.20: Phase portraits of the complex Bessel functions Jq and J 5 


The functions J n have a zero of order n at the origin and an infinite number 
of simple zeros along the real axis. The function Jq looks like a damped cosine 
function, and in fact the asymptotic behavior of J n for x +00 is 





The investigation of Bessel functions and related Neumann and Hankel functions 
will be continued in Volume 2 . 

Example 5.6.2 (The Gamma Function). One of the most famous functions with a 
long and interesting history is the Gamma function. Originating in the quest for 
extending the factorial function f(n) = n ! to positive real arguments, it has been 
intensely studied by a number of prominent mathematicians. The first satisfactory 
solution of the factorial problem dates back to Leonhard Euler, who proposed a 
product representation. Some time later Euler found an integral representation 
(for real arguments), which is equivalent to the usual definition in present day 
texts, 

rOO 

r(z) := / t z ~ x e _t dt, Rez>0. (5.98) 

J 0 

Here t z denotes the principal branch of the complex power function defined by 


t z := exp(zLogt), t G R+. 

The definition of the Gamma function (5.98) involves an improper integral. Since 
\t z \ = t Rez , the integrand decays exponentially as t + 00 , so that the corre- 
sponding integral from 1 to +00 is always convergent. Near t — 0 the situation 
is a little different. If Re z > 1 , the integrand is bounded, if 0 < R ez < 1 it has 
an integrable singularity, and if Re z < 0 the integral does not converge. So the 
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Gamma function is well defined by (5.98) in the right half-plane Re z > 0. In order 
to show that T is an analytic function, we consider the truncated integrals 

pn 

r n(z) := / C _1 e _t dt, Rez>0. (5.99) 

J l/n 

Since the mapping z \-y t z is analytic for any t E R+, the functions T n are analytic 
by Theorem 5.6.1. The standard integral estimate then shows that T n converges 
normally in the right half-plane to T as n —y oo, so that T is analytic by Theo- 
rem 5.1.3. 

So far T is only defined on the right half plane. Is there an analytic exten- 
sion to a larger domain? Analytic continuation by Weierstrass’ disk chain method 
would be technically complicated, so we shall use this opportunity to demonstrate 
another method. For 0 < a < b < oo, integration by parts yields 




a z e a 1 

1 — 

z z 



(5.100) 


If Re £ T 0, the boundary terms vanish as a — y TO and b — y Too, so that we have 


POO -i POO 

T(z) = / t z ~ x e -t dt = - / t z e _t dt. (5.101) 

Jo z Jo 

Now the second integral on the right-hand side makes sense for Re z > — 1 and 
defines an analytic function. Consequently (5.101) gives rise to an analytic exten- 
sion of the function in (5.98) to the domain {z E C : Re z > —1} \ {0}. Note that 
the extended function has a simple pole at 0. 

Moreover, the right-hand side of (5.101 is equal to (1/ z)T(z + 1), so that we 
have the functional equation 


T(z + 1) =zT(z). (5.102) 

Applying this equation recursively in the form T(z — 1) = T(z)/(z — 1), we can 
extend T analytically step by step to the domains 

{z E C : Rez > —k} \ {0, —1, . . . , —k + 1}, 

and finally to C\{0,— 1, . . . , — fc, . . The exceptional points are (simple) poles, 
so that the resulting Gamma function is meromorphic in the complex plane. 

Figure 5.21 shows the graph of the real Gamma function in the interval 
—5, 5] and a phase portrait of the complex function in the square —7 < Rez < 7, 
— 1 < Im z < 13. We see the poles at the non-positive integers, but no zeros (in fact 
the function has no zeros). The function grows (faster than exponentially) along 
the positive real axis, and decays along the isochromatic lines in the direction of 
the left upper corner. It is real on the real axis and (therefore) obeys the symmetry 
relation T(z) = T(z). 



Figure 5.21: Graph on the real axis and phase portrait of the Gamma function 


Example 5.6.3 (The Riemann Zeta Function II). We continue the investigation of 
the Riemann Zeta function defined in Example 5.3.3 by a Dirichlet series conver- 
ging in the half plane Re z > 1. To begin with we derive an (parameter) integral 
representation which establishes a relation between the Zeta function and the 
Gamma function, namely we shall show that 


C(*)r(*) 



R ez > 1. 


(5.103) 


Here and in the following t z with t G M+ always denotes the main branch of the 
power function, t z := exp(zLogt). Note that t z 0 as t +0 and Re z > 0. 

In order to verify (5.103) we fix some z with Re z > 1. From the definitions 
(5.22) and (5.99) of ( and T we obtain 


oo 


<(*)r(*) = £ 


n — 1 

oo 

E 

n — 1 

oo 


1 


n ' 


1 


n 


•+oo 


t 2 - 1 e~* dt 


0 


0 

‘ + OO 


•+00 / _i_ \ z 1 

n 


e 1 dt 


= V / t z ~ x e~ nt dt. 


Assuming, for a moment, that summation and integration can be interchanged, 
and using the property that the geometric series 


oo 

E 

n — 1 


e -nt = 


1 


e* — 1 


(5.104) 
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converges uniformly with respect to t on compact subsets of (0, +oo), we arrive at 


C(z)T(z) 


>+oo 00 

,z-l 


t 


0 


E 

n — 1 


-nt 


dt = 


*+oo -f-z — l 


e t - 1 


dt , 


which is the desired relation (5.103). In order to justify interchanging the sum and 
the integral, we consider the absolute values of the summands, 


t z-l -nt 


= t s e~ nt 


6 := Re z — 1 > 0, 


which implies that for all TV > 1 and t > 0 

N N 


El* 

n= 1 


z—1 ~—nt 


= E* 


5 e -nt < 


t ( 


n — 1 


e* 


1 


Since the function on the right-hand side decays exponentially as t -f oo and 
grows like t 5-1 as t +0, it is integrable on [0, +oo). An application of Lebesgue’s 
theorem on dominated convergence completes the proof. 

Next we show that the integral on the right-hand side of (5.103) extends to a 
meromorphic function G in the plane. To this end, we write 3 

•1 J-Z — 1 /> + oo -f-z — l 


G(z) : 


•+oo ^z — 1 pi 

— dt = / — dt + 

e 4 - 1 .In e^ 1 


e t - 1 


dt = f(z ) + g(z). (5.105) 


o c— ± j o c — ± J1 

The function g defined by the second integral is entire, which follows from a slight 
modification of Theorem 5.6.1. In order to prove the same for /, we observe that 
the function h defined by h(t) := l/(e t — 1) is analytic in the punctured disk 
0 < \t\ < 2 tt and has a simple pole with residue 1 at the origin. The Laurent series 
of h has the form 

1 i °° 

= - + 

k = 0 


h{t) = 


,k 


1 


and Cauchy’s estimate (Lemma 3.2.4) with r = 2 < 2tt yields that for some c > 0 


ak 


< c 2 


-k 


ke N. 


(5.106) 


It can easily be checked that h- f 1/2 is an odd function, which implies that d2k = 0, 
and consequently we have 


oo 


Ht) = \ ~ \ + E «2fc+ii 2fe+1 

k = 0 


Since z is a number with R ez > 1, we have t z+2k \ < 1 for t G [0, 1], and using 
the estimate of the coefficients dk we see that the series 


oo 


E* 

k = 0 


z- 1 a 2k+1 t 2k+1 


3 following Ullrich [67], p. 415 f. 
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converges absolutely and uniformly with respect to t on [0,1]. Hence we can ex- 
change integration and summation in the integral defining /, 




p - 1 
e t - 1 


dt 



1 

2 


1 



1 

2z 


z + 2k + 1 

fc =0 



oo 

dt H - E &2/c+l 

k=0 



dt 


By Cauchy’s estimate (5.106), the series on the right-hand side converges normally 
to a function which is analytic in D :=C\{— 2k — 1 : k G N} and has simple poles 
at 0, 1, and possibly (if a 2 /c+i ^ 0) at the points — 2k — 1, which proves our claim. 

Figure 5.22 (left) shows a phase portrait of G in the square \Kez\ < 20, 
Imz\ < 20. For comparison, the window on the right depicts the Gamma function 
in the same domain. Near the right boundary of the squares the portraits are 
almost identical. Along the real axis we see a number of poles. The poles of G are 
located at 1, 0, —1, —3, —5, . . ., while T has poles at 0, —1, —2, —3, . . .. In the phase 
portrait of G we also detect two zeros which are symmetric about the real axis. 



Figure 5.22: Phase portraits of G (left) and F (right) 

So far we have shown that for all z with R ez > 1 the Riemann Zeta function 
admits the representation 

CC) = G(z)/r(z), (5.107) 

where G is defined by (5.105) and extends to a meromorphic function in the 
plane. Since the Gamma function has no zeros, and has simple poles at the non- 
positive integers, all poles of G except the one at zo = 1 are cancelled, so that 
the function G/F is meromorphic in C with a simple pole at 1. Taking (5.107) 
as a definition yields an analytic continuation of the Riemann Zeta function 
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to the complex plane. The extended 
function has simple zeros at the 
points —2, —4, —6, . . which are gen- 
erated by the poles of T. 

Figure 5.23 shows the phase portrait 
of the Riemann Zeta function in the 


square 


Re z 


Im z < 20. 


< 20 , 

Besides the so-called “trivial” zeros 
along the negative real line and the 
pole at 1 we detect two other zeros 
(located at 0.5 =b 14.1347... i). En- 
larging the domain reveals the exis- 
tence of many more non-trivial zeros, 
which seem to be arranged along a 
straight line. This can be seen more 
clearly in Figure 5.1 on page 202, 
which depicts ( in the region 


30 < Re z < 7, — 2 < Imz < 48. 



Figure 5.23: The Riemann Zeta function 


Since Bernhard Riemann’s groundbreaking paper [57] of 1859 it is known 
that there are indeed infinitely many zeros in the critical strip 

S := {z G C : 0 < Re z < 1} 

and that we find only “trivial” zeros outside the closure of S. Furthermore, Rie- 
mann claimed that the number of zeros with 0 < Im z < T should approximately 
be 

T T T 
2t r 0g 2 tt _ 2tt’ 

but it took almost 50 years until von Mangoldt verified this rigorously. In his paper 
of less than ten pages Riemann also states that it is “very likely” that all non- 
trivial zeros he on the critical line {zGC: R ez = 1/2}. This innocent assertion 
is the famous Riemann hypothesis , which has withstood all the many attempts at 
proving it, as well as a few at disproving it, for more than 150 years. The beauty 
and the depth of the Riemann hypothesis combined with the importance it has 
in almost all fields of mathematics (and even in physics), are some of the reasons 
why many mathematicians consider it as the holy grail of their science. 

The location of non-trivial zeros of the Riemann Zeta function is of great 
importance in several fields of mathematics, and in particular in number theory. 
A first hint that the Riemann Zeta function is related to prime numbers comes 
from a result which was known already to Leonhard Euler, at least for zGi 

Theorem 5.6.3 (Euler Product Formula). For all z E C with Re z > 1 we have 

«*> = n 1 


p£ P 


1 — p~ 




(5.108) 
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where the product extends over the set P of all prime numbers. 

Proof. We follow Norton [47]. Multiplying the series (5.22) which defines the Rie- 
mann Zeta function by (l — 2 -2 ), we get 


COX 1-2-*) 



1 i i i 

F + 3 I + 5 I+ 7 I + 


where summation on the right-hand side is over the powers of all odd positive 
integers n. Repeating this with the factor (l — 3 _ "), we remove in the next step 
all powers of n which are multiples of 3, so that the series now starts with 1 + 5 ~ z . 
Continuing in this manner, we multiply by (l — m~ z ) when the series begins with 
1 -f m ~ z , which removes all powers n~ z where n is an integral multiple of m. 

Because this procedure corresponds exactly to what is done in the sieve 
of Eratosthenes, it is clear that the numbers m are exactly the prime numbers. 
Moreover, a simple estimate shows that the sum 1 + m~ z + . . . which remains on 
the right-hand side tends to 1 as m oo. 

Since the prime numbers form a subset of the positive integers, and n ~ z 

converges for Re z > 1, the product Yi P e¥ (l ~P ~ Z ) converges absolutely by The- 
orem 5.4.4. Finally, the value of this product is the reciprocal of the right-hand 
side of (5.108). □ 


The crucial importance of the Riemann Zeta function for the distribution 
of prime numbers was discovered by Bernhard Riemann in [57]. Riemann verified 
that all non-trivial zeros of the Zeta function lie in the closure of the critical strip, 
and derived an asymptotic formula for the prime- counting function x 7r(x), 
which indicates the number of primes less than or equal to some real number x. 

By 1896 the techniques for studying the Zeta function were so advanced that 
Jacques Hadamard and Charles de la Vallee-Poussin could prove (independently) 
the prime number theorem 


7 r 



r^j 


x 

logx ’ 


which was already conjectured by Carl Friedrich Gauss. A tough part of these 
proofs is to show that ( has no zeros with Re z = 1 . 

The Riemann Zeta function is of an unbelievable complexity. In order to impart a 
feeling for the mixture of regularity and (apparent) randomness, which is typical 
for its behavior, phase portraits of Zeta in the critical strip are shown in the mar- 
gins of several pages of this book. 4 The range depicted on page p is approximately 
the rectangle 


{z £ C : 0 < Re z < 1, 20 p — 21<Imz<20p-fl}. 

4 You need not search for zeros violating the Riemann hypothesis, it has been verified that there 
is no counterexample among the first 10, 000, 000, 000, 000 zeros, at least. 
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The Zeta function will be investigated further in Volume 2. In particular we shall 
explain why it may be considered as the mother of all (analytic) functions. 

Readers who want to know more about the history of and contemporary 
developments in this fascinating field will find quite a number of excellent and 
entertaining books, like Derbyshire [12], Sabbagh [59] and du Sautoy [61]. A more 
advanced introduction is given by Borwein, Choi, Rooney and Weirathmueller [5], 
including reprints of many original papers which are milestones in the exploration 
of the Riemann Zeta function. 

Integral Transforms. We cannot finish this section without mentioning that pa- 
rameter integrals are the basis of various integral transforms , like the Laplace , the 
Fourier , and the Mellin transform , which are defined by the parameter integrals 

pOO pOO />oo 

/ f(t)e~ tz dt, / f(t)e ltz dt, / f{t)t z ~ l dt , 

JO J — oo Jo 

respectively. Several examples of such integrals already came up in the text: in 
Example 4.5.5 we have calculated the Fourier transform F(z) = 7re~' z ' of the 
function f(t) = 1/(1 Ft 2 ) for real arguments z, the Gamma function T is by 
definition the Mellin transform of f(t) = e _t , and formula (5.103) tells us that 
its product f V with the Riemann Zeta function is the Mellin transform of the 
function f(t) = l/(e _t — 1). 

Properties of integral transforms and some of their applications will be dis- 
cussed in more detail in Volume 2. 


Figure 6.1: Pull-back of a polar chessboard via f(z ) = (z — 1 )/{z 2 + z + 1) 








Chapter 6 


Conformal Mappings 


The focus of this chapter is on geometric aspects: complex functions will be consid- 
ered as mappings between subsets of two complex planes which transplant objects 
from one plane to the other. 

In the first section we show that analytic functions are characterized by the 
property of conformality - which means that the associated mappings preserve 
the angles of intersection between smooth curves. 

In Section 6.2 we study analytic functions which map two given domains con- 
formally onto each other. We describe the conformal self-mappings of the sphere, 
the plane and the disk, and we search through the inventory of elementary func- 
tions for appropriate mappings between some standard domains. 

Section 6.3 is exclusively devoted to Mobius transformations, the conformal 
automorphisms of the Riemann sphere. We introduce and study the cross ratio, 
and classify Mobius transformations according to their invariant sets. 

In Section 6.4 we prove the celebrated Riemann mapping theorem on the 
existence of conformal mappings between arbitrary simply connected domains. 
We present an elegant proof published by Constantin Caratheodory in 1928, more 
than 75 years after the result was first stated by Bernhard Riemann. 

A second theorem of almost the same caliber is the Caratheodory-Osgood 
theorem on the boundary correspondence of conformal mappings between Jordan 
domains. We state and prove this result in Section 6.5. 

Section 6.6 is devoted to the Schwarz reflection principle, another technique 
for extending analytic functions to larger domains, and its applications to confor- 
mal mappings between symmetric domains. A more serious usage of this principle 
follows in Section 6.7, where we study the mapping properties of elliptic integrals 
and their inverses, which turn out to be doubly periodic analytic functions. In 
the last section these ideas are put into a more general context, leading to the 
Schwarz-Christoffel formula for conformal mappings of a half-plane onto polygo- 
nal domains. 


E. Wegert, Visual Complex Functions: An Introduction with Phase Portraits, 
DOI 1 0. 1 007/978-3-0348-0 1 80-5_6, © Springer Basel 2012 
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6.1 Mappings of Planar Domains 

In this section we investigate why (almost all) ‘tiles’ of the phase portraits with 
enhanced contour lines of modulus and phase of analytic functions / are appro- 
ximately square. Figure 6.2 shows a portrait of the standard example from Sec- 
tion 2.5, f(z) := (z — l)/(z 2 + z + 1). In order to focus on the shape of the tiles, the 
image plane in the picture on the right is not colored according to phase, but so 
that all tiles are colored in the same manner. Four different colors at the corners 
allow one to identify the orientation of the tiles. In the picture on the left, this 
coloring is pulled back to the domain of /. 



Figure 6 . 2 : A rectangular tiling of the image plane pulled back to the domain 

A rough explanation for the shape of the transplanted tiles has already been given 
in Section 4.1: an analytic function with f'(zo) ^ 0 behaves locally at Zq like the 
linear mapping z ^ f( z o) + f'( z o) (z — zo), which is an orientation preserving 
similarity transformation. However, this does not explain why the corners of the 
tiles are exactly rectangular. 

Preservation of Angles. In order to study this in more detail, we consider the 
transplantation of smooth (oriented) curves from the z-plane to the re-plane under 
a general complex mapping f : D C. In the following we make the standing 
assumption that / : D C is an M-differentiable function (see Definition 4.1.9). 
Since it requires a little less machinery, we shall work with paths instead of curves. 

To begin with we fix a point z G D and consider a differentiable path 
7 : [0, 1] — > D with initial point z. We may assume that 7 is simple, though 
this is not really important. If 7'(0) yf 0, then the vector v := 7'(0) is tangent to 
the trace of 7 at z. Regardless of whether v = 0 or v 7^ 0 we call v the tangent 
vector of 7 at z. 

Let now 71 and 72 be two differentiable paths in D with initial point z and 
assume that the tangent vectors v\ := 7 i( 0 ) and V 2 := 72 ( 0 ) at z are different from 
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zero. Then the angle of intersection of 71 and 72 at z is defined as the oriented 
angle between the vectors v\ and v<i, 

a = Z(7i,7 2 ) := Arg (v 2 /v i) G (— 7 r, 7 r . 

Next we compare the intersection angle a of 71 and 72 at z with the intersection 
angle [3 = Z(/ o 7^ / o 72) of the transplanted paths / o 7 X and / o 72 at f(z). 
This is illustrated in Figure 6 . 3 . 




Figure 6 . 3 : Intersection angles of two differentiable paths and their images 

In the case depicted the angles a and f 3 are different. Mappings for which a and 
(3 are always equal are of special interest. 

Definition 6.1.1. Let 71 and 72 be differentiable paths in D with initial point z and 
non- vanishing tangent vectors at z. We say that a mapping / : D — > C preserves 
the angle of intersection of 71 and 72 if the tangent vectors of / o gi and / o 72 at 
f(z ) are non-zero and 


Z(/ 0 7 i> / 0 72) = Z( 7 !, 7 2 ). 


The mapping / is said to be conformal at z, if it preserves the angles of intersec- 
tion of arbitrary differentiable paths with non- vanishing tangent vectors at z. A 
function which is conformal at every point in D is called conformal in D. 


Note that, according to this definition, conformal mappings preserve oriented 
angles. For example, reflections along a line are not conformal because they re- 
verse orientation. A more general concept neglects orientation and requires only 


We then get two classes of angle preserving 
r other by reflection along a straight line, for 


that \Z(f 07!,/ 072)1 = Z( 7 i, 72) 
mappings, which are related to eac 
example the real axis. 

The next theorem provides a general criterion for conformality which relates 
it to a familiar class of functions. 


Theorem 6.1.2. Let f : D — > C be an HI- differentiable function in an open set 
D C C. Then f is conformal at z if and only if f is complex differentiable at z 
and f'(z) 0. The mapping f is conformal in D if and only if f is analytic in D 

and f'(z) 0 for all z E D. 
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Proof. Let v = £ + if] be the tangent vector of a differentiable path 7 at z := 7 ( 0 ). 
By the chain rule, the tangent vector of / o 7 at f(z ) is given by 


(/ 0 7 )'( 0 ) = « + br)) + i(c£ + dr]), 


where the coefficients a, 6 , c, d are the entries of the 


Jacobi matrix 


Df(z) 




a b 
c d 


( 6 . 1 ) 



of / at z 
mapping 


x + i y. Consequently / is conformal at z 


if and only if the (real) linear 


' i ' 


a 

b " 
d 


" z " 

. . 


c 


. d . 


preserves the oriented angles between vectors in M 2 . It is well known (and can be 
easily verified) that this happens if and only if Df(z) is an orthogonal matrix with 
positive determinant, i.e. , a = d, b = — c, and a 2 + b 2 > 0 . 

The first two conditions are just the Cauchy-Riemann equations for / at z, 
which, by Theorem 4.1.10, are equivalent to the complex differentiability of / at 
z. Expressing f by the partial derivatives of u we get 


/'(*) 1 2 



+ 





so that the third condition a 2 + b 2 > 0 is equivalent to f'(z) 7^ 0 . 


□ 


Since all regular parameterizations of a smooth oriented curve have parallel 
tangent vectors, Theorem 6.1.2 can be rephrased more geometrically as a statement 
about the preservation of intersection angles between smooth oriented curves. 


Remark 6.1.3. The Jacobian Jj, i.e., the determinant of the Jacobi matrix D/, 
of an M-differentiable function / can be conveniently expressed by the Wirtinger 
derivatives (4.11), 



If / is analytic, then Jf = | f'\ 2 . Note that |J/(z)| is the local scaling factor by 
which the mapping / expands or shrinks area measure at z. 


Example 6.1.1 (The Square Function). Figure 6.4 illustrates how the function 
f(z ) = z 2 acts on a square grid consisting of two families of horizontal and vertical 
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lines in the domain 0 < Kez < 1, 0 < Imz < 1. In the region depicted, the 
function is injective and its derivative does not vanish. 



Figure 6.4: A square mesh and its image under the mapping f(z ) = z 2 

The mapping f(z) = z 2 = x 2 — y 2 + 2i xy is conformal at all points of the plane, 
except at the origin, where its derivative f has a zero of first order. Figure 6.4 
shows that the right angle between the red and the green curve at z — 0 is doubled 
in the image. 



Figure 6.5: Pushing forward a rectangular mesh by f(z) = z 2 

Critical Points. The only points where an analytic function / : D C is not 
conformal are the zeros of its derivative. 

Definition 6.1.4. The zeros of the derivative f' of an analytic function / are said 
to be the critical points of /. The values of / at its critical points are called critical 
values. 

Figure 6.5 illustrates the action of f(z) = z 2 on a rectangular grid in some 
square which contains the critical point z = 0 (indicated by the yellow dot). The 
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function / is not injective and the right picture shows clearly that the image 
domain ‘wraps twice around’ the point /( 0). If f has a zero of order k at zq, it 
follows from the representation f(z ) = f(zo) + (z — zo) k+1 g(z) with g(z o) ^ 0 
that angles a between curves intersecting each other at zq are multiplied by a 
factor of k + 1. If (k + l)a > 2i r, this angle has to be measured between the image 
curves on the corresponding Riemann surface (see Chapter 7), when the curves 
are considered in the plane as usual, the value of the angle is reduced modulo 2 1 r. 



Figure 6.6: Pulling back a rectangular mesh via f(z) = z 2 


Pushing Forward and Pulling Back. The self-overlapping of images makes “push- 
ing forward” geometric objects not very convenient, while “pulling back” avoids 
this drawback. This can be seen in Figure 6.6 depicting the pull-back of a mesh 
of equidistant lines via the mapping f(z) = z 2 . 

The preimages of these lines are the contour lines of the real part u and 
the imaginary part v of /. Since the lines Re re = const and Im w = const are 
mutually orthogonal in the re-plane, we obtain again that the contour lines of 
conjugate harmonic functions u and v are orthogonal (see Theorem 4.6.3). 

Simililarly, the preimage of an orthogonal polar grid consists of two families of 
curves which are mutually orthogonal. Exceptions are not only the critical points 
of /, but also the zeros of /, which are sent to the center of the polar grid. This 
again explains the orthogonality of the contour lines of phase and modulus in the 
phase portrait of analytic functions (see the discussion at the end of Section 4.1). 

Example 6.1.2. As an example of a mapping which is not conformal, we consider 
the function g(x + i y) := x 2 — y 2 + i (x + y). It is not analytic and its Jacobian 


Dg(x + iy) 


2x —2 y 

1 1 


is an orthogonal matrix only at the point z = (l + i)/2. Figure 6.7 shows the action 
of g on a mesh in the square 0<Rez< l,0<lmz< 1. The red cells contain the 
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point z = (1 + i)/2 (left), and its image (right). Both are (almost) squares. Note 
the differences in the shapes of the other three colored cells. 



Figure 6.7: A square mesh and its image under the mapping g 


6.2 Special Conformal Mappings 

We begin by extending the definition of conformality to include the point at infinity 
in the domain and/or the range of /. Since the (reflected) inversion z i— >> 1 jz is 
angle preserving on the Riemann sphere, it is natural to say that / is conformal at 
oo if z i— y /( 1/z) is conformal at 0. Similarly, / is conformal at zo with /(z o) = oo 
if z i— > l//(z) is conformal at zo- 

Using Theorem 6.1.2 it can easily be verified that / : D C is conformal at 
a point Zo G D C C with Wq := f(z o) G C if and only if it is analytic at Zq and 
has the Laurent expansion 


m-- 

= Co + Ci(z - 

z o) + • • • 

with 

Cl 


if 

^0 

G c, 

Wo 

G C, 

/(*) = 

C -1 , 

+ c 0 

+ c\ (z — zo) T • • • 

with 

C- 

o 

1b 

1—i 

if 

^0 

G c, 

Wo 

= oo, 

z - Zo 








/(*) = 

C-l 

- Co + + 

c -2 

r\ 1 • • • 

with 

c_ 

l/O 

if 

^0 

= OO, 

Wo 

G c, 

z 

Z A 








m = 

= C\ Z + Co + 

C_1 -f 

1 • • • 

z 

with 

Cl 

7^0 

if 

^0 

= OO, 

Wo 

= OO. 


Univalent Conformal Mappings. So far our definitions of conformality do not 
require that the mapping be injective. Conformal mappings with this additional 
property are said to be univalent and deserve special attention. In this case the 
function / : D G is a bijective mapping of D onto the image set G := f(D ), 
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which is in fact a domain by the open mapping principle (Theorem 3.4.8). Since 
the converse is true as well, the univalent conformal mappings of D onto G are 
exactly the bijective analytic functions f : D G. 

Definition 6.2.1. An analytic function / : D G which maps a domain D bi- 
jectively onto (a domain) G is called a conformal mapping of D onto G. If such 
a mapping exists, G and D are said to be conformally equivalent. A conformal 
automorphism of D is a conformal mapping of D onto itself. 

Conformal Automorphisms. Because the inverse function f~ 1 : G D of a bi- 
jective analytic function / : D G is automatically continuous, it follows that 
conformal equivalence is indeed an equivalence relation. The conformal automor- 
phisms of a domain form a group with respect to composition. 


Theorem 6.2.2. Let D be one of the following domains: the Riemann sphere, the 
complex plane, or the unit disk. Then the conformal automorphisms of D are 
precisely the following functions: 

(i) the Mobius transformations ( az -\-b )/ (cz + d) with ad ^ be, if D = C; 

(ii) the linear functions az + b with a ^ 0, if D = C; 


(iii) the Blaschke factors c (z — a)/(l 


az) with \a\ < 1 and 


c 


1, if D = D . 


Proof. 1. Let D = C. It has already been shown in Section 2.3, that any Mobius 
transformation maps C bijectively onto itself. Conversely, any conformal automor- 
phism / of C must be a rational function (Theorem 3.5.8). Because / is bijective, 
it must have degree 1 (Theorem 3.1.10), i.e., f(z) = (az + b) / (cz + d) with co-prime 
linear polynomials az + b and cz + d. This also implies that ad be. 

2. It is clear that any linear function / (z) = az + b with 0 is a conformal 
automorphism of C. Conversely, if / is such an automorphism, it has exactly one 
zero zo E C. So / can be represented as f(z) = (z — zq) g(z ), where g is analytic 
in C and g(zo) ^ 0. Consequently there exists some neighborhood U of zo where 
l/g is bounded. 

By the open mapping principle f(U) covers a neighborhood V of 0, and since 
the sets f(U) and /( C \ U) are disjoint, 1// is bounded on C \ U . This implies 
that l/g is also bounded on C \ U and hence on all of C. Liouville’s theorem 
(Theorem 4.2.25) tells us that g is constant, i.e., f(z) = a(z — zq). It is clear that 
a cannot be zero. 


3. The assertion for the unit disk has already been verified in Example 3.4.4 
of Section 3.4. □ 


Conformal Automorphisms of the Unit Disk. In the first and the third cases of 
the last theorem something more can be said. Here we consider only the case of 
the disk, where the conformal automorphisms are Blaschke factors, 




zo 


< 1 
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Mobius transformations will be investigated in detail in the next section. 

Theorem 6.2.3. Let zq e B and a E R. Then there is exactly one conformal 
automorphism of ID) with 


/0o)=0, arg f(z 0 ) = a, 



namely the function f of (6.5) with c := e ia . 

Proof. Any conformal automorphism of B with /(zo) = 0 has the form (6.5). Since 
f'(z o) = c/( 1 — \zq | 2 ) and \c\ = 1 , the condition arg /'(zo) = & holds if and only 
if c — e ia . □ 


Corollary 6.2.4. If zq G B and f is a conformal automorphism of B with /(zo) = 
and /'(zq) > 0 t/ien /(z) = z for all z E B. 


Proof. Let g be a conformal automorphism of B with g(zo) = 0 and g'(zo) > 0. 
Since h := g o f also satisfies h(zo) = 0 and h'(zo) > 0, we have h = g. □ 


Figure 6.8 visualizes a conformal automorphism of the unit disk. The point z o and 
the origin are marked by a yellow dot. 



Figure 6.8: A conformal automorphism of the unit disk B 

One fundamental question in the theory of conformal mappings is to decide which 
domains are conformally equivalent. Before we treat this problem in a general 
setting in Section 6.4, let us develop some useful techniques for constructing special 
conformal mappings. To start, let us browse through our repertoire of analytic 
functions for something appropriate. 

Example 6.2.1 (The Cayley Mapping). A conformal mapping of the upper half- 
plane El onto the unit disk B is given by the Cayley mapping , 


z + i 


(6.7) 
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Figure 6.9: The Cayley mapping of a semi-infinite cartesian chessboard 

It sends i to 0 and satisfies /'( i) = —i/2. By Theorem 6.2.3, any conformal mapping 
of HI onto D is the post-composition of the Cayley mapping with a Blaschke factor. 



Figure 6.10: The inverse Cayley mapping of a polar chessboard 
Figure 6.10 visualizes the inverse of the Cayley mapping /, which is given by 

f~ 1 (w) = ii±jy (6.8) 

1 — w 

Example 6.2.2 (Exponential and Logarithm Function). The exponential function 
and the logarithm generate several interesting conformal mappings. It follows from 
the representation 

Q x+iy _ Q x ( cog y _|_ • g - n y ) 

that, for all a, 6, c, d G R with a < b and — tt < c < d < 7r, the function w = e z 
maps the rectangle 


R(a , b, c, d) := {z G C : a < Re z < b, c < Im z < dj , 


(6.9) 
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conformally onto the annular sector 


S(a, b , c, d) := {w E C \ {0} : e a < |rc| < e 5 , c < Arg ic < d} 


(6.10) 



Figure 6.11: The exponential function mapping a rectangle to an annular sector 

The infinite strip R(— oo, oo, c, d) is mapped by the exponential function onto the 
sector {w E C : c < Arg w < d}. In particular, the strip /£(— oo, oo, — 7r, 7r) is 
mapped onto the complex plane slit along the negative real axis. 



Figure 6.12: The exponential function mapping a rectangle to a spiral domain 

The image of a straight line, which is neither parallel to the real nor to the imagi- 
nary axis, under the mapping z i—y e z is a logarithmic spiral. Thus the exponential 
function generally maps a rectangle to a curvilinear quadrilateral bounded by 
logarithmic spirals. This mapping is univalent if and only if any intersection of 
the rectangle with a vertical line has length not exceeding 2n. The corresponding 
inverse mappings are given by appropriately chosen branches of the logarithm. 
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Example 6.2.3 (Power Functions). A 

branch of the general power function z a 
with complex exponent a is defined by 

f(z ) = z a := exp(a log 2 ;) 

where log denotes an analytic branch of 
the logarithm. In order to understand the 
mapping properties of z w = f(z) we 
decompose it into the functions 

z W\ := log z, 

w\ W2 := aw 1, (6.11) 

W2 w := exp a; 2 • 

The sequence of pictures on the right- 
hand side shows the consecutive images 
of some sector with vertex at the origin 
in the z, w\, W 2 , and re-plane, respec- 
tively. First, the logarithm maps that sec- 
tor onto a strip parallel to the real axis, 
then multiplication by a effects a roto- 
stretch, and finally the exponential func- 
tion sends the strip to a domain bounded 
by two logarithmic spirals. 

If a is positive, — 7 r < a < (3 < it and 
— 7 r < aa < a/3 < 7r, the sector 

{z G C : a < Argz </?}, 

is mapped by the principal branch, de- 
fined by z a := exp(aLogz), onto the sec- 
tor 


{w G C : a a < Arg w < a/3}. 

The mapping properties of the other 
branches can be investigated analogously. 
Note that in all cases where a is not an 
integer, the power functions /(z) = z a 
can be studied more conveniently and 
more naturally on Riemann surfaces (see 
Chapter 7, in particular Example 7.3.2). 





Figure 6.13: A power function 
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Example 6.2.4 (The Sine Function). In order to find some interesting conformal 
mappings involving trigonometric functions, we look at the phase portrait of the 
sine function. Figure 6.14 suggests that the half-strip 

H := {x + i y E C : — tt/2 < x < tt/2, y > 0} 



Figure 6.14: Phase portrait and mapping properties of the sine function 

is mapped onto the upper half-plane H. This can be confirmed easily using the 
representation 

pij _i_ P -y pU _ p-y 

sin x + i cos x. 

2 2 

It tells us that the horizontal segments with —tt/2 < x < tt /2, y = const = d > 0 
are mapped onto semi-ellipses with foci ±1 and semi-axis \ (e d + e _(i ), \ (e d — e~ d ). 
The family of these semi-ellipses covers the upper half-plane H. 


sin(x + i y) = sin x cos(i y) + cos x sin(i y) 



Figure 6.15: The sine function mapping a half-strip onto the upper half-plane 
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Analogously, the family of vertical half-lines x = const = c E (— tt/2, tt/2) , y > 0 is 
mapped onto a family of semi-hyperbolas covering H. Both families can be easily 
detected in Figure 6.15, which visualizes the conformal mapping z sin z by 
transplanting a chessboard from the half-strip to the upper half-plane. 

Example 6.2.5 (The Tangent Function). Figure 3.20 on page 90 shows a phase 
portrait of the complex tangent function. The vertical strip —tt/2 < R ez < tt/2 is 
mapped bijectively onto the Riemann sphere without the points i and — i. The strip 
— 7r/4 < Re z < 7r/4 is mapped conformally onto the unit disk, as is illustrated 
by the phase portraits in Figure 6.16 and the transplantation of a chessboard in 
Figure 6.17. We encourage the reader to work out the details. 



Figure 6.16: Phase portrait of the tangent 









Figure 6.17: Mapping an infinite strip to the disk by the tangent function 
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Example 6.2.6 (The Joukovski Mapping). The left window of Figure 6.18 depicts 
the phase portrait of the rational function which is defined on C by 



(6.12) 


with /( oo ) := oo. It does not immediately disclose its relation to conformal map- 
pings, but indeed the restriction of / to the exterior E := {z E C : \z\ > 1} of the 
unit circle maps E conformally onto the slit domain S := C \ [— 1, 1] as illustrated 
in Figure 6.19. 



Figure 6.18: Phase portraits of the function / and of the Joukovski mapping 

This function is called the Joukovski mapping , its phase portrait is shown in Fig- 
ure 6.18 (right). Note that E (including the point at infinity) and S are simply 
connected subdomains of C. 



Figure 6.19: The Joukovski mapping of E onto a slit domain 
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The mapping properties of / can be understood more clearly from the phase 
portrait of the inverse function f~ 1 (w) = w + \/w 2 — 1, depicted in Figure 6.20 
(right). 



Figure 6.20: Phase portrait of the inverse Joukovski mapping (right picture) 

The images of the circular contour lines in the z-plane on the left-hand side look 
like ellipses in the re-plane. It can be easily verified that these are indeed confocal 
ellipses with foci —1 and 1, and that the radial phase contour lines are mapped 
onto an orthogonal family of hyperbolas. Since the function / defined by (6.12) 
is invariant with respect to the substitution z 1/z, it also maps the unit disk 
D conformally onto S. This is visualized in Figure 6.21, where the two domains 
D and E are depicted in the middle, the image of E is shown on the left, and the 
image of D is on the right. 



Figure 6.21: The Joukovsky mapping in the exterior and the interior of T 

An interesting application of the Joukovski map to flow problems is illustrated 
in Figure 6.22. The picture on the right shows the stream lines of a (potential) 
flow in the ic-plane slit along the segment [—1,1]. Since the fluid moves in the 
direction parallel to the slit (say from left to right), the flow is not disturbed by 
the obstacle. 
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Figure 6.22: The Joukovsky mapping and potential flow around a circular cylinder 


The picture on the left is the result of pulling back the stream lines from the re- 
plan e to the z-plane by the Joukovski mapping w = f(z). It resembles a plane flow 
around the black disk - the background of this observation has been explained in 
Section 4.6. 


A remarkable variety of conformal mappings can already be constructed by com- 
binations of the functions (and their inverses) from the above examples. 


Example 6.2.7. The function w = f(z) := i\/l — z 1 2 maps the upper half-plane to 
the upper half-plane slit along the segment [0, i] as illustrated in Figure 6.23. 



Figure 6.23: Conformal mapping of a half-plane to a slit half-plane 

Basically, the mapping / is a composition of four functions: first fi : z —z 2 
maps the upper half-plane to the full plane slit along the negative real axis. Then 
/2 : z z + 1 shifts the plane one unit to the right, then the principal branch of 

1 This is the reason for not defining / by V z 2 — 1, otherwise we could not have used the principle 

branch. 
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the square root fs : z r^^fz ‘folds’ the plane onto the right half-plane by opening 
up part of the slit (the red and blue lines) along the negative real axis. Finally, 
/4 : z iz rotates everything by an angle of ir/2. 



Figure 6.24: Successive construction of the function f(z) = i y/l — z 2 

Figure 6.24 shows a strip-pattern in the original plane (left), and its images after 
the action of fi (middle), and / 30/20 f 1 (right), respectively. 


Example 6.2.8. The domain G := {z G C : Im z >0, \z — i| > 1} is the upper half- 
plane minus a disk tangent to the real line. It is mapped onto the upper half-plane 
by either of the functions / and < 7 , defined by 


f(z) := e 


r±-^/z 


jr e -ir/z 

g(z ) := 7 r coth — = tt — 

z e~/ z — 


-TT / Z 



Figure 6.25: Enhanced phase portraits of the functions / (left) and g (right) 

The phase portraits of / and g are shown in Figure 6.25. Figure 6.26 depicts the 
result of pulling back ‘stream lines’ of a flow parallel to the x-axis (shown on the 
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right-hand side of Figure 6.22) from the upper half-plane to G using the functions 
/ and g , respectively. While the result in the picture on the right looks plausible, 
the exotic stream lines in the picture on the left certainly do not satisfy our ex- 
pectations from a realistic flow. These differences are caused by the normalization 
of the conformal mappings. While f(z) 1 as z oo, the function g has the 
asymptotic behavior g(z) ~ z at infinity. Consequently the parallel flow at some 
distance of the origin is reproduced almost undisturbed by g , but not by /. 

Note that the wild behavior on the left side of the black disk has nothing to 
do with turbulence, it is just an optical effect, caused by the very dense stream 
lines and the limited resolution of the graphics. 



Figure 6.26: Stream lines of potential flows generated by / (left) and g (right) 


6.3 Mobius Transformations 


In this section we study conformal mappings on the Riemann sphere. As the 
point at infinity will often be involved, the notion of analytic functions is usually 
understood in the wider sense of Definition 3.5.1. 

As we have seen in the preceding section, the conformal automorphisms of 
the Riemann sphere are precisely the Mobius transformations 



az -\-b 
cz + d’ 


a, 5, c, d G C, ad — be ^ 0. 


(6.13) 


Recall from Section 2.3 that any Mobius transformation is a composition of trans- 
lations z z + 6, dilations z az (a E R+), rotations z az (a E T), and the 
(anti-)inversion z 1/z. This implies that Mobius transformations map circles to 
circles. Speaking of circles, we always mean circles on the Riemann sphere, unless 
the contrary is explicitly mentioned. 
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Figure 6.27 visualizes the Mobius transformation f(z ) = (z + i)/(z — 1) on the 
Riemann sphere. The left picture is an enhanced phase portrait, the chessboard 
coloring on the right-hand side emphasizes the conformality of the mapping. 



Figure 6.27: Visualization of a Mobius transformation on the sphere 


Matrix Representations. Mobius transformations form a group with respect to 
composition. Calculations can be reduced to matrix algebra by associating the 
Mobius transformations involved with 2x2 matrices. If 


m = 


az + b 


a b 

f x Az T B 


r a 

B 1 

cz + d 

< M f := 

c d 

• ^-Cz + d'' 

< M f := 

c 

D 


then the entries of the matrix product M g Mf furnish coefficients of the Mobius 
transformation g o /. Analogously, the inverse Mobius transformation / -1 can be 
constructed from the inverse matrix MJ . After cancelling the determinant of Mf 
we get the representation 



dz — b 
—cz + a 


(6.14) 


Although any 2x2 matrix Mf with entries a, 6, c, d and det Mf = ad — be ^ 0 
determines a Mobius transformation, this correspondence is not injective because 
we get the same associated Mobius transformation if all entries of the matrix are 
multiplied by a common non-zero factor. We therefore use a normalized repre- 
sentation, where the entries are scaled such that ad — be = 1. The entries of a 
normalized matrix representation are unique up to a factor of —1. 

Normalized matrix representations for the translation z z + 6, the roto- 
stretch z ^ ax, and the inversion z 1/z are (in this order) 


1 

b " 


' a 1 / 2 0 " 


l 

0 

1 

0 

1 

1 

0 1/a 1 / 2 _ 

1 

i 0 


(6.15) 
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Fixed Points. In the context of conformal mappings one often encounters another 
representation of Mobius transformations. It uses the images /(zi), /(Z2), f( z s) 
of three distinct points zi,Z2,Z3 on the sphere, for example £1 = 1, Z2 = 0 and 
Z 3 = 00 . Before describing this representation in detail, we first derive an auxiliary 
result. Recall that zGC with /(z) = z is said to be a fixed point of /. 

Lemma 6.3.1. Any Mobius transformation different from the identity has at most 
two fixed fixed points. If /(z) = ( az + b)/(cz + d) with ad — be = 1, then f has 
exactly one fixed point if a + d = M2, and exactly two fixed points otherwise. 

Proof. In the following we assume that / is normalized by ad — be = 1. 

1. If c = 0, then d 0 and /(z) = ( az + b)/d is a linear function. The fixed point 
equation /(z) = z has no solution z E C if d = a, and exactly one such solution 
z = b/ {d — a), otherwise. Because ad — be = 1, the first case appears if and only if 
d = a = 1 or d = a = —1. In both cases / also has a fixed point at infinity. 

2. If c ^ 0, then neither z = 00 nor z = — d/c are fixed points of /. For all other 
points z the fixed point condition /(z) = z is equivalent to 

cz 2 — (a — d) z — b = 0. (6.16) 

If a + d ±2, this quadratic equation has two single solutions, 

z i/2 = y c (( a _ d ) ± vT + d) 2 ~ 4 )> 

while it has one (double) solution z\ = (a — d)/(2c) if a + d = ±2. □ 

Inspection of the proof yields the following corollary which we state here for 
future reference. 

Corollary 6.3.2. If a Mobius transformation f has only the fixed point 00 , then 
f(z) — z Tb with b G C \ {0}. If f has fixed points 0 and 00 , then f(z) = az with 
a gC \ {0, 1}. 

The Cross-Ratio. We now introduce a notion which is not only useful in the 
context of Mobius transformations, but has many applications in plane geometry. 

Definition 6.3.3. Let zo,zi,Z2,Z3 be points on the sphere C and assume that the 
set {zq, zi, Z 2, Z3} contains at least three distinct points. Then 


z 0 , zi; z 2 , z 3 


zq ~ z 2 _ zi - z 2 
z 0 - z 3 ' z 1 - z 3 


(6.17) 


is called the cross-ratio of zo, zi, Z2, Z3. 

With the usual conventions about the arithmetic operations involving zero 
and infinity, the double fraction on the right-hand side can always be rewritten so 
that it is well defined. Note that there is no general agreement about the definition 
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of the cross-ratio in the literature, but all variants can be obtained from ( 6 . 17 ) by 
appropriate permutation of the entries Zo, 2i, 22, 23. 

The meaning of definition Definition 6 . 3.3 becomes clear when we assume 
that zi,Z2,Z3 are distinct and consider zq as a variable point: the function 



z,zi;z 2 ,z 3 ] 


( 6 . 18 ) 


is a Mobius transformation which maps z\ to 1 , 2 2 to 0 , and Z3 to 00. In fact the 
cross-ratio ( 6 . 18 ) is the only Mobius transformation with this property: if g is any 
Mobius transformation with g(zk) = f(zk) for k = 1 , 2 , 3 , then h := / -1 o g is a 
Mobius transformation with three different fixed points 21, 22, 23. By Lemma 6 . 3.1 
h must be the identity. 


Theorem 6.3.4. Let £ 1 , 22,23 and ici, 1 ^ 2 , ^3 be two triples of mutually distinct 
points on the Riemann sphere. Then there exists a unique Mobius transformation 
f with f(z k ) = w k for k = 1 , 2 , 3 . 


Proof The Mobius transformation g(z) := [2,21522,23] maps 2 1 1— 1 , 22 0 , 

Z3 1— >> 00, and h(w) := [re, wp m2, W3} maps w\ 1 , W2 0 , W3 00. Then 
/ := h~ x o g solves the problem. Uniqueness has already been shown. □ 


Corollary 6.3.5. The cross-ratio is an invariant of any Mobius transformation f , 


[f(z 0), /(m); f(z 2 ), f (23)] = [20, 2u 22, 23]. ( 6 . 19 ) 


Proof We may assume that 21, 22, 23 are distinct. Let / be a Mobius transforma- 
tion and set Wk := f(zk) for 1 , 2 , 3 . Then / has the same mapping properties as in 
Theorem 6 . 3 . 4 , and with the notation used in its proof we have (h o f)(z) = g(z) 
for all 2. Setting 2 := 2 q we obtain ( 6 . 19 ). □ 


The cross-ratio has a number of interesting applications in plane geometry (see [ 22 ] , 
for instance). Here is one of them. 

Theorem 6.3.6. The cross-ratio of four points on the Riemann sphere is real if and 
only if all points lie on a circle. 


Proof. 1 . Denote the four points by 20,21,22,23. If 21 = —1,22 = 0,23 = 1 it is 
geometrically plausible that [20, 21; 22, 23] = 220/(20 + 1) is real if and only if 20 
lies on the extended real line. 


2 . In the general case, there exists a Mobius transformation / which maps 21, 22, 23 
to — 1 , 0 , 1 , respectively (see Theorem 6 . 3 . 4 ). Since / and / -1 map circles to cir- 
cles, the points 20,21,22,23 he on a circle if and only if this holds for their im- 
age points /(20), — 1 , 0 , 1 . Now the assertion follows from the invariance property 
[20, 21; 22, 23] = [/(20), —1; 0, 1] and the first step. □ 


The circle 0(21,22,23) through the points 21,22,23 divides the Riemann 
sphere into two components (spherical caps), D+ (21, 22, 23) and (21, 22, 23). 
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From Theorem 6.3.6 the sign of the imaginary part of the cross-ratio [z, z\ \ z 2 , Z 3 
is constant in every component and we choose the plus-minus-labelling so that 


D±(z 1 ,z 2 ,z 3 ) 


{z G C : Tim [z, z 1 ; z 2j Z 3 ] > 0}, 


The domains D_[z 1 , z 2 , Z 3 ) and D+(zi, z 2 , Z 3 ) are called the left side and the right 
side of C(zi, z 2 , Z 3 ), respectively. This definition is geometrically motivated: when 
we walk along the boundary circle from z\ via z 2 to z 3 , then D_ lies on our left, 
while D+ lies on the right. Here we consider C(z\, z 2 , Z 3 ) as an oriented circle. 

Theorem 6.3.7. If a Mobius transformation f maps zi,z 2 ,Z 3 to wi,w 2 ,W 3 , re- 
spectively, then it maps the domain D-(z\, z 2 , Z 3 ) onto D-(wi,w 2 ,ws), and the 
domain D+(z\, z 2 , Z 3 ) onto D+(wi,w 2 ,ws). 

The proof is left as an exercise. Figure 6.28 visualizes a Mobius transforma- 
tion which maps the interior of a circle conformally onto the exterior of the image 
circle. Both domains are left sides of the corresponding circles C{z\, z 2 , Z 3 ) and 
C(wi,w 2 ,ws), respectively. 



Figure 6.28: Orientation and mapping properties of a Mobius transformation 

Dynamical Systems. Another way to deepen our understanding of Mobius trans- 
formations is to consider them in the framework of discrete dynamical systems. 
Here “discrete dynamical system” is just another name for a mapping / of the 
Riemann sphere onto itself, but we prefer to use this terminology since we are 
interested in some specific questions which are typically posed in this setting. In 
particular we shall explore “how points move” when / is applied once, twice, and 
repeatedly over and over again. 

In order to investigate this problem, we define the iterates of a function 
/ : C — C by f°(z) := z (/o is the identity function), f 1 := / and f k+l = / o f k 
for k = 1, 2, .... If / is invertible, we further set f~ k := (/ _1 ) fc . Then the orbit of 

a point zq on C is the set 


O(zo) := {f k (z 0 ) : keZ}. 
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Though orbits are discrete sets, they are often arranged along certain curves. If, 
for example, / is a translation, say f(z)=z + 1, then every orbit 0 (zq ) lies on 
the ‘horizontal’ line Imz = Imz^ through zq. If Zq is on such a line, then f k (zo) 
stays on it, for all k E Z. 

Invariant Sets. This last observation motivates the concept of invariant sets: a 
set S is called invariant with respect to the action of / (or simply invariant for 
/) if f(S) C S. If S is a Jordan curve or a Jordan arc we also say that / acts 
along S. The simplest invariant sets of a mapping are its fixed points. According 
to Lemma 6 . 3 . 1 , any Mobius transformation, which is not the identity, has one or 
two of them. 

Let us first assume that / has only one fixed point z\. If z\ = oo, then, 
by Corollary 6 . 3 . 2 , f(z) = z + b with b E C \ { 0 }. If z\ oo, then the Mobius 
transformation 

g(z) := 1/(2 - M) (6.20) 

sends z\ to 00, so that F := g o f o g~ x has exactly one fixed point, which is at 
infinity. Consequently, we must have F(z) = z + b. 

Defining g by ( 6 . 20 ) if z\ 00 and by g(z) := z if Z\ = 00, we obtain a 
representation which is valid in both cases, 

/ = g~ x o F o <7, F[z) = z -\-b. (6.21) 

If / has two fixed points zi,Z2, we can choose the indexing so that z\ 00. If 
Z2 = 00 we set g(z) := z — z\, otherwise we define g by g(z) := (z — zfi) / (z — zfi). 
In both cases the Mobius transformation g sends z\ to 0 and z 2 to 00, so that 
F := g o f o g - 1 is a Mobius transformation with fixed points 0 and 00. By 
Corollary 6 . 3 . 2 , we must have F(z) = nz with n E C \ { 0 , 1 }, so that we get the 
representation 

f = g- 1 oFog, F(z) = kz. ( 6 . 22 ) 

The constant n is called a multiplier for the Mobius transformation /. A short 
calculation yields that 


K = f(zi) = V/'te) (Z2 + CX))- 

If the fixed points Z\ and z^ are interchanged, k is replaced by 1 /k, which is the 
reason why not only k but also 1/ft is said to be a multiplier for /. 

The Mobius transformations / and F in (6.21) and (6.22) are related to each 
other by f = g~ x oF og for some Mobius transformation g. If such a representation 
exists, we say that / and F are conjugate. It is convenient to think of / as a 
mapping in the z-plane, while F acts in another Z-plane. Then g is a bijective 
mapping from the z-plane to the Z-plane which transplants the action of / from 
the z-plane to the Z-plane. 

Many properties of Mobius transformations are preserved under conjugation. 
In particular, a point Zq is a fixed point of / if and only g(zo) is a fixed point of 
F, and a set S is invariant for / if and only if g(S) is invariant for F. 
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Figure 6.29: The four classes of 
Mobius transformations 


In the following we apply this idea in 
the reverse direction: starting with in- 
variant sets S for the simple mapping F 
we obtain invariant sets for the conjugate 
Mobius transformation / as the preim- 
ages g~ 1 (S). 

1. If / has two fixed points and the mul- 
tiplier n in ( 6 . 22 ) is real and positive , 
then F(Z) = nZ is a dilation which acts 
along radial rays through the origin in 
the Z-plane. The mapping z = g~ l {Z) 
sends these rays to circular arcs in the z- 
plane which connect the two fixed points 
z\ = g _ 1 ( 0) and z 2 = g _ 1 (oo). Mobius 
transformations of this kind are called hy- 
perbolic. 

2. If the multiplier k 7 ^ 1 in (6.22) is uni- 
modular , n G T \ {1}, then F is a rota- 
tion. , which acts along circles centered at 
the origin in the Z-plane. In the z-plane, 
these circles are orthogonal to the cir- 
cles through the two fixed points z\ and 
Z 2 - The corresponding Mobius transfor- 
mations are called elliptic. 

3. In all other cases with two fixed points 
the mapping F is a rotostretch , which 
acts along logarithmic spirals centered at 
the origin. Since these spirals intersect all 
radial rays in the Z-plane at the same an- 
gle, their images in the z-plane have the 
same property with respect to the circles 
through z\ and Z 2 . Such curves are called 
“loxodromes” , and we therefore speak of 
loxodromic Mobius transformations. 

4. If / has only one fixed point, the map- 
ping F{Z) = Z + b in the representa- 
tion ( 6 . 21 ) acts along parallel lines in the 
direction of the vector b in the Z-plane. 
These invariant sets for F are mapped by 
Z 1 — >> z = g _ 1 (Z) onto a family of mutu- 
ally tangent circles through z\ which are 
invariant for /. Mobius transformations 
of this type are said to be parabolic. 
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Classification. We summarize the result in the following theorem which classifies 
normalized Mobius transformations explicitly in terms of their coefficients. For 
computational details we refer to Palka [52], Section IX. 2. 

Theorem 6.3.8. The normalized Mobius transformation f(z ) = (az + b)/(cz + d) 
with ad — be = 1 is parabolic if and only if a + d = ±2, it is hyperbolic if and 
only if a + d is real with \a + d\ >2, it is elliptic if and only if a + d is real with 
\a + d\ < 2, and it is loxodromic if and only if a + d is not real. 


In the non-parabolic case, the representation (6.22) can be rewritten as 


f(z ) -Zi Z-Zi 

7 71 = « , 

J{z)-Z 2 Z-Z2 


or f(z) - zi = k(z - zi), 


(6.23) 


depending on whether z^ ^ oo or z^ — oo, respectively. These formulas are often 
referred to as the multiplier fixed point form of /. 

From (6.23) or its abstract version we can immediately derive a similar rep- 
resentation for the iterates f k , 


fHz) - Zl _ k Z-Zi 
f k (z)-Z 2 K Z-Z 2 ’ 


or 


f k {z) - Zl =K k {z- 



(6.24) 


Solving these equations with respect to f k (z) we can obtain explicit formulas for 
the iterates f k , but this is not necessary in order to understand the “long-time 
behavior” of the dynamical system, if \n\ < 1 and z yf z^ the right-hand sides 


of (6.24) tend to zero as k Too, so f k (zo) tends to z\. Similarly, if z ^ zi, 
then f k (z) approaches z^ as k — — oo. The fixed point zi is attracting while z 2 is 
repelling. If \k,\ > 1, the roles of z\ and z 2 are reversed. The reader is encouraged 
to consider the parabolic case and the case when \k\ = 1. 


6.4 The Riemann Mapping Theorem 

In this section we consider the general existence problem for conformal mappings 
between simply connected domains. The following celebrated result is not only a 
miracle in complex function theory but is also incredibly beautiful and unbeatable 
in its generality. It is not without reason that many consider it to be one of the 
“eternal” theorems in mathematics. 

Theorem 6.4.1 (Riemann Mapping Theorem). Any simply connected domain G, 
which is a proper subset of the complex plane, is conformally equivalent to the unit 
disk ED. More precisely, for any zo G G there exists a unique analytic function g 
which maps G conformally onto ID and satisfies the normalization conditions 

g(z 0 ) = 0, g'(zo) > 0. (6.25) 

Given the depth of this result, its proof is surprisingly simple, at least when 
the necessary machinery has already been established. Our main tool will be Mon- 
tel’s theorem (Theorem 5.2.4). 
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Proof. 1. The following approach, due to Constantin Caratheodory, is based on an 
extremal principle and a normal families argument. To begin with, we shall verify 
that the set 


X~{f:G B : / analytic, injective, /(To) = 0} 


(6.26) 


is a non- void normal family. Then we pick a point p E G\ {zo} and show that T 
contains functions g E T which satisfy the extremal condition 


g(j>)\ = max {|/(p)l : / £/}. 


(6.27) 


Finally, we prove that any such extremal function g maps G conformally onto D. 

2. In order to check that T is not empty, we distinguish three cases of in- 
creasing difficulty. 

2.1. If G is bounded , there exists a linear function f(z) = az + b with /(zq) = 0 
that maps G onto a subset of D and thus belongs to T . 

2.2. If C \ G contains an inner point a, the mapping z 1 / (z — a) sends G 

to a simply connected bounded domain, which brings us back to 2.1. 

2.3. Finally, in the general case , let a E C \ G. Then the function z z — a 
does not vanish in G, and since G is simply connected, there exists an analytic 
branch of the logarithm z log(z — a) on G (see Lemma 3.6.11). The function 
h defined by h(z) := exp (^ log(z — a)) is an analytic branch of the square root 
of z — u, that is h(z) 2 = (z — a) for all z E G. It is clear that h is injective, 
so that it maps G conformally onto a simply connected domain h(G). Moreover 
h(z) = —h{w) with z,w E G implies that 



from which we successively conclude that z = w, h(z) = — h(z ), h(z) = 0, and 


a = z G G, which is impossible. Consequently the sets h(G) and —h(G) are 
disjoint, and because —h(G) is a non-empty simply connected domain, C \ h(G) 
contains inner points. So we again return to the situation considered in Step 2.2. 

3. Since the family T is not empty, s := sup{|/(p)| : / E 4F} > 0, and 
we can choose a sequence (/ n ) C T with \f n (p)\ s • The functions f n are 
uniformly bounded, hence, by Montel’s theorem (Theorem 5.2.4), a subsequence 
of f n converges normally to a function g which is analytic in G. This limit function 
satisfies g(zo) = 0, \g(p)\ = s, and \g(z)\ < 1 for all z E G. Because s 0, g is 
not constant, so that the maximum principle (Theorem 3.4.3) implies \g(z)\ < 1 
for all z E G. Moreover, it follows from Hurwitz’ theorem (or more precisely, from 
Corollary 5.1.6) that g is injective. Thus we have shown that g is an extremal 
function in T . 

4. In order to verify that g is a conformal mapping of G onto D we prove that 
any extremal function g in T is a surjective mapping of G onto ED. The following 
construction shows that g cannot be extremal if D := g(G) is a proper subset of 
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ID, since then there exists a function / E T with \f(p)\ > \g{p)\- For convenience, 
the mapping properties of the functions involved in the proof are visualized in 
Figure 6.30. 

So, let us assume that there exists a point a E B \ D. Then the Mobius 
transformation 

/x z — a , _ 

Va{z) = — (Z G D), 

1 — az 

maps D conformally onto a simply connected domain D a C B. Since p a {p) = 0, 
we conclude that 0 D a , and as in Step 2.3 we can choose an analytic branch a 
of the square root which maps D a conformally onto a simply connected domain 
D h C B. Note that there are exactly two such branches, a and —a. Now we set 
b := a (a) and consider the Mobius transformation 


<Pb(z) 


z — b 
1 — bz 


(z E .D&), 


which maps D b conformally onto a simply connected domain D c . The composition 
ipc ’= Pb ° cr o p a maps D conformally onto D c and satisfies ?/y(0) = 0, so that 

5. In the final step we prove that \f(p)\ > |g(p)|, which shows that g is not 
extremal. The crucial observation is that : D c — >• D extends to an analytic 
function T c : B B with T c (0) = 0. Indeed we have t/T 1 = Pa 1 0(7-1 ° p^ 1 , 
where p ~ ■*■, cr -1 , and p^ 1 are the restrictions of 

t/\ z CL , \ o . x z b , 

®a(z) ■= T— — , s(z) := z 2 , $ b (z) := =- (z G ID), 

1 + az l + bz 

to D ai Db, and T) c , respectively. Consequently, is the restriction to D c of a 
Blaschke product of order two, namely 


'I 'c(z) = pa° So $ b )(z) = Z f f 

1 — cz 


z E B, 


where c := pb(—b) = —26/(1 + |6| 2 ) E B. Because T c maps B into B, satisfies 
T c (0) = 0, and since T c is not a rotation, Schwarz’ lemma (Theorem 3.4.12) 
tells us that |T c (z)| < \z\ for all z E B \ {0}. Inserting z := f(p) we get that 

\g{p)\ < \f(p)\- 


6. In order to show uniqueness of the normalized mapping function, we as- 
sume that / and g are two conformal mappings of G onto B which satisfy the 
extra conditions (6.25). Then h := go f~ l is a conformal automorphism of B with 
h(0) = h _1 (0) = 0 and 6/(0) > 0. By Theorem 6.2.3, h is the identity mapping of 
B, that is / = g. □ 
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Figure 6.30: Illustration of the proof of the Riemann mapping theorem 


Figure 6.30 illustrates the main idea of the proof. The colorings of the domains are 
transplantations of the coloring of the unit disk D of the picture on the left in the 
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second row. The picture on top is the phase portrait of g. Functions denoted by 
small letters map between the domains with saturated colors, functions denoted 
by capitals map ED onto ID. In the two pictures in the right column, the image 
domains with respect to the second branch —a of the square root are also shown. 

A More General Extremal Principle. We remark that the conformal mappings 
with /(To) = 0 remain the extremal functions for \f(p)\ Max even when T is 
replaced by the larger set 

Q := {/ : G ID : / analytic, /(zq) = 0}, (6.28) 

where the a-priori assumption of injectivity has been abandoned. For a proof it 
suffices to consider the compositions / o g : ID ID, where / E Q and g is a 
conformal mapping of ID onto G, and to apply Schwarz’ lemma. This version of 
Caratheodory’s extremal principle is the nucleus of a more general result which 
characterizes solutions to nonlinear boundary value problems (so-called Riemann- 
Hilbert problems) by extremal properties. Interested readers are referred to Chap- 
ter 3 of Wegert [ 68 ] . 

Topological Versus Conformal Equivalence. The remarkable generality of the 
Riemann mapping theorem manifests itself when it is rephrased in the language 
of topology. Recall that two sets X and Y (in a metric or topological space) are 
called topologically equivalent (or homeomorphic ) if there exists a bijective map- 
ping h : X Y such that h and h~ x are continuous. 

A domain D C C is conformally equivalent to the unit disk ID if and only if it is 
topologically equivalent to ID. 

Note that there are no analogous statements for domains which are not simply 
connected. For example the two ring domains 


Ri '= {z £ C : 1 < |z| < 2 }, R 2 := {z E C : 1 < |z| < 3}, 


are topologically equivalent, but not conformally equivalent. We shall not study 
this any further but refer to Nehari’s classical book [43]. For a contemporary 
treatment see for instance Section 6.6 in Volume 2 of Lin [35]. 

Conformal Mappings on the Sphere. Let us finally briefly comment on conformal 
mappings between simply connected domains on the Riemann sphere. First of all 
we remark that any two of the three domains - the sphere C, the plane C, and 
the unit disk ID - are not even topologically equivalent. In fact these canonical 
domains are representatives of the three equivalence classes of simply connected 
domains on the sphere with respect to conformal equivalence. 

Theorem 6.4.2. Any simply connected domain G on the sphere is conformally 
equivalent either to C, C or ID. 

Proof. If G = C there is nothing to prove. If G 7 ^ C, we pick a point a E C \ G, 
and rotate the sphere such that a is sent to infinity. Since the image G of G is 
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contained in C and is simply connected as a subset of C, it is a simply connected 
domain in C. If G = C, then G is conformally equivalent to C, otherwise G 
satisfies the assumptions of the Riemann mapping theorem, so that G, and hence 
G, is conformally equivalent to B. □ 



Figure 6.31: Two simply connected domains with complicated boundaries 

Constructing Functions Via Conformal Mappings. Before we end this section 
we would like to point out that the Riemann mapping theorem is a powerful 
constructive tool: it allows one to define analytic functions as conformal mappings 
between specific domains with prescribed geometry. So these functions are not 
given by some explicit formula or an algorithm, but they are characterized by their 
geometric mapping properties. In particular, many functions with ‘wild’ behavior 
near the boundary of their domain can be described conveniently in this way. For 
example, you may think about a (normalized) conformal mapping of the unit disk 
onto the Koch snowflake domain shown in Figure 2.39, or onto one of the two 
domains which result from slitting a square along infinitely many segments as 
illustrated in Figure 6.31. 


6.5 Boundary Correspondence 

The definition of conformality involves only interior points of the domains and 
says nothing about the behavior of the mapping on the boundary - in general it is 
not even defined there. On the other hand, in many examples we have seen so far, 
the conformal mapping was the restriction of an analytic function from a larger 
domain, and was conformal at boundary points as well. So the question arises in 
which way this nice behavior is related to the geometry of the domains. 

Before we formulate a central result on the boundary behavior of confor- 
mal mappings, we mention that there are many delicate problems in this field. 
Though the fundamental questions have been completely settled for a long time, 
some aspects are not yet fully understood even today and are subjects of ongoing 
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research. Recommended reading for those who wish do delve deeper into this topic 
is Pommerenke’s book [54]. 

Here we address only one single problem: which geometric conditions guar- 
antee that a conformal mapping / : G -E D can be extended continuously to 
a bijection between the closures G and D of the domains? The question has a 
completely natural answer. 

Theorem 6.5.1 (Caratheodory-Osgood). If G and D are Jordan domains, any 
conformal mapping f : G —> D can be extended to a homeomorphism between G 
and D. 


Despite the beauty and simplicity of the result, no really easy proof is known. 
So we cheat a little and delegate some of the geometric difficulties encountered to 
the next lemma which we shall not prove. We only mention that the assertions of 
this lemma are obvious when G is a disk, and that the general situation can be 
reduced to this special case with little effort when we take Proposition 2.7.25 for 
granted. 


Lemma 6.5.2. If G is a Jordan domain the following assertions hold: 



Any two points a, b E G can be connected by a Jordan arc in G U {a, b} (in 
the following we shall simply speak of a Jordan arc in G). 


(ii) Let wq,w ' 0 E d G and b,b' E G, with wq ^ w' 0 and b ^ b ' . Then there exist 
positive numbers £ and 6 with the following property: for all points w,w' E G 


with \w — wq < £ and 


w 


w 


o 


< e there exist Jordan arcs B and B' in G. 


such that B connects b with w, B' connects b' with w' , and dist ( B , B') > S. 


The first and crucial step towards the Caratheodory-Osgood theorem is the proof 
of the following lemma. 


Lemma 6.5.3. Any conformal mapping f of the unit disk D onto a Jordan domain 
G has a continuous extension to D. 


Proof. 1. We fix some point zo E SB and let (zk) C D be a sequence converging 
to Zq. Then f(z^) lies in G , and by the Bolzano- Weierstrass theorem it contains a 
subsequence which converges to some point wo E G. 

In fact the point Wq must he on the boundary of G. If this were not so, its 
preimage z' 0 := f~ x {w o) would he in G. Then we could find a small disk U C G 
centered at z' 0 which contains only finitely many points z^. By the open mapping 
principle, V := f(U) covers a neighborhood of Wq. On the other hand, it contains 
only a finite number of the points f(zj . c ). This is impossible since f(zk) wo- 

2. Let us assume, for a moment, that there were two sequences (zk) and (z k ) 
converging to the same point Zq E 9B, while f(z^) and f(z k ) tend to different 
points wq E dG and w' 0 E dG , respectively. Now comes the technical part: we 
shall show that this cannot happen. 

2.1. We pick two distinct points b,b' in G , and choose £ and 5 according to 
assertion (ii) of Lemma 6.5.2. Further we set a := / _1 (6), a' := / _1 (6 / ), and fix ro 
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with ro < min{|a — zo\ , | a' — zq\}. Finally, we choose R so large that the domain 
G fits into a circle with radius R , and fix a positive number g with 


g < min {7*0, (1/ro) exp(— 27 r R 2 /5 2 )} 


(6.29) 





Figure 6.32: Towards a proof of the C ar at heo dory- Osgood theorem (schematic) 


2.2. Next we set w' k := f / z' k and choose k sufficiently large, such that \zk — zo\ < p, 
z' k — zq\ < q, | Wk — wq\ < e, and \w' k —w' 0 \ < £. Then, by Lemma 6.5.2, there exist 
Jordan arcs B B' k in G, connecting b with Wk and b' with w' k , respectively, such 
that dist (£>&, B' k ) >5 (see the illustration on the right in Figure 6.32). 

The preimages A := / _1 ( J B/ C ) and A' k := f~ 1 (B ' k ) are disjoint Jordan arcs 
in D which connect a with and a' with z' kl respectively. These Jordan arcs can 
be replaced by approximating polygonal lines and L' kl such that even then 


dist (f (L k ) , f (L' k )) > 5. 


(6.30) 


Here we have used the fact that everything plays on a compact subset of D where 
/ is uniformly continuous. 

2.3. For every r with g < r < ro, the circle K r centered at zo with radius 
r intersects the polygonal lines L\~ and L' k . In the next step we choose points 
Z r <E Lk P\ K r and Z' r E L' k D K r . Since K r is a circular arc, while Lk and L' k 
consist of a finite number of segments, the number of intersection points from 
which we can choose is finite, and we select Z r and Z' r such that they can be 
represented (in polar coordinates with center zq) as 

Z r = z 0 + r e ^ , Z' r = z 0 + r e ^ , (6.31) 


where ip and 'ip are piecewise continuous functions. 

2.4. Let C r C B denote the closed subarc of K r with initial point Z r and 
terminal point Z' r . Since the images of Zk and Z k he on the curves Bk and B ' k , 
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respectively, we have (see Step 2.2) 

rv+O 

< / | f'(z)\rd(p, (6.32) 

where g>~(r) := min (</?(r), ^(r)), ip+(r) := max (y>(r), V’(r)) , and z = Zo + re 1 ^. 
Estimating the right-hand side of (6.32) by the Cauchy- Schwarz inequality, we get 


0 < <5 < \f(Z' k ) - f(Zk)\ = 



f'(z)dz 



< 




f(z)\ 2 r 2 dip 



< 27 r 


,( p+ ( r ) 


V-0) 


\f'(z)\ 2 r 2 dp. 


After dividing by r and integrating with respect to r from q to ro we arrive at 


r r r o /^+0) 

S' 2 log — < 2tt / / |/ / (z)| 2 r dip dr. 

Q J q J (r) 


(6.33) 


The integral on the right-hand side is the area of the image f(D) of the (measur- 
able) set (see Remark 6.1.3) 


D := C r = {zo + r e 1(p : q < r < r 0 , P-(r) < cp < <^+(r)} 

g<r<ro 


Since f(D) is contained in G, which in turn lies inside a disk with radius R, this 
area cannot exceed 2tt R 2 . Consequently we have 

S 2 log — < 27 rR 2 , 

Q 


contrary to (6.29). 

3. Let zo £ 5ED and with Zk Zo £ 50. As was shown in the second 

step, the sequence ( f(zk )) has exactly one accumulation point rco, which implies 
that f(zk) wo- Since this is true, with one and the same icq, for all sequences 
Zk converging to zo, the function / can be continuously extended to Zq by defining 
f(zo) := wo- The same can be done for any zq £ 50, and then the extended 
function is (uniformly) continuous on the closure of D. □ 

We are now fully equipped to work out a proof of the Caratheodory-Osgood the- 


orem. 
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Proof. 1. Since any conformal mapping / : D — )► G can be represented as a com- 
position / = goh _1 , with conformal mappings g : D G and h : D D, we may 
assume that D = D. 

2. By Lemma 6.5.3, the conformal mapping / has a continuous extension 
to D which we again denote by /. We show that / : D G is surjective. It is 
clear that /(D) D G. If wq G c?G, there exists a sequence (rc^) C G converging 
to Wq. The corresponding sequence (zk) of preimages Zk := f _1 (wk) contains a 
subsequence which converges to some point Zq G D. Because / is continuous on D, 
we have wo = f(zo). 

3. We show that / : D — »• G is injective. Since /(D) = G and f(d D) = c?G, 
we only need to show injectivity of the boundary mapping. 

Let wq G dG. The preimage-set A := / -1 ({wo}) is a closed subset of the 
unit circle, so that its complement 9D \ A consists of at most countably many 
open arcs. Assume that there were at least two such arcs A\ and A 2 . Let L\ be a 
closed segment which connects the endpoints of A\. Then its image J\ := /(L 1) 
is a (closed) Jordan curve in G U {icq}. 

Now we pick two points ci\ in A\ and a 2 in A 2 respectively. The segment 
L := [ai,a2] intersects L\ at exactly one point c. Since /(cq) and f(a 2 ) lie on 
dG\ {rco}, and hence in the exterior of Ji, the arcs /([ai,c)) and /((c, CL 2 ]) must 
be completely contained in the exterior of Ji, and thus no point of /(L) can belong 
to the interior of J\. On the other hand, because L and L\ cross each other at 
c and / is conformal at this point, the image curves f(L ) and J\ = /(L 1) must 
intersect each other (at a non-zero angle) at /(c), which is a contradiction. 

Since 5D \ A is a single open arc, A is either a point or a closed circular arc. 
In the latter case we have f(z) = a = const on A. As we shall see in the next 
section (Corollary 6.6.7), this implies that / is constant in D, which is impossible. 

4. By now we know that / extends to a continuous bijective mapping of D 

onto G. Since D is compact, we can invoke a standard result telling us that / -1 
is continuous as well. □ 


Readers who feel uncomfortable with a proof of the Caratheodory-Osgood 
theorem that relies on the unproven assertions of Lemma 6.5.2 (or Proposition 2.7.25 
respectively) may prefer the following reformulation: 

If there exists a homeomorphism D G at all which can be extended to a 
homeomorphism D G, then every conformal mapping D — G will also have this 
property. 

The Caratheodory-Osgood theorem allows an alternative normalization of 
conformal mappings between Jordan domains. The proof of the following corollary 
is left as an exercise. 

Corollary 6.5.4. Assume that D and G are Jordan domains and let (21,22,23) 
and (wi 1 W 2 1 w^) be equi-oriented triples of points on the boundary of D and G, 
respectively . Then there exists a unique homeomorphism of D onto G which maps 
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D conformally onto G and satisfies 


f(zi)=w 1 , f(z 2 ) = W 2 , f{z 3 )=W 3 . 


The last result of this section provides a convenient method to verify that 
a given function maps some domain D conformally onto another domain G. All 
that we need is the injectivity of the boundary mapping. 

Theorem 6.5.5. Let D be a Jordan domain and assume that f : D C is analytic 
in D and continuous on D. If f is injective on dD , then J := f(dD ) is a Jordan 
curve and f maps D conformally onto G := int J. 


Proof. 1. First we reduce the problem to D = ED. Let g be a conformal mapping of 
B onto D. By the Caratheodory-Osgood theorem g extends to a homeomorphism 
between B and D, so that we may consider fog instead of /. 

2. The image set J := /( T) of the unit circle is a Jordan curve parameterized 
by [0, 2 tt] i— >> /(e 1 *). For convenience we shall use the unit circle T as parameter 
space instead of the interval [ 0 , 2 tt] . 

If wo ^ J, the winding number wind (/, wq) is defined as the winding number 
of the closed path T — > C, t f(t) about wq. For all wq E ext J we have 
wind (/, Wo) = 0, and for wq E G := int J the winding number is either equal to 1 
or to — 1 , depending on the orientation of J . 

3. For 0 < r < 1 we define f r on T by f r (t) := /(r£). If wo ^ J, then 
dist(wo, J) > o, and since / is uniformly continuous on B, we have wo £ f r { T) 
and wind (/, wq) = wind(/ r ,Wo) for all r sufficiently close to 1. By the argument 
principle (Theorem 3.4.5), the winding number wind(/ r ,wo) counts the number 
of solutions of f(z) = w with \z\ < r (provided that there is no solution with 
z | = r). Consequently, for all Wq E C \ J, the number of solutions of f(z) = Wq 
in D is equal to wind (/, wq). So f(z) = Wq has no solution z E D if wo E ext J, 
and, since this number cannot be negative, there is exactly one solution z E D if 
Wq E int J. 

4. In the third step we have shown that / maps ED into G. To complete 

the proof we must still exclude points of ID from being mapped onto J = dG. 
This follows from the open mapping principle (Theorem 3.4.8): if zo G D with 
wo := f(zo) G J, then a complete neighborhood of wo is covered by /(ED). Because 
any such neighborhood includes points of ext J, which are not in /(B), this is 
impossible. □ 


The boundary behavior of conformal mappings is a classical field of research 
comprising many beautiful results. Among them is the continuity theorem , which 
states that a conformal mapping of B onto G has a continuous extension to B if 
and only if the boundary of G is the trace of a loop (closed path). 

That this result is truly remarkable becomes clear when it is rephrased as 
follows: if the boundary dG of G can be parameterized at all by a continuous 
mapping 7 : T — dG , then this can also be accomplished by the (continuous !) 
boundary function of the conformal mapping / : B G. 
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The investigation of conformal mappings of ED onto general simply connected 
domains G is based on more elaborate techniques, involving concepts like crosscuts 
and prime ends. 

Space does not permit us to introduce these notions here (interested readers 
are referred to Pommerenke [54], Chapter 2), we just mention that prime ends are 
equivalence classes which serve as substitutes for the points on the boundary of G. 
In the window on the right in Figure 6.31 the point P corresponds to two prime 
ends, while the complete left edge of the square is ‘compressed’ into one prime 
end. 

The main result is that any conformal mapping / : D G establishes a 
natural one-to-one correspondence between the boundary points of the unit disk 
and the prime ends of the image domain G. 

Even if a conformal mapping / : D — )• G has a differentiable extension 
to the closure of D, its extension does not need to be angle preserving at the 
boundary; this happens, for instance, for conformal mappings of a square onto 
a disk. However, appropriate additional conditions may guarantee conformality 
of the extended function on the boundary as well. One such situation will be 
considered in the next section. 


6.6 The Reflection Principle 


Besides Weierstrass’ disk chain method, there are other principles which sometimes 
enable the extension of an analytic function to a larger domain. In this section we 
shall study one such technique which relies on symmetry properties and has plenty 
of applications also beyond conformal mappings. In particular we shall consider 
symmetries with respect to reflections along a line or a circle. 

Definition 6.6.1. A set D C C is said to be symmetric along the real axis , if z G D 
implies that z G D. 

The real line splits a set D into three disjoint subsets D_, Do, and D + , 


Dq := {z G G : Im z = 0}, D± := {z £ G : ±Im z > 0}. 


Theorem 6.6.2 (Schwarz Reflection Principle). Let D C C be a domain which is 
symmetric along the real axis. Then any continuous function f : D+ U Do C 
which is analytic in D+ and real-valued on Dq admits an analytic extension to D , 
namely 


F(z ) 


f(z) if z <S D + U D 0 
f(z) if z e D_. 


(6.34) 


Proof. 1. Obviously, F is analytic in D+. In order to show that it is also analytic 
in D_ we pick zq in D_ and consider the difference quotient 


F(z) - F(z 0 ) f(z) - f(z 0 ) 


7 ( t > - f(z Q y 


z - z 0 


Z-Z 0 


2) - Z 0 
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If z tends to zo, then 2 tends to zo G D+. Since / is differentiable at zo , the limit 
of the right-hand side exists and is equal to f'(zo). 

2. Since / is continuous in D + U Dq and real- valued on Do, the extended function 
F has the finite limit f(zo) at every point zo G Do . Consequently F is continuous 
in D. In order to prove that F is analytic in D , we invoke Morera’s theorem (The- 
orem 4.2.22), which tells us that it suffices to show that the integral of F along the 
boundary of any triangle A in D vanishes. By Goursat’s lemma (Lemma 4.2.16), 
this is certainly true if A is contained in D+ or in D_, and a continuity argument 
shows that it remains true if A C D+ U Dq or A C D_ U Dq. Finally, any triangle 
Ac D can be decomposed into (at most four) sub-triangles which completely he 
either in D+ U Dq or in D_ U Dq. The integral of / along the boundary of A is the 
sum of the integrals along the (oriented) boundaries of these sub-triangles, hence 
it must vanish, which completes the proof. □ 


It follows from the identity principle that the analytic extension of / to D is 
unique. This yields the following corollary, which shows that symmetry properties 
of analytic functions in a domain D can sometimes be derived from their values 
on a rather small subset of D. 


Corollary 6.6.3. Let f be analytic in a domain D which is symmetric along the 
real axis. If f is real on D CM, then f(z) = f(z) for all z G D. 

Schwarz’ reflection principle has various applications. Here is a simple one about 
the construction of a conformal mapping involving a symmetric domain. 


Example 6.6.1. We wish to construct a conformal mapping that maps the exterior 


E of the cross 
symmetry. 


1,1] U [— i, i] onto the exterior E of the unit circle and preserves 



Figure 6.33: Conformal mapping of the exterior of a cross to E 
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The result is visualized in Figure 6.33, the cross is depicted in yellow. Note that 
both domains are simply connected subsets of the Riemann sphere. 

We use the fact that E and E are symmetric with respect to the real line. A 
conformal mapping g of E D HI onto the upper half-plane HI is already known, it 
is just the inverse function g of the mapping / in Example 6.2.7. The function g 
extends by continuity to R \{0}, 

g(z) =a/ z 2 + 1, Imz > 0, z ^ [0, i], 

where the analytic branch of the square root is chosen such that g(z) > 0 for 
z > 0 (which implies that g(z) < 0 for z < 0). This mapping is illustrated in the 
saturated part of the phase portraits in Figure 6.34. 

Since the function g is real on R, it can be extended by the Schwarz reflection 
principle to an analytic function G in E. The reflection is shown in brighter colors 
in the lower part of Figure 6.34. 



Figure 6.34: Reflection of the conformal mapping g 


The relation G(z) = G(z) guarantees that G maps E onto the complex plane 
slit along the segment [— y/2\. Finally, the inverse of the Joukovski map, pre- 
composed with the dilation z zj\J 2 for the right scaling, 

j 

F(z) := — ( z + y/ z 2 - 2) , (6.35) 

sends C \ [—y/2^/2] to E, so that / := F o G is the desired conformal mapping. Its 
phase portrait is shown in the left window of Figure 6.35. 

Combining the formulas for F and g, we obtain a nice symmetric expression, 

f(z) = E (y 2 2 + 1 + 2 _ ^ 


(6.36) 
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This is indeed a correct representation for the conformal mapping /, provided we 
choose the right branches of the square roots. The middle window of Figure 6.35 
shows what happens when the principal branch is taken for both roots in (6.36): 
we get an artificial jump of the function across the imaginary axis. 




Figure 6.35: Playing with branches of the square root 

We emphasize that choosing the right branch does not usually mean writing a plus 
or minus sign in front of the principal branch Sqrt(z); actually the sign depends 
on the location of z. Phase portraits often allow one to guess which sign has to be 
chosen in different ranges of z. 

For example, the square root in the representation (6.35) of the scaled inverse 
Joukovski map is neither -f-Sqrt nor — Sqrt, which (with a plus) would result in 
the phase portrait shown on the right in Figure 6.35. The branch cut along the 
segment [ — a/ 2 , V2\ is intrinsic, but the jump across the imaginary axis is artificial. 
So we conjecture that the sign depends on the real part of z. Indeed, for all z with 
Rez 7 ^ 0, the correct value of the square root in (6.35) is 

\/ z 2 — 2 := sign(Re (z)) • Sqrt (z 2 — 2 ) . (6.37) 

Interpreting the square roots in (6.36) as in (6.37) we also obtain a valid repre- 
sentation of the conformal mapping /. 

The next result shows that appropriately normalized conformal mappings 
reflect the symmetry of the domains. As a by-product we obtain that simply 
connected mirror-symmetric domains are divided by their symmetry axes into two 
simply connected components. 

Theorem 6.6.4. Let D be a simply connected domain which is symmetric about 
the real axis, and let zq be a point in Dq := D DM. Iff ‘-D If is a conformal 
mapping with /(zo) G R and /'(zo) > 0, then f(z) = /(z) for all z G D. Moreover, 
D+ and D- are simply connected domains and f maps D+ onto the upper half 
circle ED + and D_ onto the lower half circle ED_ . 

Proof. 1. The reflected function g defined in D by g(z) := f(z) is analytic in D, 
it maps D conformally onto ED, and satisfies g(zo) = f(z o), g f (zo) > 0. Then the 
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uniqueness statement of the Riemann mapping theorem implies that / = g, which 
is equivalent to f(z ) = f(z). 

2 . We show that the image f(G ) of any connected component G of D \ R is 
completely contained either in B + or in B_. Assume there are two points a and 
b in G such that Im f(a) > 0 and lmf(b) < 0. When we connect a and b by a 
path in G, the intermediate value theorem tells us that there must exist c E G 
with /(c) E R. But then /(c) = /(c) = /(c). Since c/cGD, this contradicts the 
injectivity of /. 

3. We show that the intersection Do := D D R is an open (bounded or 
unbounded) interval. Assuming the contrary, we can find points a, 6 , c E R with 
a < b < c such that a, c E A) and b ^ Do- Since D is connected, there is a path 
7 : [0, 1] -E 1} from a to cm D. The point b lies on the real line in between a and c, 
and hence the increment of a continuous branch of the argument t arg (y(t) — b) 
along 7 is an odd multiple of i r, say (2fc + 1) 7 r. The reflected path 7 also lies in 
D and the increment of t arg (y(t) — b ) along 7 equals — (2k + 1) 7 r. Now 707 
is a closed path in D with winding number Akir + 2tt f 0 about b f D. This is 
impossible because D is simply connected. 

4. Since / is real on the interval Z) 0 , the same holds for its derivative f . 
Because f (a ) > 0 and f f 0, we have f > 0 on all of Z)q. This implies that all 
points of D in the upper half-plane which are sufficiently close to Do are mapped 
into B + . Since the closure of any component G of D \ R contains points on the 
real line, D+ must be mapped into B+. Similarly, points in D_ are mapped into 
B_, and by the first step f(Do) C Do := B D R = (—1,1). 

Since / : D — > ED is surjective, the inclusions f(DJ) C B_, /(A)) C Bo 7 an d 
/(£>+) c ©+ imply that D _ = / _ 1 (D_), D 0 = f~\ D 0 ), and D+ = f~ l ( D+). □ 

The Schwarz reflection principle has far-reaching generalizations. In the fol- 
lowing version we consider reflections at circles on the Riemann sphere. 

Definition 6.6.5. The reflection Rc in a circle C C C is the transformation 

Rc : C — ^ C, z ( M f 1 o R o Me) (z), 


where R(z) := z denotes the reflection across the real axis, and Me is (any) 
Mobius transformation which maps C onto R. A set G is said to be symmetric 
about the circle C if Rc(G) = G. 


This definition of Rc does not depend on the choice of the Mobius transfor- 
mation Me • If C is a circle in C with center a and radius r the reflection Rc has 
a simpler description, 

r 2 

Rc(z) = CL + — — , 

z — a 


which shows that the point Rc(z) lies on the ray from a through z at distance 
r 2 /\z — a | from a. 

Since the following theorem involves analytic functions on (subsets of) C, the 
notion of analyticity is to be understood in the sense of Definition 3.5.1. 
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Theorem 6.6.6. Let C and K be circles on C and assume that the domain D C C 
is symmetric about C . Let Dq := D D C and denote by D_ (respectively D+ ) the 
union of the components of D\C which belong to the left (respectively right) side 
of C (see page 275). If a continuous function f : D+ U Dq C is analytic in Dq 
and maps Dq onto a subset of the circle K , then f has a unique analytic extension 
to D , namely 


F(z) 


f(z) if z G D + U Dq 

(R K °f°Rc)(z) if z G -D_. 


(6.38) 


Proof. We only sketch the main idea. Let Me and Mk be Mobius transforma- 
tions which map C and iL, respectively, to R. The domain Mc(D) is symmetric 
about the real axis. The function g := Mk ° / ° M^ 1 , defined on Mc(D+ UD 0 ), 
satisfies the assumptions of Theorem 6.6.2. (This is not the full truth, because 
the arguments z and the values g(z) may be infinite, but these cases require only 
minor modifications.) If G denotes the analytic extension of g to Me{D ), then 
F := Mf ^ 1 o G o Me is the analytic extension of / across C . □ 

The function F will be called the reflection of f across the circle C. Fig- 
ure 6.36 shows the process of reflecting a function across a circular arc (where it 
is real- valued) using the Mobius transformations Me and Mfj 1 . 



Figure 6.36: Reflecting a function which is real on a circular arc C 


The next corollary is a boundary version of the identity theorem for analytic 
functions. 

Corollary 6.6.7. Let D be a Jordan domain whose boundary contains a Jordan arc 
C. If f : D U C C is continuous on D U C , analytic in D , and constant on C , 
then f is constant in D. 

Proof. Let g be a conformal mapping of D onto D. By the Caratheodory Osgood 
theorem, g extends to a homeomorphism between D and D. The function / o g is 
continuous on D, analytic in B, and constant on the circular arc / -1 (C). Using 
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the reflection principle and the identity theorem for analytic functions we conclude 
that fog is constant on D, so that / is constant on D. □ 

As a second corollary we obtain a result which is probably the most important 
application of Schwarz’ reflection principle to conformal mappings. 

Corollary 6.6.8. Let D+ C C be a Jordan domain and assume that its boundary 
contains an open circular arc D 0 . Denote by D_ the reflection of D+ about the 
circle C containing Do, and suppose that D_ D D+ = 0. Assume further that 
f maps D+ conformally onto a (simply connected) domain G+ C C, and sends 
Dq onto a circular arc G o := f(Df). Moreover, let G- be the reflection of G+ 
along the circle K containing Go, and assume that G- n G+ = 0. Then f has 
an analytic extension F to D := D+ U Do A D_ which maps D conformally onto 
G:=G+UG 0 UG_. 

Proof. Because D_ and D+ are Jordan domains and Do is an open arc which be- 
longs to the boundaries of both domains, the set D is a domain. The Caratheodory- 
Osgood theorem guarantees that / is continuous on D+ UDo, so that it satisfies 
the assumptions of Theorem 6.6.6. Its extension F defined by (6.38) is analytic in 
D and maps D+ and D_ conformally onto and G_, respectively. 

Invoking the Caratheodory-Osgood theorem again, we see that F is injective 
on D+ U Do, and hence on D_ U Do . Since f(DJ) D f(D+) = 0 by assumption, F 
is injective on D , and finally F(D) = G implies that F is a conformal mapping of 
D onto G. □ 


6.7 Elliptic Integrals 

Let R be a rational function in two variables, i.e. , R(x , y) = P(x, y)/Q(pc , y) where 
P and Q are polynomials in x and y. It is well known from real analysis, that then 
the indefinite integrals 

/ dx - S r( ' tV “ 2 +bt+c} ix 


can, by appropriate substitutions, be reduced to integrals over a rational function. 
This is, in general, not so when the square root of a polynomial of degree higher 
than two is involved. For polynomials of degree three and four, the integral can 
still be reduced to one of the three normal forms 

f dz f \f\ — k 2 z 2 j f dz 

1 y/(l-Z 2 )(l^Wj’ J Z ' J (1 — hz 2 )yd(l — Z 2 )(l — k 2 Z^) 

of the so-called (real) elliptic integrals. Here we study the complex version of 
one of these integrals, which is of special importance in the theory of conformal 
mappings. 
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Throughout this section k will denote a real number with 0 < k < 1. We 
consider the functions z f(z ; k) defined by 

/(z; k) := 1/ yj(l — z 2 )( 1 — k 2 z 2 ), Imz > 0, 


where the continuous branch of the square root is chosen such that we have 
/( 0; k) = 1. The function z /(z; k) is analytic in the upper half-plane HI and 
satisfies /(±1; k) = /(±l/fc; k) = oo. Its primitive 


F(z;k) 



dw 

\f{C— w 2 )( 1 — k 2 w 2 ) ’ 


Imz > 0, 


(6.39) 


is called the elliptic integral of the first kind with (elliptic) modulus k. Figure 6.37 
shows phase portraits of the functions /(., 0.5) (left) and F(.,0.5) (right) in the 
range |Rez| < 3, 0 < Imz < 6. The dots on the lower boundary indicate the 
location of the points — 1/fc, —1, 0, 1 and 1 jk. 



Figure 6.37: Phase portraits of /(., 0.5) and the elliptic integral F(.,0.5) 


For every k G (0,1), the elliptic integral z i— >> F(z;k ) is analytic in HI and has 
a continuous extension to the real line which we again denote by F. To simplify 
notation, we shall often make no explicit mention of the modulus k. 

The mapping properties of F can be explored best when we start at the 
origin, where F has a zero. When z moves along the positive real axis from 0 to 
1, the function / is positive so that F is real and increases monotonously. As z 
approaches the point z = 1, the value of F tends to the finite limit 



dx 

^/(l — x 2 )(l — k 2 x 2 ) ’ 


(6.40) 


which is called the complete elliptic integral of the first kind with modulus k. When 
z moves further along the real axis, the value of g(z) := (1 — z 2 )(l — k 2 z 2 ) becomes 


6. 7. Elliptic Integrals 


297 


negative. Since the branch of the square root was chosen such that / is analytic in 
the upper half-plane, we walk around the point 1 counterclockwise along a small 
semi-circle and observe what happens: the argument of g(z) decreases from 0 to 
— 7T, so that the argument of / increases from 0 to tt/2. Therefore the point f(z ) 
moves in the direction of the positive imaginary axis as long as 1 < z < 1/k. When 
z runs through the interval (1, 1/k), the increment of F(z) is equal to i K' , where 



dx 

yj (x 2 ~ 1)(1 — k 2 X 2 ) 


xfVi-fc 2 ), 


(6.41) 


so that F(z) travels through the segment [K,K + i K']. When z passes the point 
1/k, the second factor (1 — k 2 z 2 ) of g changes sign, the point F(z) makes another 
turn by tt/2 and starts moving in the direction of the negative real axis. If z > 1/k 
the values f(z ) are negative , so that 


F(z]k) = K + iK' - [ 

J l 


dx 


z G R, 2 : > 1/k, 


i/k \J ( x 2 - 1 ){k 2 x 2 - 1) 


where the square root denotes the principal branch. As 2 ^ Too, the integral 
converges, and the substitution t := l/(kx) shows that 


•oo 


dx 


dt 


1/k y/ ( X 2 - 1 )(k 2 X 2 - 1) J 0 y/(l - k 2 t 2 )( 1 - t 2 ) 


= K(k), 


Consequently, when z starts at 1/k and approaches +oo, then F(z) moves along 
the segment [K + i K' , i K '] from K + i K' to i K' . 


-K + iK' i K' K + iK' 



-1/k -1 0 1 1/k -K 0 K 

Figure 6.38: The function F(.,0.5) mapping R to the boundary of a rectangle 


Similarly we investigate what happens when z travels along the negative real axis 
from 0 to — oo: F maps the segments [0,-1], [—1,—1/A;] and [— 1/k, — oo] onto 
[0 ,—K], [— K,—K + i K'] and [-K -\- iK' ,iK r ], respectively. 
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Summarizing our observations we have: when z moves along the real axis 
from — oo to + 00 , then F(z) travels monotonously once around the boundary of 
the rectangle 


R(k) :={zeC: -K < Re z < K, 0 < Imz < K'} 


(6.42) 


in the counterclockwise direction. Once we know this behavior of F on the bound- 
ary, we need not investigate F in the interior of the upper half-plane - everything 
we are interested in can be derived from Theorem 6.5.5. 

Theorem 6.7.1. The elliptic integral F(.;k) maps the upper half-plane El confor- 
mally onto the rectangle R(k ) given by (6.42), where the constants K and K' are 
defined in (6.40) and (6.41), respectively . 

Proof. We already know that F maps the closed real line R one-to-one onto the 
boundary of R(k). However, the assumptions of Theorem 6.5.5 do not completely 
fit with the situation at hand, since F is not defined on a Jordan domain. This 
can be fixed by pre-composing F with the inverse g of the Cayley mapping, which 
maps B conformally onto the upper half-plane HI, so that F o g is a good candidate 
for applying Theorem 6.5.5. 

But there is still one detail which must be checked: we require that Fog 
extends continuously onto B. This is obvious for all points on B, except for w = 1, 
which is the image of the point at infinity for the Cayley mapping. So we must 
show that F(z) has a finite limit when 2 tends to infinity in the upper half-plane. 
This follows from the Cauchy criterion, the standard integral estimate, and the 
fact that the integrand / of the elliptic integral (6.39) decays like l/|z| 2 . We leave 
it to the reader to work out the details. □ 



Figure 6.39: Conformal mapping of the half-plane onto a rectangle by F(.;0.5) 

The side lengths of the image rectangle R(k) are 2 K{k) and K'(k ) and depend 
continuously on k. As k 0 we have K(k) —> 7r/2 and K'(k ) —> 00 , while 
K(k) —r 00 and K'(k) 7r/2 as k 1, so that we indeed get rectangles of 

arbitrary aspect ratios. The conformal mapping with k = 0.5 is visualized in 
Figure 6.39. 
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Mappings from the Disk. Pre-composing elliptic integrals with the inverse Cayley 
mapping allows us to construct conformal mappings from the disk onto rectangles. 
Figure 6.40 visualizes a mapping onto a square. 



Figure 6.40: A conformal mapping from the unit disk onto a square 

Jacobi Elliptic Functions. We now proceed with studying the inverse function 
G(.; k) of the elliptic integral F(.; k). It maps the rectangle Rq := R(k ) bijectively 
onto the upper half-plane and has a continuous extension to the closure of Rq as 
a mapping Rq C. A phase portrait of G with modulus k = 0.1535 (where Rq is 
almost a square) is shown on the left of Figure 6.41. 




Figure 6.41: Phase portrait and mapping properties of the inverse function F 1 

Since the image of the segment [iF, K + i K'\ is the interval [1, l/k\ on the real axis, 
G can be reflected about the line L\ through K and K + IK' (Corollary 6.6.8). 
The reflection of G lives on the rectangle i?i, which is the mirror image of Rq with 
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respect to L\ (see the picture on the left in Figure 6.42). The reflected function 
maps Ri onto the lower half-plane and satisfies the conditions for reflection along 
the line L 2 through 3 K and 3 K + i K' . This allows us to extend G further to the 
rectangle R 2 which is symmetric to R\ with respect to L 2 . 



Figure 6.42: Successive reflection along vertical lines Li, L 2 , ... 

The image of a point z G Rq after reflection at L\ is 2K — z, and after the (second) 
reflection at L 2 we arrive at z + 4 K. Consequently we have 

G(z + 4K) = G(2K -z)= G{z) = G(z), z e R 0 , (6.43) 

which shows that the composition of the two reflections just acts like a translation 
of G from Rq to i? 2 . 

4 ^ 1 Ms 


l ’ 2 


L[ 




Figure 6.43: Successive reflection along horizontal lines L ' 2 , ... 

Similarly, G can be extended in the vertical direction from Rq by reflection along 
the line L[ through — K + i K' and K + 1 K' to a rectangle R[. Since G(\K') = 00 , 
we must apply the general form of the reflection principle (Theorem 6.6.6). The 
extended function G is meromorphic with a simple pole at i K' . 

A second reflection along the lines L' 2 through —K + 2K'\ and K + 2K'\ 
extends G to R 2 such that 




G{z + 2Ki) = G(z ), 


z G Rq- 


(6.44) 
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Reflecting G successively in the horizontal direction along the straight lines L n 
with R ez = (2 n — 1 )K and in the vertical direction along the lines L' n with 
Im z = nK' (for n = 1,2,... and n = — 1, —2, . . .), we end up with a meromorphic 
function in the plane C. This function is Jacobi’s elliptic sine function , sinus 
amplitudinis , usually denoted by sn z or, more precisely, by sn (z; k). The enhanced 
phase portrait in Figure 6.44 depicts sn (z; 0.8) in the square |Re z\ < 7, |Im| z < 7. 



Figure 6.44: Jacobi’s elliptic sine function with elliptic modulus k = 0.8 

The functions sn ( z ; k) have simple zeros at the points 2 mK + 2 nK' i and simple 
poles at 2 mK + (2 n + 1)K' i with m, n G Z. Most remarkable is their double 
periodicity with (primitive) periods 4 K and 2 K' i, which follows from (6.43) and 
(6.44), 


sn (z + 4 K; k) = sn (z; fc), 


sn(z + 2iiF 7 ; fc) = sn (z; k), 


z G C. (6.45) 



302 


Chapter 6. Conformal Mappings 


The elliptic sine sn is only one out of the twelve doubly periodic Jacobi elliptic 
functions. Traditionally every function is denoted by an ordered pair of two let- 
ters from the set {s, n, d, c}, depending on relations between their periods and the 
location of zeros and poles. The three most popular functions are sn, ( sinus ampli- 
tudinis ), cn ( cosinus amplitudinis ) , and dn ( delta amplitudinis ) . Figure 6.45 shows 
phase portraits of cn (z; 0.8) and dn (z; 0.8) in the range |Rez| < 7, |Im| z < 7. 



Figure 6.45: Jacobis elliptic functions cn and dn with modulus k = 0.8 

When working with elliptic functions one should be aware that there are many 
different ways of denoting them. For example, instead of the modulus k one often 
finds the parameter m, or the modular angle a, which are related by 

7 2 -2 
m — k — sm a. 

In contemporary terminology, all doubly periodic meromorphic functions in the 
complex plane are called elliptic. We shall study this class in Volume 2. 


6.8 The Schwarz-Christoffel Formula 

Now that we know how to map the upper half-plane El conformally onto a rectan- 
gle, we are prepared for the more demanding task of mapping El onto an arbitrary 
polygon. 

By a polygon D we understand a Jordan domain in the plane which is 
bounded by a polygonal line , that is the union of finitely many segments [a^, a^+i 
(with k = 1 ,...,n and a n+ i = ai). The segments [a^a/^ i] are said to be the 
sides of the polygon. We further assume that the path 


T : — [fli, 0 * 2 ] © [^ 2 ? 0 . 3 ] © • • • © CL n — 1 5 CL n © a n , a\] 
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is simple, and that the vertices ai, <22, . . . , a n are labelled such that 7 is positively 
oriented. Speaking of vertices, we do not require that all a & are vertices of the 
polygon in the usual geometric meaning of ‘corners’, though (in the present setting) 
it does not really make sense to admit vertices on straight parts of the boundary. 

The Riemann mapping theorem guarantees that any polygon D can be 
mapped conformally onto the upper half-plane HI, and the Caratheodory-Osgood 
theorem tells us that any such mapping extends to a homeomorphism between D 
and the closed upper half-plane HI. Here, as usual, the hat denotes closure with 
respect to the topology of the Riemann sphere. 

Our aim is to derive a (more or less) explicit formula for the inverse conformal 
mapping / : HI D. To get an idea what a representation of / may look like, we 
adapt the approach of the last section: moving the point z monotonously along 
the boundary of HI (the real line) we observe what happens with the image point 
f(z ) in the re-plane. First of all we remark that f(z ) must move monotonously 
along the boundary of D, for otherwise the extension of / to HI could not be a 
homeomorphism. The key is to control the direction of this movement, so that 
f(z ) always stays on the boundary of the polygon D. 

When a point w moves counterclockwise along the boundary of D, it only 
changes direction at the vertices of the polygon. If the (non-oriented) interior angle 
at the vertex a k is cl^tt (with 0 < < 2), then w changes its direction by the 

(oriented) turning angle ^7 r, with /?& := 1 — a*,, when it passes the vertex 



Figure 6 . 46 : Prevertices, vertices, interior angles and turning angles of a polygon 


In order to describe the movement of /(z ) more precisely, we apply the Schwarz 
reflection principle (Corollary 6.6.8). The points Zk := f~ 1 (ak) are said to be 
the prevertices of the polygon D with respect to the conformal mapping /. After 
applying a conformal automorphism of HI we may assume that the prevertices 
satisfy — 00 < z\ < Z2 < ... < z n <00. Corollary 6.6.8 tells us that / is not only 
analytic in HI, but can also be analytically extended by reflection across any (open) 
segment (z^, Zfc+i). Here (z n , zf) := (z n , +00) U {00} U (—00, z\) is a ‘segment’ on 
the Riemann sphere. Note that we do not speak about one extension here, in fact 
we have n possibly different extensions, one for every segment (z/ c ,z/ c+ 1). 

Extending / across (zfc,Zfc+i) shows that f has finite limits f(z ) for all 
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z G (zfc, Zfc+i)- So f extends continuously from HI to HI\M, where V := {z i, . . . , z n }. 
Moreover f'(z) ^ 0 on l\h, for otherwise the image of a small (half-disk) neigh- 
borhood U of z in HI \ V could not be contained in D because its opening angle 
at f(z) would be at least 27ri. 

Since f is well-defined and different from zero on M \ V, the direction in 
which f(z) moves is determined by arg f'(z). When z runs through the interval 
(zk,Zk+ 1 ), this direction must coincide with the direction of the corresponding 
image segment (afc,a&+ 1 ), that is arg f is constant on (zk,Zk+ 1 ). The values of 
these constants in neighboring segments differ precisely by the turning angle at 
their common vertex. If arg f(z ) = /3o7r for z < z\, we thus have 

arg f(z) = 7r (/3 0 +/3i + . . . +/?*), ze(z k ,z k+ i)nC. (6.46) 

It is important to note that /?! + ... + /?& = 2, which just expresses the fact that 
we have turned around in total by 27 r, walking once around the boundary of D in 
counterclockwise direction. This guarantees that the prescribed values of arg f'(z) 
on the two components (— oo, z\) and (z n , + 00 ) of (z n , z\) D C coincide. 

So we now have the new problem of finding analytic functions / in HI \ V, 
satisfying the boundary condition (6.46) onR\k. This is a typical boundary value 
problem for analytic functions. In fact we need not really solve this problem (which, 
as stated so far, is not even well-posed). Instead we shall use our experience from 
the preceding section to make a qualified guess of some special solution , and then 
show that the conformal mapping / : HI — > D which we are looking for indeed has 
this form. Before we work out this in detail, let us state the result. 

Theorem 6.8.1. Let D be a polygon with vertices ai,...,a n and corresponding 
interior angles aq7r, . . . ,a n 7r. Then there exist real numbers zi < Z 2 < . . . < z n 
and complex constants A and B such that 

f(z) ~ A J ( w ~ zi) ai ~ 1 {w - Z 2 ) a2 ~ 1 ■■■(w- z n ) a ^~ l dw + B. (6.47) 
is a conformal mapping of the upper half-plane HI onto D. 

In (6.47) the powers (w — z ^) ak ~ 1 are understood in the sense of the principal 
branch w a := exp(a Logie). Since these functions can be extended analytically to 
the plane slit along the negative imaginary axis, this ensures that every function 
fk(z) = (w — ^/ c ) Q!fc_1 is analytic in HI and continuous on HI \ { z &}. In particular, 
every (extended) function /& is analytic at all points of R \ { 2 ^}, a fact we shall 
use in the following without further mention. 

Proof. 1. We choose a conformal mapping / of HI onto D which is normalized such 
that the prevertices z k := / _1 (n/ c ) satisfy z\ < z^ < . . . < z n (see above). In order 
to show that / indeed has the form (6.47) — note that / is defined as a conformal 
mapping, and not by (6.47) — we study the integral term 





a i—l 



z 2 ) a2 



CX-n 1 



z G H \ V. (6.48) 


fo(z) : 


Z 
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This function is analytic at all points of El \ V. The argument of its derivative is 
constant on the segments (z&, z&+i) and jumps by 1 — = Pk at Zk (compare the 

discussion on page 297 in the preceding section). As was demonstrated above, the 
argument of f has the same property, so that we get 

arg fo( z ) - ar g f\ z )=c, z e K \ V. (6.49) 

2. Since f and f/ have no zeros in H, their quotient f'/fo has an analytic loga- 
rithm, 

F(z) := log ( f(z)/fo(z )), z eM. 

Because f and /g also do not vanish on M \ V, the function F can be extended 
continuously to M \ V. Due to (6.49), the imaginary part Im F = arg f — arg /q 
is constant on R \ V, so that F can be reflected across any segment (z^, z/ c +i). In 
particular, the extended function (which we again denote by F) is analytic at all 
points of M \ V . We shall show that F is also analytic at the prevertices Zk and at 
infinity. 



Figure 6.47: The composition g := (p o f of the mappings / and (p 

3. By the Caratheodory-Osgood theorem, the conformal mapping / maps a small 
closed semi-disk in the upper half-plane with center z& into some sector with vertex 
ak and opening angle ol^i\. The composition of / with (pk(w) := { w ~ Uk) 1 ^ ak 
maps this sector onto some closed half-plane (see Figure 6.47). It sends z& to zero, 
and the segments [zfe_i,Zfe], [z^z^ i] are mapped to a straight line through the 
origin. Consequently gk can be reflected across the segment (zfc_i,Zfc+i). Since 
the extended function (which we again denote by g^) is analytic at and has a 
simple zero there, it can be represented as 


9k[z) — (z Z k ) hk(z), hk(zk) 0, (6.50) 

where hk is analytic. Transforming (6.50) back to / we obtain 

f(z) = a k + (z - z k ) ak (hk(z)) ak , (6.51) 

f\z) = a k (z- z k ) ak ~ l ( h k (z) ak + (z - z k ) h k (z) ak ~ l h' k (z)). (6.52) 

Forming the quotient f/fk the factor (z — z k ) ak ~ l cancels, so that f/fo is the 
quotient of two analytic functions which are non-zero in a neighborhood of z^. 
Consequently, /V/o and F = log (f'/fo) are analytic at Z&. 
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4. In order to study the behavior of / at infinity, we consider the function g, 
which is defined in the lower half-plane by g(z) := f(l/z). It sends 0 to the point 

b := /( oo ) on the segment (a n ,ai). The image of (z n , zf) C C with respect to 
the mapping z i— )► 1/z is an open interval I which contains 0. Since g maps I 
to the side (a n ,ai) of D, it can be reflected across /. The reflected function g is 
analytic at 0 and its derivative does not vanish, so that it admits a representation 
g(z) = b + zh(z ), where h is analytic at 0 and h(0) 0. After transforming this 

back to / we obtain 


/ 0 ) = g( 1 / 2 ) = b + 


h(l/z) 

1 

z 


f( z ) = _mi m _ yq/y 


(6.53) 


The behavior of /q at infinity is governed by the sum of the exponents — 1. 
Since this sum equals —2, we have 


fo(z) = (Z- z ^- 1 ■■■(z- (6.54) 

where ho is analytic at zero and ho(0) 7 ^ 0. Combining (6.53) and (6.54) we see 
that f'/fo is analytic and non-zero at infinity, which implies that F = Log ( f'/fo ) 
is analytic at infinity as well. 

5. In summary we have shown that F : HI — )• C is analytic at all points of the closed 
upper half-plane HI. Since its imaginary part is constant on the segments (zk, Zfc+i), 
it must be constant on all of the extended real line R. Then the reflection principle 
allows us to extend F to a bounded analytic function on the sphere. By Liouville’s 
theorem F = log(/'//o) is constant, i.e., f = A with some A G C, so that 
/ = Afo + B for some constant B. □ 


So far we have assumed that all prevertices z^ are finite. If one of the z^ is 
the point at infinity, say z n = 00 , we get the modified Schwarz- Christoffel formula 


f(z) = A f (w 


Zl) ai x (w 


z-i) a 2 1 • • • (w — z n _i)°‘ n ~ 1 1 dw. 


(6.55) 


Since the prevertices Zk are not known a-priori , the formulas (6.47) and (6.55) 
do not really provide an explicit expression for the desired conformal mapping. 
The determination of the prevertices is the Schwarz- Christoffel parameter problem. 
For the majority of mapping problems the parameter problem cannot be solved 
analytically and one has to take recourse to numerical methods. We shall briefly 
comment on this subject at the end of this section. 

On the other hand, the parameter problem completely disappears when the 
polygon D is a triangle , since then any set of prevertices ^ 1 ,^ 2 , ^3 with the right 
ordering will do. If the mapping / of HI onto D is normalized so that the prevertices 
0 , 1 and 00 are mapped to the triangle vertices ai, < 22 , <23 with interior angles aq 7 r, 
OL2 7r, and a 3 7 r, respectively, then / is given by 


f(z) =ai + 


<22 — <2i 

Z>(aq, <^ 2 ) 



w 


a i—l 


(l-w) 


Ot-2 — 1 


dw. 


0 


(6.56) 
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where 


B(a i, a 2) 


7 r 

r(ai) r(a2) r(a3) sin 770^3 


(6.57) 


We remark that (6.57) with a 3 = 1 — oa — ol^ defines Euler 1 s Beta- function B. 
Figure 6.48 (left) shows the phase portrait of a conformal mapping of a triangle 
with interior angles 30°, 60°, and 90° onto the upper half-plane. The mapping is 
normalized so that the left, lower right, and upper right vertex of the triangle are 
sent to 1, 00 and 0, respectively. The chessboard coloring in the picture on the 
right illustrates a mapping of the same triangle onto a circumscribed disk. This 
mapping is normalized so that the vertices of the triangle are fixed. 



Figure 6.48: Conformal mappings of a triangle onto H and ED 

The cases where repeated reflections of the triangle D across its sides tessellate 
the plane - like in the example at hand - are of special interest. We shall come 
back to this issue in Volume 2. 

Generalizations. The Schwarz-Christoffel formula can be modified and general- 
ized in various ways: 

(1) Incorporating the formulas for standard conformal mappings from a domain 
D to the half-plane, we obtain representations for conformal mappings of other 
canonical domains (like disks, strips or rectangles) onto polygons. 

(2) Reversing the order of the vertices and replacing interior angles by exterior 
angles of the polygon yields formulas for mappings onto exterior domains. 

(3) One can admit that the polygon has multiple vertices (so that its boundary is 
not a Jordan curve), and allow angles of sizes 0 and 2tt. Finally, the polygon may 
be self-overlapping, which yields conformal mappings which are not injective an 
thus can be described better in the setting of Riemann surfaces. 

Recommended reading for those who would like to learn more about these aspects 
is the book [10] by Driscoll and Trefethen. We also refer to Lin’s textbook [35], 
Vol. 2, which contains theoretical background as well as a number of worked-out 
examples. 
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Figure 6.49 illustrates a normalized conformal mapping of the unit disk onto a 
pentagram, which is given by the simple formula 



Figure 6.49: Conformal mapping of the unit disk to the interior a pentagram 

Note the large distortion at the tips of the star: the barely visible tiny red domain 
in the disk near the point i is mapped onto the relatively large region filled with 
the red chessboard structure. 



Figure 6.50: Stream lines of three different potential flows in a slit domain 

As an illustration of Schwarz- Christoffel mappings onto unbounded generalized 
polygons, Figure 6.50 shows the stream lines of plane potential flows which are 
obtained from three differently normalized conformal mappings of an infinite strip 
to the slit domain depicted. All mappings are computed numerically using the 
MATLAB -based SC Toolbox by Driscoll and Trefethen. 

The development of numerical algorithms for Schwarz-Christoffel mappings gath- 
ered speed with the work of Lloyd Trefethen around 1980, when Trefethen invented 
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a reliable algorithm to numerically solve the parameter problem. But another se- 
rious obstacle remained: the so-called crowding phenomenon. It refers to the fact 
that for ‘elongated domains’ D some prevertices are separated by a very small dis- 
tance only, which makes numerical computations problematic. The problem was 
resolved in the nineties by Driscoll and Vavasis, who developed a novel approach 
based on cross-ratios and Delaunay triangulation. 



Figure 6.51: Mapping of a rectangle onto a maze computed with the SC toolbox 

All these ideas have been incorporated into the extremely powerful and convenient- 
to-use SC Toolbox. The true capability of this software package is illustrated in 
Figure 6. 51, 2 which visualizes the mapping of a rectangle onto a ‘maze’. Each curve 
is the image of a line parallel to the longer sides of a (conformally equivalent) 
rectangle. The dotted curves correspond to lines which are at distances 10 -10 , 
10 -20 , 10 -30 , 10 -40 and 10 -50 to a rectangle side. All computations are performed 
in double precision arithmetic. 

The algorithms implemented in the SC Toolbox are so efficient that they even 
allow computation of conformal mappings by approximating general domains by 
polygons with a large number of vertices. The book [10] by Driscoll and Tre- 
fethen and the User’s Guide [11] acquaint the reader with many facets of Schwarz- 
Christoffel mappings and their applications, describe the basics of the underlying 
algorithms, and give instructions on the usage of the toolbox. 


2 Reproduced from [10] with permission 




Figure 7.1: Building a Riemann surface as patchwork of function elements 
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In Section 3.6 we have seen that the process of analytic continuation may result 
in “multiple-valued” functions. Notwithstanding their name, these objects are not 
ordinary functions and must be handled with care. That even simple operations 
involving multiple- valued functions may be problematic becomes evident when one 
tries to define the sumyT -fyT and then compares the result with 2 yfz. 

In this chapter we are going to develop an alternative framework, allowing 
us to avoid the drawbacks of multiple- valued functions. It is based on a geometric 
construction that creates a new domain, called a Riemann surface , comprising the 
different branches of the multiple- valued function. This gives rise to a single- valued 
analytic function on a Riemann surface. To demonstrate the basic idea we consider 
a simple instructive example. 

Example (The Riemann Surface of the Square Root). The multiple- valued square 
root attains two values at every point z in the punctured plane C\{0}. We associate 
these values with two copies Si and S2 of C \ {0}, which we denote as sheets. In 
doing so, we encounter one major problem: there is no way to assign the values 
so that the resulting functions are continuous on all of C \{0}, so we must allow 
for a line of discontinuity. One possible, and perhaps the most natural, choice for 
such a line is the negative real axis R_. 

After cutting the sheets Si and S 2 along M_ , we define two analytic branches 
<7i and g 2 of the square root, specified by <Ji(l) = 1 and 02 ( 1 ) = —1, respectively. 
Every branch lives on the corresponding sheet Sk (see Figure 3.42), both func- 
tions are discontinuous at the cut, but their one-sided limits exist. We emphasize 
that Tutting along the negative real axis’ does not mean that the segment (— 00 , 0] 
is removed, instead we restore the interval (— 00 , 0) to the “upper” edge (where 
Im z 0) of the slit. So every sheet still contains all points of C \{0}, we only 
change the topology in a neighborhood of the cut. 

When we now stack one sheet on top of the other, the two edges of Si can 
be glued to the opposite edges of S 2 , so that the two branches of the square root 


E. Wegert, Visual Complex Functions: An Introduction with Phase Portraits, 
DOI 1 0. 1 007/978-3-0348-0 1 80-5_7, © Springer Basel 2012 
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form a continuous function on the resulting geometric object S', as is illustrated 
in Figure 7.2. We call S the concrete Riemann surface of the square root. 



Figure 7.2: Building the concrete Riemann surface of the square root 

So we have created a new domain S', on which the square root is a well-defined 
(single-valued) function. The multi-valuedness has been resolved by lifting the 
function from the plane to its Riemann surface. From this viewpoint the square 
root just appeared to have two values at a single point, because we did not dis- 
tinguish between points on different sheets of its Riemann surface which have the 
same projection onto the plane. The Riemann surface S is therefore the natural 
domain of definition of the square root. 

The above construction is not only helpful to get an intuitive understanding, it 
also allows one to build and explore Riemann surfaces of special functions. Yet the 
approach is unsatisfactory because it relies too much on visual persuasion. In this 
chapter we shall put these ideas on a more solid basis, working out the necessary 
framework step-by-step at increasing levels of abstraction. 


7.1 Global Analytic Functions 

Our starting point is a collection of (analytic) function elements (see Defini- 
tion 3.6.2) from which we construct a model of a new geometric object - the 
Riemann surface of a global analytic function. 

Definition 7.1.1. A global analytic function in a domain D is a non-empty set T 
of analytic function elements in D having the following two properties: 

(i) Any two function elements belonging to T are analytic continuations of each 
other along some path in D. 

(ii) Any function element which can be obtained by analytic continuation of an 
element in T along a path in D is itself a member of T . 

So a global analytic function in D is the family T of all analytic function elements 
that can be obtained from one (and then any) member (/ 0 , Dq) of T by all possible 
analytic continuations along paths in D starting at the center of Dq. We also say 
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that T is generated by (/o,Dq). If the domain D is not specified, we implicitly 
assume that D = C. Occasionally we also allow that D = C. 

Instead of function elements we shall often work with the corresponding 
germs (see Definition 3.6.6). In the above definition function elements have been 
chosen as the primary objects because they have a simpler structure (they are 
proper functions) and can be “glued together” more intuitively (like patches) than 
germs. In the following we do not strictly distinguish between function elements 
and germs, for instance we shall also speak of a germ /* in 7F. 

Example 7.1.1 (The Global Square Root Function). We consider the totality T of 
function elements (/, D), where D is a disk in C \ {0}, and 




z 


• exp 



arg z 


z e D, 


with a continuous branch arg z of the argument in D. It is not hard to see that 
T is a global analytic function. 

From Global Analytic Functions to Riemann Surfaces. The sceptical reader may 
wonder what is gained by replacing a multiple-valued function with a large pool 
of function elements. In fact not much, at least for the moment, but this will 
change when J 7 is endowed with an appropriate structure. In the first step of this 
construction the Riemann surface of a global analytic function will be modelled 
from the germs of its function elements. 

Let T be a global analytic function. A germ which is represented by some 
function element (/, D) in T is called a germ in T . The set of germs in T is 
denoted by J 7 * , and we let Tf signify the set of all germs at z which belong to T 7 * . 
It may happen that J 7 * is empty, but the next theorem shows that it can never be 
very large. 

Theorem 7.1.2 (Poincare- Volterra). For every global analytic function T and every 
zGC the set Tf of germs in T at z is at most countable. 

Proof. Let (/o, Do) be a fixed element in T with center zq. Then any element (/, D) 
in 7F centered at z is the analytic continuation of (/o, Do) along some path 7 from 
zo to z. By Lemma 3.6.5 the germ /* of (/, D) at z does not depend on the chain of 
disks (Dq, D 1, . . . , D n _ 1, D) covering 7 which are chosen in the process of analytic 
continuation. Moreover, if (D 0 , Di, . . . , D n _i, D) is another chain of disks such 
that Dk C Dk for k = 1, ... , n — 1, then the analytic continuations of (/o,D 0 ) 
along both chains coincide. In particular, for any chain (Do, Di, . . . , D n _i, D) 
covering 7, the corresponding disks Di, . . . , D n _i can be chosen such that their 
radii are rational and their centers have rational coordinates. Since the set of all 
chains formed from such disks is countable, the number of different germs in T at 
z is at most countable. □ 


In the construction of a concrete Riemann surface in Example 7, a multiple- 
valued function was unravelled by associating its values to different sheets dying 
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above’ the original domain. The number of sheets above some point z was equal to 
the number of values which the function attains at z. In the abstract setting, we 
need so many layers at every point z E C as there are germs in T 7 *, and we label 
the points above z by the corresponding germs. So we write p = (z,g) to indicate 
that p is the point above z on the sheet associated with the germ g in Tf. This is 
an intuitive interpretation - formally p is just an element of C x T 7 *. 

Definition 7.1.3. The Riemann surface of the global analytic function T is the set 

S[T) := {(z,g) GCxJbzGC, g£ V)}. (7.1) 

The function V : S[T) C, (z,g) i— > z is called the (canonical) projection of the 
Riemann surface S(fF) to the complex plane. The preimage set V~ l {z) of a point 
z G C is termed the fiber of z (or above z). It consists of all points p on S^J 7 ) 
which have been described before as dying above’ z. More generally, we shall say 
that some set A C S^J 7 ) lies above B C C if V(A) C B. 


7.2 Lifting Techniques 

After these preparations we are ready to realize our main goal of incorporating all 
function elements of a global analytic function T into one single function on its 
Riemann surface. 

Definition 7.2.1. The lift of a global analytic function T to the Riemann surface 
S[T) is defined by 

T : S{T) — > C, (z,g) g(z). (7*2) 

Note that this definition makes sense; because g is a germ at z it can be evaluated 
at the point z. 

In order to explain the process of lifting better, we consider a point po = 
(zoj<7o) on ^(T 7 ) and choose a function element (/, Dq) in J 7 which represents the 
germ g$. For z in Dq the analytic function / induces a germ /* at z. Since /* 
is the analytic continuation of /* = go along the path [zq,z] in D 0 , we have 
(z, /*) E S(T) for all z E Dq. The set 

5 0 :={(z,/;): zGD 0 } (7.3) 

is called the lift of the disk D 0 to pq. We shall also refer to Dq as the disk on 
S^J 7 ) above Dq with center po, or as the disk on S^J 7 ) associated with the function 
element (f, Do) in T . Intuitively, one can consider Do as a replica of the disk Do 
on the Riemann surface S(fF). Note that Do is associated with a function element 
(/, Do) and not with the disk Do alone. 

The restriction Vo of the canonical projection V to Do is a bijection between 
Do and Do- The mappings 


Vo • Dq — > Dq , 


1 : Do , 
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are said to be a chart on S(T) at po and a lifting map to S^iF) at po 5 respectively. 



Figure 7.3: Some disks in C and on S(iF), the projection V, and the function T 

The restriction of T to the disk Dq is given by 

T(z, ft) := ft(z) = f(z), z G Do, (7.4) 

which can concisely be written as T o Vq 1 = / on Dq. In this sense the function 
Vq 1 ‘lifts’ the function elements in T from the plane to their associated disks 
on the Riemann surface. In more picturesque language, the function T and the 
Riemann surface S[T) are composed from a patchwork of the function elements 
in T as is shown in Figure 7.4 (see also the picture on page 310). 



Figure 7.4: A patchwork of function elements forming a Riemann surface 
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The Topology of a Riemann Surface. The Riemann surface S(J ~ ) of a global 
analytic function T inherits further structure from C via the canonical projection 
V : S(T} C. We have already seen an instance of such a procedure when we 
introduced the concept of disks on S^J 7 ). Here we utilize these disks to endow 
S(T) with a topology. 

If po = (zo,go) is a point on S(T), then go is a germ at Zq which belongs 
to J 7 . The canonical representative of go is a function element (/, Do), where Do 
is a disk centered at zo with (maximal) radius ro (see Definition 3.6.6). At every 
point z e Do the function / induces a germ /* at z. For 0 < r < ro we denote 
by D(zo,r) the disk centered at zo with radius r and lift it to a disk D(po,r) on 
S(fF) with radius r and center p 0 > 

D(p 0 ,r) := {( z,f ’*) : z e D(z 0 ,r)}. (7.5) 

In the language of topology, the set of disks D(po,r) with 0 < r < ro forms a 
neighborhood basis for the point po on S^J 7 ). This endows the Riemann surface 
S^J 7 ) with a topology and converts it into a Hausdorff topological space. 1 

As a consequence, all concepts of topology are now available on S'(T’), such 
as open, closed, compact, and connected sets, as well as convergence of sequences, 
and continuity of functions. In particular, it is easily seen that the projection V 
and the function T defined by (T. 2 ) are continuous functions from S[T) into C. 

Path Lifting and Connectivity. As usual, a path on S(iF) is a continuous function 
T : [a, /3\ — > S^J 7 ). The projection of T to C is the mapping 7 := V o T. Any path 
on S(fF) has the form T = ( 7 , G), where 7 is a path in C and 


G : [a, P] J 7 * 


t G(t ) G J 7 *^ 


The continuity of the mapping T expresses the fact that t ^ G(t) represents the 
analytic continuation of the germ G(a) along 7 . 



Figure 7.5: Lifting paths from the complex plane to a Riemann surface 


x The attribute “Hausdorff” indicates that distinct points can be separated by disjoint neighbor- 
hoods. 
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Conversely, if G : [a, /3] E* : t G(t) is the analytic continuation of a germ 
G(a) in J 7 * along some path 7 : [a, /3] C, then 


r : [a, /?] S(E), t ^ ( 7 (t), G(t )) 



is a path on S(E). This path lifting technique also shows that S(E) is connected: 
if pi = (zi, <71) and P 2 = (^2,^2) are points on S(E), then, by Definition 7.1.1 and 
Definition 7.1.3, g 2 = G(/3) is the analytic continuation of g\ — G(a) along some 
path 7 from z\ to Z2, and the lifted path T on S(T ) defined by (7.6) connects p\ 
and p 2 - 


7.3 Typical Examples 

Example 7.3.1 (The Riemann Surface of the Complex Logarithm). As a global 
analytic function, the complex logarithm C consists of all function elements (/, D), 
where D is a disk contained in C \ {0} and 


f(z ) = Log \z\ + i arg z, 


with a continuous branch of the argument in D. The Riemann surface S(C) consists 
of all points p = (z,g), where z is a point in C \ {0} and g is a germ in 7T Z . The 
value of any such germ can be expressed as 


g[z) = Log z + 2k tt i 



with some integer k. When we denote points on S(E) as p = (z, g), the germ g only 
serves as an identifier for the different points p above z. Hence we can distinguish 
these points by labelling them by the integer k as well, so that p — [z, k\ is an 
alternative way of desribing the points on S(C). In this notation, the lift of the 
logarithm to its Riemann surface is the function 


C : S(C) C, 


z, k\ 1— >> Log z + 2kn i. 


We point out that this relabelling became possible by working with germs instead 
of function elements. While the germs at z are in a one-to-one correspondence 
with the integers k via (7.7), this does not hold for the functions / in the function 
elements (/, D) of C when the disk D intersects the negative real axis. 

All points p = [z, k\ with fixed k form the fcth sheet Sk of the Riemann 
surface S(C). Every sheet Sk is a copy of the punctured complex plane, slit along 
the negative real axis R_. Note that M_ is not removed but attached to the ‘upper 
rim’ of the slit, which denotes the edge of the cut adjacent to the upper half plane. 

A model of the Riemann surface of the logarithm is build by connecting the 
upper rim of the slit in Sk with the lower rim of the slit (adjacent to the lower 
half plane) in Sky 1 as illustrated in Figure 7.6. Here the sheet on top is S - 1 and 
So is in the middle. 
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Figure 7.6: Building a model of the Riemann surface of the logarithm 

Once we know the principles of construction, it is often more informative not to 
depict a function on a three-dimensional model of its Riemann surface, but on 
the projections of its sheets to the plane. Usually the phase portraits allow one 
to identify the branch cuts and the way in which their rims must be connected 
to form the Riemann surface. Figure 7.7 demonstrates this for three sheets of the 
logarithm. 



Figure 7.7: The logarithm on the sheets 5_i, So and Si of its Riemann surface 


The construction of a more involved Riemann surface is discussed at length in 
Section 7.6. 

Example 7.3.2 (The Power Functions). The power function z a with complex ex- 
ponent a G C is defined by 

z a Q a log 2 

As a global analytic function Z a consists of all function elements (e alog2 ,Z)), 
where (log z, D) is a function element of the global logarithm. The structure of its 
Riemann surface depends heavily on the exponent a. 
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Figure 7.8: The function f(z ) = z 2 ^ on the three sheets of its Riemann surface 

If a is a (real) rational number , a = m/n with coprime integers m and n, then, due 
to the periodicity of the exponential function, Z a has exactly n different germs at 
every point z G C\ {0}. Its Riemann surface can be build from n sheets Si, . . . , S n 
which are copies of C \ {0}, with a branch cut along the negative real axis. The 
upper edge of Sk is connected with the lower edge of Sk+i for k = 1 , . . . , n — 1 and 
the upper edge of S n is joined with the lower edge of Si. 

If a is a (real) irrational number , then Z a has infinitely many different germs 
at every point z G C \ {0}, and the structure of its Riemann surface is the same 
as for the logarithm. 



Figure 7.9: The function f(z ) = z 2 / 3+1 on three sheets of its Riemann surface 

If a is not real, a = a + i/3 with (3 ^ 0, then Z a always has a countable number of 
germs at z = re 1 ^, which can be distinguished by their values at z, 

g k (z) = e aLo 8 r ~P( l P+ 2k ' ir ) e i(/5Logr+Q;(^+2/c7r))^ £ Z. 

The absolute values of gk(z) are all different and form a geometric progression with 
quotient e _27r/5 . Their arguments form an arithmetic progression with difference 
e 27Ta . If a is rational, the phase of g^{z ) is periodic in k. So, in that case, the 
phase portraits give the misleading impression that the Riemann surface consists 
only of a finite number of sheets. In particular, if a is purely imaginary, the global 
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function z a has the same phase portrait on all sheets of its Riemann surface. This 
is illustrated in Figure 7.10 for the function f(z ) = z 1 in the square |Rez| < 2, 
Inn < 2. It is a remarkable fact that all values of i 1 are real. 



Figure 7.10: All sheets of f(z ) = z 1 have the same phase portrait 

We mention that the unwanted coincidence of the phase of two functions / and g 
disappears when one replaces / and g by / — c and g — c, respectively, where c is 
a non-zero constant c. To get a good contrast in some subdomain, one can choose 
c as the value of one of the functions / or g at a point in the domain of interest. 
In particular, barely visible branch cuts show up more clearly, as is demonstrated 
in Figure 7.11. Here the constant c is chosen as the value at z = 1 of the function 
depicted in the middle. 



Figure 7.11: Phase portraits on three sheets of the modified function f(z ) — 1 


Since the modulus of z 1 in the picture on the left is rather large, its phase is only 


slightly perturbed by subtracting —1. In the window on the right 
that the constant —1 dominates. 




is small, so 


Riemann Surfaces of Inverse Functions. A widespread source of Riemann sur- 
faces is the construction of inverse functions. If an analytic function / is not 
injective its inverse is multiple- valued, and the global inverse function J r ~ 1 lives 
on a Riemann surface S^J 7-1 ). Usually S^J 7-1 ) can be directly constructed from 
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sheets Sk corresponding to invertible restrictions of / to appropriately chosen 
subdomains. We demonstrate this in the next example. 

Example 7.3.3 (The Arcsine Function). The complex sine function maps the strip 
{zGC: — 7 t/2 < R ez < tt/ 2} bijectively onto the plane slit along the segments 
(—oo, —1] and [1, Too) (see Example 6.2.4). After complementing the strip by the 
segments 


{zGC: R ez = — tt/ 2, Imz > 0}, {z E C : R ez = 7r/2, Im z < 0} 

to obtain a set G o, we get a bijective mapping of G o onto C\{ — 1,1} as illustrated 
in the two pictures in the middle of Figure 7.12. The inverse of this mapping is 
the principal branch Arc sin of the arcsine function. 



G - 1 



i m 

j 

aw 

> ' 4 kjt 

, v a 




C \ {-] 

, 1 } 




Figure 7.12: Mapping properties of the sine and the arcsine on three sheets 


Due to the identity sin (z + ir) = — sin z, the sine function maps every translated 
strip Gk := G + kir with k G Z bijectively onto C \ { — 1, 1}. The corresponding 
inverse functions are 


Arc sin/e z 


Arc sin z + kn if k is even 
-Arc sin z + kir if k is odd. 


(7.8) 
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Figure 7.13: Riemann surface of the arcsine 


The Riemann surface of 
the arcsine function has 
a countable number of 
sheets Sk each of which is 
a facsimile of C \ { — 1,1} 
slit along (— oo, — 1) and 
(l,+oo). Both rims of the 
cut (—oo,—l) on S 2k are 
cross-connected with the 
edges of (-oo, -1) of S 2 k-i, 
while the edges of (1,-foo) 
on S 2 k are cross-connected 
with the edges of (l,+oo) 
of S 2 k+i- Figure 7.13 shows 
three sheets of the resulting 
Riemann surface of the 
arcsine function. 


7.4 Analytic Functions and Branch Points 

Analytic Functions on a Riemann Surface. Once the basics are established, many 
concepts can be translated from the complex plane to Riemann surfaces. This book 
is not the place to pursue this further, we only exemplify how the notion of analytic 
functions extends to Riemann surfaces. 

Let S^J 7 ) be the Riemann surface of a global analytic function T . Recall that 
a chart Vo of St^J 7 ) at po is a restriction of the canonical projection V to a disk 
on S(fF) centered at po- 

Definition 7.4.1. A complex- valued function / defined in some neighborhood of a 
point po on a Riemann surface S(fF) is said to be analytic at po, if for one (and 
then for all) charts Vo at po the composition / o Vq 1 of / with the lifting map 
n 1 is analytic at zo := V(po ). If / is defined and analytic at every point of S(V) 
it is called analytic on S^J 7 ). 

Note that foV q -1 need only be defined in a neighborhood of zq. The canonical 
projection V : (z,g) z is analytic on S^J 7 ) because (V o Vq )(z) = z. 

The next theorem confirms that the aim of converting a multiple-valued 
analytic function into a single-valued analytic function is achieved by lifting a 
global analytic function to its Riemann surface. 

Theorem 7.4.2. The lift J 7 of any global analytic function J 7 is analytic on its 
Riemann surface S^J 7 ). 

Proof If Vo : A) Do is a chart at po = (£o?<7o)> the disk Do is associated with 
a function element (/o, Do) in T and we have T oF 0 _1 = fo on Do (see (7.4)). □ 
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Isolated Singularities. Let us now review the construction of the Riemann sur- 
faces of the square root and the logarithm in Examples 7 and 7.3.1. In both exam- 
ples the origin plays an exceptional role, in that the function elements which gen- 
erate the Riemann surface admit an unrestricted analytic continuation to C \{ 0 }, 
but not to C. Despite this common property, the local structure of the correspond- 
ing Riemann surfaces S(T) and the behavior of the functions T in a neighborhood 
of this “singular point” are rather different. In order to explore this further, we 
make the following definition. 


Definition 7.4.3. A point a E C is called an isolated singularity of the global ana- 
lytic function T if there exist a punctured disk D := D\{a} and a function element 
(/o, D 0 ) in T with D 0 C D which admits an unrestricted analytic continuation in 
D, but has no unrestricted analytic continuation in D. 

In what follows we assume that D and (/o,Do) satisfy the conditions in 
Definition 7.4.3, and analyze the structure of the Riemann surface S{T) above the 
punctured disk Z), viz. the set P~ l (D). 

First of all we observe that V~ l {D) 
need not be connected but may con- 
sist of several components. Two points 
pi = Oi,#i) and p 2 = ( 22 , 02 ) be- 
long to the same component if and 
only if the germ 02 is the analytic con- 
tinuation of gi along a path in D. 

Since we are only interested in the local 
structure of S(T), the components of 
V~ 1 (D) can be studied separately. We 
therefore consider the Riemann surface 
S(T 0 ) of the global analytic function 
To generated by a function element 
(/o, Do) through analytic continuation 
along paths in D. 

The next theorem describes the 

simplest situation. We state it in the language of germs and in a slightly more 
general context than needed. Recall that the analytic continuation g( 7 ) of a germ 
g along a closed path 7 is said to be trivial if g( 7 ) = g. 

Theorem 7.4.4. Let G be a simply connected domain , assume that the germ /q 
has an unrestricted analytic continuation in the punctured domain G := G\ {a}, 
and let To be the global analytic function generated by /g in G. If there exist a 
closed path 7 in G with winding number one about the point a , and a germ in To 
with trivial analytic continuation along 7 , then all germs in Tq are induced by an 
analytic function f : G —> C. 



Figure 7.14: Components of V 1 (D) 


Proof. The result is an immediate corollary of Theorem 3.6.10 (iii) 


□ 
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Rephrased as a statement about Riemann surfaces, Theorem 7.4.4 just tells us 
that S(J~ o) consists of a single sheet above G. 

Branch Points. We now explore the more interesting situations in which the 
assumptions of Theorem 7.4.4 are not satisfied. 

Definition 7.4.5. Let To be a global analytic function in a disk D and assume 
that a G D is the only isolated singularity of To in D. Then a is said to be a 
branch point of To, if one (and then any) germ in Tq has a non-trivial analytic 
continuation along some closed path in D := D \ {a}. 

Let To be generated by a germ / 0 * at ^o G i). Since the analytic continuation 
of /o along a closed path 7 in D depends only on the winding number k of 7 about 
a (see Lemma 2.7.22 and Theorem 3.6.8), we can label the germs in To at zo so 
that ff is the analytic continuation of /q along a path with winding number k 
about a. Then there are two possibilities: 

(i) The germs f k and are different whenever k 7 ^ m. 

(ii) The germs f k and are equal for some m > k. 

In the first case we say that a is a branch point of infinite order. Since this case 
happens for the isolated singularity of the logarithm, we also speak of a logarithmic 
branch point. 

In the second case, analytic continuation of and ff along a path with 
winding number —k shows that (ii) implies ff n _ k = ,/q . Consequently, there is a 
smallest number n > 2 (because n = 1 has been excluded) such that /* = /q , and 
then the mapping k f k is periodic with primitive period n, so that T~q contains 
exactly n different germs /q , . . . , f*_ 1 at zq. In this case a is said to be a branch 
point of order n. 

It can easily be seen that the choice of /q in To does not influence which of 
the cases (i) or (ii) appears and what the value of n is. 

Summarizing the results we get the following theorem on the classification of 
isolated singularities of global analytic functions. 

Theorem 7.4.6. Let G be a simply connected domain and assume that a germ /q 
in the punctured domain G := G\{a} has an unrestricted analytic continuation in 
G. Then the global analytic function To which is generated in G by /q has exactly 
one of the following properties: 

(i) Tq* is induced by an analytic function f : G C. 

(ii) Tq* has a branch point of finite order n at a. 

(iii) Tq* has a logarithmic branch point at a. 

Example 7.4.1 (The Root Functions). The root function yfz has an isolated sin- 
gularity at the origin which is a branch point of order n. All points p = (z,g k ) 
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on its Riemann surface S(y/z) have the form p = ( z , gk) with k = 1 , . . . , n, where 
zGC \ {0} and gk is the germ of yfz specified by its value at z, 


g k (z) = exp 




og z + 2 (k — 1)7 r 




Like for the logarithm (see Example 7.3.1), this yields the alternative representa- 
tion p = [z, k\ for points p on the kth sheet of S(yfz). 


Local Normal Forms. The Riemann surfaces of the root functions and the loga- 
rithm are local models for the Riemann surfaces of general global analytic functions 
in a neighborhood of branch points. For example, any global analytic function Tq, 
which is generated in the punctured disk D = D \ {a} by a germ /q at z 0 , and 
which has a branch point of order n at a, can be lifted to an analytic function T 
on the Riemann surface of yj z — a above D. This construction is described next. 

1. We define the function p in the punctured disk G := {w E C : a-\-w n G D} 
by p(w) := a-\~w n and choose wq G G such that p(wo) = zq. Then the composition 
f^opotp with the germ /q is a germ g^ at wy if (/o,Z*o) represents /q, the 
function go : = /o 0 P is defined and analytic in a neighborhood of rco, and g^ is 
the germ at wq induced by go- 

2 . We show that g$ has an unrestricted analytic continuation in G. Indeed, 
if 7 is a path in G, then <p o 7 is a path in D. If /* is the analytic continuation of 
/o along Lp o 7, then the analytic continuation g * of ^0 along 7 is the composition 

g* = f * 0 v>- 

3. If 7 is a closed path in G with winding number 1 about the origin, then the 
corresponding path cp o 7 in D has winding number n about a. Since a is a branch 
point of order n of To, the analytic continuation of /q along p o 7 is trivial, and 
hence the same holds for the analytic continuation of g^ along 7. So satisfies 
the assumptions of Theorem 7.4.4, and thus it generates an analytic function g in 
the domain G. 

4. Finally, we denote by 7Z the root function yj z — a on its Riemann surface 
S above Z), and define TFq on S by 


Po := g o U. 


(7.10) 


More explicitly, writing the points on the kth sheet S k of S as [z, k\ with z <E D 
for k = 1, . . . , n (see Example 7.4.1), we get the representation 

7) : S -» C, [z, k] g(gk(z)), 

where g k denotes the fcth branch of the root function y/z — a in Z), 

g k (z) = exp (1 (Log (z - a) + 2 (k - l)7ri) J . 


(7.11) 
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So fk := g ° Qk is the restriction of Fq to the sheet Sk of S. 

The function Fo is analytic on S in the sense of Definition 7.4.1 and lifts 
the global analytic function Fo to the Riemann surface S: every function element 
(/i, Di) in Fo has the form 

(Jo 0 Vp,D x ), (7.12) 

where W 1 : D\ —¥ D\ lifts the disk D\ to some disk D\ on S, and, conversely, 
any such function element belongs to Fo- 

Rephrased in compact form, we have shown that any function / with a branch 
point of order n at a can locally be represented in the normal form 

f(z) = g(yr^), (7.13) 

where g is analytic in a punctured disk G = G\ { 0 }. We shall call g the analytic 
function associated with the branch point a of /. Of course, formula (7.13) can also 
be interpreted in the framework of multiple-valued functions. 

The construction is illustrated in Figure 7.15. The point of departure is the 
green disk in the lower left picture, which is the phase portrait of a function 
element (/o,Dq) representing the germ /q. It generates a global analytic function 
Fo with a branch point of second order at the origin. With the chessboard-like 
structure of the phase portrait we intended to simultaneously visualize the two 
branches of the corresponding multiple- valued function. 

The pull-back of the germ /q via ip(w) = a + w n (with a — 0 and n = 2) is 
a germ g^ a t wo- It is represented by the function element (gee Go), displayed in 
the green disk in the lower right window (re-plane). 

In order to construct the analytic continuation of g^ along the closed path 7 
(with winding number one), 7 is transplanted to the path 7 := 70 ^ (with winding 
number two) in the z-plane. Since the branch point of Fq has order two, the 
analytic continuation of /q along 7 is trivial, which implies that g$ has a trivial 
analytic continuation along 7 , too. Consequently (go? Go) generates an analytic 
function g in G. The phase portrait of the function g is depicted in the lower 
right window; it is generated by pulling back the phase portrait in the upper right 
window. 

Finally, the function g is transplanted to the Riemann surface S of the square 
root. The upper left picture visualizes the surface 5, carrying the phase portrait 
of Fq := g 0 H- This phase portrait is the pull back of the phase portrait of g in 
the lower right window via the square root 1Z on S. The black line on S is the 
lifting of the path 7 via the canonical projection V. 

The function elements in Fo are exactly the projections of the restrictions 
of Fo to the disks on S. This is demonstrated in the two pictures on the left for 
three elements, among them the generating element (/o,Dq) of Fo- 

The phase portraits of the branches fi'-=goQi and f 2 -= 9 °Q 2 on the two 
sheets 5i and S 2 of S are depicted in Figure 7.16. The relations between the phase 
portraits of the associated function g and the branches fk are visible more clearly 
in Figure 7.17 for a branch point of order three. 
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Figure 7.15: Lifting a multiple- valued function to a Riemann surface 



Figure 7.16: The functions g o g x and g o g 2 on the sheets Si and S 2 of S 
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Figure 7.17: A branch point of order three on a Riemann surface and its sheets 
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According to Theorem 4.4.1, the associated analytic function g in the punctured 
disk G can be represented by a Laurent series , 

oo 

g(z)= Fi Ckzk ’ zeG. (7.14) 

k= — oo 

In conjunction with (7.13) this yields a representation of / by a Puiseux series 
involving fractional powers , 

oo 

f(z) = ^2 c k(z-a) k/n , zei). (7.15) 

k= — oo 

More precisely, if (/, Dq) is a function element in To, then / can be represented 
by (7.15) with an appropriately chosen analytic branch of (z — a) 1//n in D 0 . 

Regular Branch Points. If the singularity of the associated analytic function g 
at the center of the punctured disk G is removable, we speak of a regular branch 
point. For example, the root functions yfz have regular branch points at the origin, 
since then g[z) = z. 

Regular branch points of Fo can be incorporated in a natural way into the 
Riemann surface S' (To). Informally, the extended Riemann surface S(To) is built 
by complementing S(To) with a single point po above a, at which all sheets are 
glued together. 



Figure 7.18: Compactification of a Riemann surface at a regular branch point 

Since g has a removable singularity at 0, the function To has a limit at po, so that 
it can be extended to a continuous function To on S(To). In fact this function is 
not only continuous but even analytic at po, at least when we use a more general 
notion of Riemann surfaces and analytic functions. This brings us to the final step 
of abstraction. 
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7.5 Abstract Riemann Surfaces 

Leaving aside all technical details, only two essential ingredients of a Riemann 
surface remain: a topological space on which the surface is modelled globally , and 
some complex structure , which makes this space look locally like the complex plane. 

The first requirement is a-priori satisfied when we build the Riemann surface 
on a Hausdorff topological space §. The complex (or conformal) structure on § is 
then generated by local charts. A (local) chart on § is a homeomorphic mapping <p 
from an open subset U of § onto an open set in the complex plane. To have access 
to both, the homeomorphism <p and its domain U , we denote charts by (£/, (p). An 
atlas for S is a family of charts (t/ a , cp a ) (with a from some unspecified index set) 
such that § is covered by the domain sets U ai i.e., any point p on § is contained 
in some U a . 



Figure 7.19: Two charts on a Riemann surface and their transition map 

Every chart (£ 7 a , ip a ) pulls back the structure of the complex plane to its domain 
U a . When we wish to glue all these local structures to some global entity, certain 
compatibility conditions must be satisfied in the overlapping regions. In order to 
obtain these conditions we pick two charts (£/,</?) and (V,^) and consider the 
transition mapping 


ruv • <p(U nk)^C, z 


(7.16) 
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which is defined on the open (possibly empty) subset ip(U D V) of the complex 
plane. Two charts (£7, p) and (V, ip) are said to be compatible if either £7 D V = 0 or 
both transition mappings tjjv and T vu are analytic in their domains. If all maps 
of an atlas are compatible, we speak of a conformal atlas. 

Definition 7.5.1. An abstract Riemann surface § (or a one- dimensional complex 
manifold ) is a Hausdorff space endowed with a conformal atlas. 

Example 7.5.1. Any open subset D of the complex plane , endowed with the Eu- 
clidean topology and the atlas consisting of the single chart (77, ip) with p(z) := z 
is an abstract Riemann surface. 

Sometimes it is convenient to work with more specific charts (£7, ip). For 
example, one may suppose that the image domains p(U) are disks. In the next 
example all charts are mappings onto the unit disk. 

Example 7.5.2. Another conformal atlas (U a ,p a ) on a (proper) open subset D of 
C is given by 


U a := {z e C : 


z — a 


< r a }, iPa(z) := (z - a)/r a , 


a G 71, 


(7.17) 


where U a is the largest disk centered at a which is contained in D. All transition 
maps are linear functions and hence they are analytic. 

Equivalent Atlases. The two examples above show that one and the same under- 
lying topological space can be equipped with different conformal atlases. Though 
the two resulting Riemann surfaces are formally different, these differences are 
not essential. The following definition makes this precise and eliminates the de- 
pendence of a Riemann surface on the special choice of an atlas. 

Definition 7.5.2. Two conformal atlases on § are said to be equivalent if their 
union is a conformal atlas. 

It is clear that equivalence of atlases is an equivalence relation, and a class of 
equivalent atlases is called a conformal structure. As long as atlases are equivalent, 
it does not really matter which one we choose, they all induce the same conformal 
structure. Therefore we shall often identify Riemann surfaces when their atlases are 
equivalent. 2 The following two examples illustrate an even more general concept 
of equivalence which will be introduced afterwards. 

Example 7.5.3 (The Extended Complex Plane). The extended complex plane is the 
set CU{oo}, endowed with the topology induced by stereographic projection from 
the topology of the unit sphere in M 3 . It has a conformal atlas with two charts 


U 0 

Uoo 


{z G C : \z\ < 2}, 


:= {z G C U oo : \z\ > 1/2}, 


<Po(z) := 2, 

Poo (z) := l/z. 


2 An alternative definition introduces Riemann surfaces as Hausdorff spaces endowed with a 

conformal structure. 
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Both transition maps are analytic in the ring R := {z E C : 1/2 < \z\ < 2}, 


(<P0 ° <Poo l )( z ) = (+00 ° ^0 1 )( 2: ) = 

Example 7.5.4 (The Unit Sphere). The unit sphere § in the Euclidean space M 3 
has a conformal atlas consisting of two charts 


U + :={(X,Y,Z) eS: Z< 1/2}, 


<p+(X,Y,Z) : 


U- := {(X,Y,Z) E § : Z > -1/2}, <p_(X,Y,Z) : 


X + iT 

1 - Z 
X-iY 
1 + Z 


The mappings (p+ and are the stereographic projections from the north pole 
(0,0,1) and the south pole (0,0, —1) onto the upper and the lower side of the 
equatorial plane, respectively. The minus sign in the numerator of </?_ appears since 
we address points on both sides of that plane using the same coordinates z = x+iy. 


Both transition maps are analytic in the ring R := {z E C : 1//3 < 
taking into account that X 2 + Y 2 + Z 2 = 1 on S, we have 


z 


<V3}: 


1 


1-Z (1 - Z)(X -iY) X-iY 


y>+(x,y,z) x + iy 


X 2 + Y 2 


1 + Z 


¥>-( X,Y,Z 


so that 

{++ o +Z 1 ){z) = (<P- O ipp)(z) = 1/z, z E R. 

When we identify the extended complex plane C U {00} with the sphere S by 
stereographic projection, the two atlases in Example 7.5.3 and Example 7.5.4 are 
equivalent. So both can be considered as models of one and the same Riemann 
surface, the Riemann sphere C. This observation leads to a more general notion 
of equivalence which we shall discuss later. 

Example 7.5.5 (The Riemann Surfaces S(iF)). The Riemann surface S/X) of a 
global analytic function T in the sense of Definition 7.1.1 is an abstract Riemann 
surface. We have already seen in Section 7.2 that the set S^J 7 ) defined in (7.1) 
carries the topology of a Hausdorff space. A conformal atlas is given by the charts 
(Dp,<£ p ), labelled by the points p in S/T 7 ), where D p is a disk on S^J 7 ) centered 
at p, and 

( Pp D p — Dp C C, (z, g) z 

is the restriction of the canonical projection V to D p . 

Analytic Mappings. The concept of analytic functions can easily be extended to 
mappings between abstract Riemann surfaces. The idea is to ‘project’ functions 
locally from the Riemann surface to open sets in the complex plane, using the 
charts of a conformal atlas. If / : S S is a continuous mapping between two 
Riemann surfaces, we choose charts (t7, p) in the atlas of S, and (V, ip) in the atlas 
of § and consider the composition 


fuv :=ipo foip 1 : D uv ->• C. 


(7.18) 
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Since / is assumed continuous, the domain of definition Duv := <f{U H / 1 (V r )) 
of fuv is a (possibly empty) open set in the plane. 

Definition 7.5.3. A continuous mapping / : S § between Riemann surfaces is 
said to be analytic if all functions (7.18) with Djjv 7^ 0 are analytic. 

Note that this definition is compatible with Definition 3.5.1, where we included the 
point at infinity in the domain and the range of analytic functions. For example, 
according to Definition 3.5.1 a function / : D C C C is analytic at oo E D if 
g : z i— > /( 1/z) is analytic at the origin. The function g is just the composition 

i/j o f o (p~5c , where (/Too, Poo) with (poo(z) := 1/z is a chart of C at infinity (see 
Example 7.5.3), and (C, ip) with 'ijj(z) := z is a (global) chart on C. 

Example 7.5.6 (The Root Functions on the Riemann Sphere). In Example 7.4.1 we 
have constructed the Riemann surfaces of the root functions yfz on C\{0}. Recall 
that the points p on such a Riemann surface S can be represented as p = [z, fc], 
where k refers to the number of the sheet of S on which p is located. So, considering 
the Riemann surface just as a set, we have 


S = {[z, k\ : z G C \ {0}, k = 1, . . . , n}. 


According to Example 7.5.5, a conformal atlas (which also induces the topology) 
on S is given by the charts (t7 p , <p p ), labelled by the points p = [z, k\ in S, where 
U p is the disk in S with center p and radius |z|, and 


(, Op i Up — y (C, z, /c] i — y z. 


(7.19) 


However, there is a much simpler equivalent atlas, consisting of the single chart 
(S, cr), where a : S C is the (lifted) root function y/z on S. This chart is 
a homeomorphism between S and C \ {0}, and its compatibility with the old 
atlas follows because a o is an analytic branch of the nth root on (p p (U p ) (by 
Theorem 7.4.2 a is analytic on S), and Lp p o cr -1 : z z n is analytic on a(U p ). 

In order to incorporate the branch point at the origin into S we first com- 
plement the set S by a point po = [0,0]. The left zero in this notation indicates 
that this point will he above z = 0 on the extended Riemann surface. The right 
zero tells us that po does not belong to any of the sheets Si, . . . , S n . 

The canonical projection V on S := S U {[0,0]} is defined consistently with 
the projection on S by 


V:S^€, 


z, k\ z. 


The topology on S is introduced by complementing the topology of S by a neigh- 
borhood basis of [0,0], consisting of the preimages V ~ 1 {D) of all disks D C C 
centered at the origin. The intuitive meaning of this construction is that the point 
[0, 0] is now attached to all sheets of S, so that they are linked at this point. 
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Figure 7.20: The Riemann surfaces S and S of the cubic root above D 

The extension of the atlas on S to an atlas on S is quite simple: we add a single 
chart which covers the complete surface S', namely (S, a), where a is the root 
function on S, extended to S by cr([0, 0]) := 0. It is clear that a is a homeomorphism 
of S onto C, and it is trivial that the two charts (S, cr) and (S, a) are compatible. 
Once the chart (S, a) is established, we can of course forget about the subordinate 
chart (S, a). 

In a similar manner, S can be complemented to a Riemann surface S by ad- 
joining a point [oo, oc] which forms the fiber at z = oo. Furthermore, the root 
function on S is continuously extended to a function a : S — )► C by setting 
cf([oo,oo]) := oo. Note that a is a homeomorphism. A conformal atlas on S is 


then given by the two charts 


(s\ {[oo, oo]}, 3=), (5\{[0,0]},1 /ct). 



Figure 7.21: The cubic root on three sheets of S covering C 


The addition of the two points [0, 0] and [oo, oo] turns the non-compact surface S 
into a compact Riemann surface S, which is a threefold covering of the Riemann 
sphere. Figure 7.21 shows the enhanced phase portraits of the cubic root on the 
three sheets of S covering C. 
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Local Normal Form at Regular Branch Points. As we have seen above, any global 
analytic function T in a punctured disk D := D \ {a} with a branch point of 
order n at a can be lifted to an analytic function T on the Riemann surface 
S := S(\/z — a ) of the nth root above D. 

Theorem 7.5.4. If a is a regular branch point of order n off a global analytic 
function IF in a punctured disc D , then the lifted function T has an analytic 
continuation T to the extended Riemann surface S of yj z — a above D. 

Proof. If g : G C denotes the analytic function associated with the branch 
point a, we have F := g o <j, with cr(z) = yj z — a on S (see page 326). Since a is a 
regular branch point, g has a removable singularity and thus it extends from the 
punctured disk G to an analytic function 7j in G. 

The Riemann surface S has a conformal atlas consisting of a single chart 
(D,a), S(z) yj z — a. The function T := Jo? is an extension of T from S to A, 
and the composition T oT 1 is just the function g, so that T is analytic on S. □ 

For functions with a regular branch point of order n at a, the series repre- 
sentation (7.15) simplifies to 


oo 

f(z ) = T Ck (z ~ a) k/n , z e D. (7.20) 

k = o 

Equivalent Riemann Surfaces. Once the notion of analytic functions on Riemann 
surfaces is established, equivalence of Riemann surfaces can be seen from a broader 
perspective. While we have introduced equivalent conformal atlases on the same 
underlying Hausdorff space in Definition 7.5.2, we now compare arbitrary Riemann 
surfaces. 

Definition 7.5.5. Two Riemann surfaces § and § are said to be conformally^ equi- 
valent (or just equivalent) if there is an analytic homeomorphism / : S § with 
analytic inverse. 

Theorem 7.5.6. The Riemann surfaces of the root functions constructed in Exam- 
ple 7.5.6 are conformally equivalent to the Riemann sphere. 

Proof. The root function a : S — C is a homeomorphism, and the four possible 
compositions ip o crop- 1 associated with the two charts p on S and the two charts 
^ on C are either the identity map on C or the mapping z 1/z on C \ {0}. So 
<t and its inverse are analytic. □ 

Example 7.5.7 (The Exponential Function on a Cylinder). We consider once more 
the exponential function f(z) = e z . Since f(zi) = /(Z 2 ) holds if and only if 
zi ~ ^2 = 2/c7ri with k E Z, we identify points z G C differing by an integral 
multiple of 2 tt 1. This factorization defines a new Riemann surface which we denote 
by C/(27ri Z). 
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A concrete model of this Riemann surface is the cylinder § := R x T, where 
T is the unit circle in the complex plane C. Identifying C with M 2 , we may think 
of this cylinder as embedded in M 3 , and we endow S with the topology induced by 
this ambient space (this coincides with the factor topology on C/(27riZ)). 

In order to equip § with a conformal structure, we describe its points by their 
coordinates (ay t), with x G R and t E T. Then we build an atlas consisting of two 
charts 

</?+ : R x (T \ { — 1}) — >• C, (ay t) x + i arg t, 

</?_ : R x (T \ {1}) — )► C, (ay t) i— >> x + i arg t, 

where arg denotes a continuous branch of the argument in the respective domains. 
Intuitively, the Riemann surface § is built from the strip 

{zGC: —7 r < Inr z < tt} 


by gluing its upper and lower edges and preserving vertical coordinates. Likewise, 
one may think of § as a complex plane wrapped around a cylinder with radius 
one, parallel to the real axis. 



Figure 7.22: The exponential function in the plane and on the cylinder § 


Finally, the transplantation of the exponential function to S is defined by 


E : § C \ {0}, (ay t) t • e x . 

Since (E o + i y) = e^^ 1 ^, the function E is analytic on §. Moreover, E is 

a homeomorphism between S and C \ {0} with an analytic inverse, 


E 


-l 


: C \ {0} S, z (Log |z|, 



This shows that the Riemann surfaces S and C \ {0} are conformally equivalent. 

Similarly, identifying points in the complex plane when their difference is an 
integral multiple of p E C \{0}, we obtain the cylinder C/(pZ). This Riemann 
surface is conformally equivalent to C \ {0} via the mapping z e 27ri2 A. 
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The real challenges in investigating Riemann surfaces emerge when we ex- 
plore their global structure. This task requires more advanced tools, in particular 
techniques from algebra, algebraic topology, and manifold theory. We cannot pur- 
sue this further here, but only refer to the excellent textbooks on Riemann surfaces, 
for example Donaldson [9], Jost [29] or Lamotke [34]. 

One deep and surprising result is the Great Uniformization Theorem which 
gives a complete classification of Riemann surfaces. It states that any connected 
Riemann surface is conformally equivalent to one of the following: 

• the Riemann sphere C, 

• the complex plane C, 

• the upper half-plane HI (equivalent to the unit disk B), 

• the punctured complex plane C \ {0} (equivalent to the cylinder C/Z), 

• a torus C/A, which is the quotient space of C with respect to some lattice 
A := Z ® AZ, where A E C and Im A > 0, 

• a quotient space H/T, where T is a discrete group of conformal automor- 
phisms of the upper half-plane which acts (freely) on HI. 

The history of the theorem can be traced back to Carl Friedrich Gauss’ inves- 
tigation of hypergeometric functions. In his visionary thesis of 1851, Bernhard 
Riemann did not only state the mapping theorem for simply connected domains, 
but also developed the concept of Riemann surfaces as multiple coverings of the 
plane. In the eighties of the 19th century Felix Klein and Henry Poincare com- 
peted in finding a complete description of ‘algebraic surfaces’, which are Riemann 
surfaces defined by the zero set of a polynomial in two complex variables. Yet it 
took another 25 years till Poincare and Paul Koebe independently found the first 
acceptable proof for the existence of a ‘universal covering’, which allows one to 
model any connected Riemann surface either on C, C \ {0}, or HI. With Hermann 
Weyl’s book [71] of 1913 uniformization theory got its final shape. 

Needless to say, the proof of the uniformization theorem is far beyond the 
limits of this introduction. We recommend Donaldson’s book [9] to those who wish 
to see a proof of the theorem. 


7.6 Practical Excursion 

Before ending this chapter we discuss some practical aspects of constructing global 
analytic functions and Riemann surfaces. The following example illustrates how 
phase portraits can be utilized to determine the structure of the Riemann surface 
of a given function. The procedure described below for a specific function provides 
some general recipes which work in more general situations as well. 
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We would like to construct the Riemann surface of a function which is a compo- 
sition of two square roots, 

f(z) =yfi +C- (7.21) 

First of all, we must make clear how to interpret formula (7.21) and what our 
goals are. In fact there are least three different options. 

(i) In the language of multiple- valued functions the situation is rather simple: since 
every square root has two values, f(z ) attains at most four different values. Using 
the principle branch of the square roots, endowed with all possible combinations 
of plus and minus signs, we get four functions /i,/ 2 ,/ 3,/4 with phase portraits 
shown in Figure 7.23. 



Figure 7.23: Computing / using the signed principal branch of the square roots 

None of the functions is analytic in the square depicted. While the upper left and 
the lower right picture indeed represent analytic functions in the simply connected 
domain D = C \ M_ , the phase portraits of the two other pictures fall into two 
pieces, separated by a curve of discontinuity. Intuitively, the purple region in the 
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upper right picture should be exchanged with the green domain of the lower left 
picture. Of course, this approach is unsatisfactory as long as we do not understand 
the interplay of the different branches. 

(ii) Another way of interpreting (7.21) is in terms of function elements. If D 0 
is a disk which contains none of the points —1,0, the expression (7.21) defines at 
most four function elements (/fc,Do), k = 1,2, 3, 4, corresponding to the possible 
choices of analytic branches of either of the two square roots (a more detailed 
discussion follows). However, at least at this stage, it is not clear if these four 
function elements generate a global analytic function D in the sense of Defini- 
tion 7.1.1, since this requires that all elements in D are analytic continuations of 
just one single element (/o,Dq). 

To see that this need not always be the case, we consider the function yTH-yD, 
where the two square roots are treated as independent multiple valued functions. In 
this case two of the four possible function elements on a disk D 0 C C\{0} coincide, 
and the remaining three have the form (2yT, Do), (— 2yT, Do) and (0, Do). While 
the first two belong to the same global analytic function, the last one generates a 
separate one, namely the zero function. 

(iii) This observation brings us to a third interpretation of formula (7.21) as 
a collection of global analytic functions. This time we start with some function 
element (/q,Dq) in D representing the function / in some disk D 0 cC \{0, -1} 
and determine the global analytic function Do generated by (/o, D 0 ). If Do does not 
yet contain all function elements in D, the process can be repeated, with (/o, Do) 
replaced by one of the remaining elements, and so on. In this manner, we obtain 
one or several global analytic functions emerging from (7.21). Now we show how 
their corresponding Riemann surfaces can be constructed simultaneously. 

1. Both square roots involved in (7.21) have two analytic branches. Since the 
function elements of / are formed by compositions of these branches, there are 
four possibilities to define a function element (or germ) of / at some point zq. The 
only exceptions are those points z o where we meet a branch point of one of the 
square roots. So let us determine these exceptional points first. 


2. The inner square root has branch points at 0 and oo. Branch points of the 
outer square root are met when i -f-yTo = 0 or i H-yTo = oo, which corresponds to 
zo = — 1 or zo = oo. Consequently, the only possible branch points are 0, — 1, oo. 

3. The Taylor series of a function element (/o,D 0 ) G D centered at a point 
zo {0, — 1, oo} converges in the largest disk with center zq which does not contain 
0 and —1. It follows that any such function element has an unrestricted analytic 
continuation in C\ {0, —1}. In particular it admits an analytic continuation along 
any path from zo to z\ = 1. Conversely, every function element obtained in this 
manner can also be obtained by analytic continuation of any of the four func- 
tion elements (//c,Do), where Dq is the disk Do := {z G C : \z — 1| < 1}, and 
k = 1,2, 3, 4 correspond to the four possible pairings of signs in the square roots 
involved in (7.21). The phase portraits of the functions /& are shown inside the 
black circles of the four pictures of Figure 7.24. 
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4. Since C \ { — 1,0, oo} is not simply connected, we cannot expect that the func- 
tion elements (fk,Do) extend to analytic functions in this domain. We therefore 
introduce a branch cut J, which is a Jordan arc (on the sphere) containing all 
presumed branch points. In principle this arc can be chosen arbitrarily; in the 
case at hand the closure of the negative real axis M_ is a good choice. Now the 
domain D := C \ M_ is simply connected, and the function elements (/&, Dq) can 
be extended to D. Moreover, the one-sided limits of fk at the branch cut exist. 
The results of the analytic continuation are shown in Figures 7.24 and 7.25. The 
first figure depicts fk in the region |Rez| < 2, |Imz| < 2, the second one shows 
some domain with infinity at the center of the squares. 



Figure 7.24: Analytic continuation of the function elements (fk,Do) to D 

5. The analytic functions /i,/2,/3,/4 live on four copies of the domain Z), which 
form the sheets Fi, 62, FJ, $4 from which the Riemann surface(s) of the global ana- 
lytic function (s) must be built. Since the functions fk can be analytically extended 
across the segments (—00, —1) and (—1,0) of the branch cut J, the one-sided limit 
of fk at such a segment on one sheet must coincide with the one-sided limit (from 
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the opposite side) of some f 3 at another sheet. In order to construct the Riemann 
surface(s), we determine how the rims of the branch cut on different sheets must 
be connected , in order to guarantee that / is analytic across the cut. 



Figure 7.25: Analytic continuation of the function elements (fk,Do) near infinity 

6 . The enhanced phase portraits with contour lines show clearly how the edges 
of the branch cuts must be glued. In Figures 7.24 and 7.25 these relations are 
indicated by capital letters: corresponding edges carry the same letter, with a plus 
subscript on the ‘upper’ side and a minus on the ‘lower’ side. 

Note that we also depicted the contour lines, because the proper phase por- 
trait does not always contain enough information to decide if the function values 
on both sides of the cut fit together. 

7. In order to explore the structure of the concrete Riemann surface S which 
we have constructed from the four sheets £ 1 , 62 , 63 , £4 we walk around the branch 
points. Departing, for example at A + on the sheet £1 and moving around 0 in 
positive direction, we successively pass the edges A_, J3 + , F>_, and return to 
after the second round. So the origin is a branch point of order two , involving the 
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sheets 5i and 5 2 . Starting now at C+ on the third sheet, we see that 0 is also a 
branch point of second order for S 3 and S 4 . When we start at the first and fourth 
sheet we get nothing new. So, in total, there are two different round trips about 
the origin. 

Similarly, there are three different journeys around —1. Two of them bring 
us back to the starting position after just one round, namely 

E + — E_ — B_ — B+ — E + , i7 + — >► H_ — D_ — ^ D+ — >► H+, 

and only the third one belongs to a branch point of order two, 

F+ F_ A_ A+ G + G- CC F+. 

Finally, infinity is a branch point of order four, as is evident from Figure 7.25. 
This eventually also shows that the Riemann surface consisting of the sheets 
Si,S 2 ,S 3 ,S 4 is connected and that all four function elements (fa, Do) generate 
a single global analytic function. 

Figure 7.26 summarizes the results of our explorations. Here we use a non- 
standard stereographic projection which maps the branch cut along the negative 
real axis to a finite interval. The letters indicate how the four sheets are glued 
across the two segments of the branch cut. 

A more convenient way of describing these relations is shown in Figure 7.27. 
Usually the letters indicating the rims of the branch cuts are not displayed in such 
pictures, we included them here because they help in translating between the two 
representations in Figure 7.26 and Figure 7.27. 

Intuitively, one may think of the illustrations in Figure 7.27 as depicting 
crosscuts through the stack of the four sheets which form the Riemann surface. 
Outside the colored regions the four levels of the thick lines correspond to the 
sheets Si , S 2 , S 3 , S 4 . Every colored region is associated with one of the three branch 
points (00 corresponds to green, —1 to red and 0 to blue, respectively). Inside these 
regions the thick lines indicate how the sheets are connected across the branch cut. 

Because only one segment of the branch cut ends at the point at infinity 
and at the origin, respectively, only one colored region is associated with each of 
these points. So, for example, the left (green) part of the picture tells us how the 
sheets are permuted when we walk around the point at infinity. The orientation 
has been chosen such that moving in the counter-clockwise direction corresponds 
to a transition from left to right. 

The point —1 is an endpoint of two segments of the branch cut, and hence two 
colored regions are associated with this point, corresponding to a transition across 
the cut on the c lefU or on the ‘right’ of —1. The orientation is chosen such that 
moving through both regions from left to right describes the result of a full counter- 
clockwise turn around — 1 , starting in the upper half plane. Consequently, the 
left colored region describes the top-down transition across the segment ( 00 , — 1 ), 
which is symbolically denoted by 00 ^ — 1 , while the right region corresponds to a 
bottom- up transition across (— 1 , 0 ), denoted by 00 t — 1 . 


7 . 6 . Practical Excursion 


343 



Figure 7.26: The four sheets with branch cut along the negative real axis 
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Figure 7.27: Schematic structure of the Riemann surface of Figure 7.26 
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Note that the result of walking around —1 (counter-clockwise along a small 
circle) depends on the half-plane in which we start. For example, if the initial point 
lies in the upper half-plane on Si, the terminal point is on S 3 , while we return to 
Si when we start in the lower half-plane. 

The construction of the diagrams in 
Figure 7.27 has been motivated by ana- 
lyzing the Riemann surface locally at 
its branch points. It is easy to see that 
this representation contains redundant 
information: for example, the transitions 
00 ^ —1 and 00 | -1 are inverses of 
each other, which is reflected in the ver- 
tical mirror symmetry of the correspond- 
ing parts of the diagram. Since the same 
holds for — 1 ^ 0 and — 1 ^ 0 , the struc- 
ture of the Riemann surface is already 
completely determined by the diagram in 
the middle of Figure 7.27, which is repro- 
duced in Figure 7.28. Since we now need 
transitions across the cut in both direc- 
tions (‘up’ and ‘down’), we indicate by 
diagonal arrows how these are related to Figure 7.28: A reduced scheme 

moving deft’ and ‘right’ in the diagram. 

The above construction follows a general principle for describing (compact) 
Riemann surfaces with a finite number of branch points ai, . . . , a n and finitely 
many sheets. For simplicity we assume that the surface is generated by a function 
element which admits an unrestricted analytic continuation in C \ {ai, . . . , a n }. 

1 . Connect all branch points in order from a\ to a n by a Jordan arc J on C. 

2 . The branch points split the arc J into an ordered set of n — 1 open subarcs 
Ji,..., J n -\. Choose a Jordan arc J which contains no branch point and 
intersects successively the arcs Ji, J 2 , . . . , J n - 1 in alternating directions. 

3. Cut the sphere C along J to get the prototype of a (simply connected) sheet. 

4. Move along J and observe how the sheets permute at every crossing with the 
Jordan arc J. 

The recordings of the fourth step can be converted into a diagram as in Figure 7.28, 
which can be interpreted^ as a crosscut through the stack of sheets of the Riemann 
surface along the curve J. It contains all the information about how the sheets are 
glued along the rims of the branch cuts. In particular it allows one to determine 
on which sheet the terminal point of a lifted path lies, just by observing in which 
order and in which direction the path crosses the arcs Ji, . . . , J n -i- 



Epilogue 

It is the interplay of experiment, observation and explanation which makes the 
essence of research. As Gauss wrote in a letter to Bolyai in 1808: It is not know- 
ledge , but the act of learning, not possession but the act of getting there, which 
grants the greatest enjoyment , 3 

Having written this text, I can only hope that phase portraits will be con- 
sidered useful by many people working with complex functions. If you would like 
to try them out on your own problems, you may start with the following self- 
explanatory and easy-to-modify MATLAB® code: 

xmin=-0 . 5 ; xmax=0 . 5 ; ymin=-0 . 5 ; ymax=0 . 5 ; 
xres = 800; yres = 800; 
x = linspace (xmin,xmax,xres) ; 
y = linspace (yin in, yin ax, yres) ; 
x,y] = meshgrid(x,y) ; z = x+li*y; 
f = exp(l . /z) ; 

p = surf (real (z) , imag(z) , 0*f , angle (-f) ) ; 
set (p , J EdgeColor ; J none J ) ; 
caxis ( [-pi ,pi] ) , colormap hsv(600) 
view(0,90), axis equal, axis off 

MATLAB-based software which allows one to generate more sophisticated phase 
portraits can be downloaded from the webpage 

www . visual . wegert . com. 

Using it, you may reproduce illustrations from this book, modify the domains 
depicted or the parameters involved, try various color schemes, explore your own 
favorite functions, illustrate lectures, or create some “functional artwork”. If you 
want more, try animating phase portraits: consider, for example, the family of 
functions f(z) — c with a fixed rational function / and a point c moving in the 
complex plane. 

The playground for experimentation is endless — so many interesting func- 
tions are “out there” waiting to be discovered. By allowing us a glimpse into a 
Platonic world, phase portraits may help to understand these entities better, to 
produce novel ideas, and to bring up new challenging questions. 

I will consider my efforts rewarded if the stunning beauty of complex func- 
tions portrayed in this book has infected readers with the joy and fascination I 
feel for the subject. 


3 cited after Borwein and Devlin [6], p. 3 
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function, 191 
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homotopy, see homotopic 
Hurwitz theorem, 205 

identity theorem, 80, 99, 115, 294 

imaginary part, 15 
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matrix, 256 

Theta function, 96, 180, 211 
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Jordan 
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mapping, 267 
potential, 200 
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Landau symbols, 45 
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equation, 191 
operator, 191 
transform, 251 
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decomposition, 177 
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Liouville theorem, 163 
Lipschitz continuous, 207 
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conformal mapping, 262 
derivative, 139 
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of function, 128 
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Riemann surface, 317 
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analytic landscape, 28 
derivative, 146, 190 
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magnitude, see absolute value 
mapping, see function 
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Jacobi, 256 
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semi-circulant, 92 
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Mellin transform, 251 
meromorphic function, 113 
module surface, see analytic landscape 
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Moivre formula, 19 
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Montel theorem, 209 
Morera theorem, 162 
multiple-valued function, 129 
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of function at a point, 98 
of pole, 114 
of zero, 114 
multiply connected, 52 
Mobius transformation, 26, 271 
classification, 277 
conjugate, 276 
fixed points, 273, 276 
mapping properties, 260, 275 
matrix representation, 272 
multiplier, 276 
orientation, 275 
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branch point, 326 
null-homologous cycle, 170 
null-homotopic loop, 52 

open mapping principle, 106, 115 
orbit, 275 

order, see also multiplicity 
of branch point, 324 
of function at point, 98 
of saddle point, 149 
orientation 

Jordan curve, 57 
Mobius transformation, 275 
segment, 47 
triangle, 57 
Osgood curve, 56 

Ostrowski-Hadamard theorem, 178 

parameter integral, 241 
partial 

derivative, 143 
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product, 219 
sum, 44 
path, 46 

chromatic number, 103 
closed, 46 
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covering, 49 
length, 154 
lifting, 317 

multiple point of, 227 
normalized, 48 
on Riemann surface, 316 
paraxial, 48 
piecewise smooth, 152 
polygonal, 48 
regular, 230 
regular point of, 230 
reparametrization, 48, 51 
reversed, 48 
simple, 47 
simple point of, 227 
smooth, 48, 152 


trace, 46 
Peano curve, 47 
periodic function, 23, 210, 301 
phase, 18 

diagram, 105, 116 
flow, 104, 116 
plot, see phase portrait 
portrait, 30 
phase portrait, 3, 30 
enhanced, 31 
on Riemann sphere, 39 
uniqueness theorem, 106 
phase portrait of 

arcsine, 321, 322 
Bessel functions, 244 
binomial series, 76 
Blaschke factor, 109, 225 
Blaschke product, 100, 111, 226 
canonical logarithm, 233, 234 
Cauchy integrals, 174, 228, 229 
cosine, 82 

cosinus amplitudinis, 302 

cotangent, 90 

cubic root, 334 

delta amplitudinis, 302 

derivative of rational function, 137 

difference quotients, 141, 142 

f(z) = exp (-z 2 ) - 1, 58 

elliptic integral (first kind), 296 

elliptic sine, 301 

essential singularity, 185 

exponential function, 78, 148 

f(z) = (exp(z) - 1 )/z, 89 

f(z ) = exp(l/z), 96 

f(z) = exp(l /z 2 ), 96 

Fresnel integrals, 157 

function elements, 164 

Gamma function, 246 

Jacobi Theta function, 97, 212 

Lambert series, 213 

Laurent decomposition, 178 

local normal forms, 98, 114 

logarithm, 131 

logarithmic derivative, 191 
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polynomial, 63, 67 
power function, 61, 264 
primitive, 164, 167 
rational function, 71, 137 
Riemann Zeta function, 202, 249 
sin(l/z), 100 
saddle point, 149 
sine, vii, 82 

sinus amplitudinis, 301 
square root, 122, 130, 312 
tangent, 90, 182 
Taylor polynomial, 72, 77, 78 
zero-pole cancellation, 70 
Picard theorem, 181 
Plemelj-Sokhotsky jump relation, 236 
point at infinity, 20 
polar angle, see argument 
polar representation, 17 

Cauchy- Riemann equations, 145 
pole, 24, 114, 179 
matching, 217 
multiplicity, 60, 69, 114 
order, see multiplicity 
polygon, 302 
polygonal line, 302 
polynomial, 61, 137 
division, 63 
interpolation, 68 
potential 

electric, 195 
potential flow, 198 
power function, 60, 76, 264, 318 
power series, 73, 76, 138 
prime end, 289 
prime number theorem, 250 
primitive, 155 

along path, 164, 166 
principal branch, see principle value 
principal value 

complex power, 264 
of argument, 18 
of logarithm, 130 
of square root, 130 
principal value integral, 237 


product, 223 

absolute convergent, 221 
convergence, 220 
divergence, 220 
infinite, 219 
partial, 219 

Puiseux series, 329, 335 
pull back, 31, 258 
punctured 
disk, 178 
domain, 56 
plane, 211 
unit disk, 52 
push forward, 258 

M-differentiable function, 144 
radius of convergence, 73-75 
rational function, 69, 137 
real part, 15 
reflection 

along a line, 26 
in a circle, 26, 293 
reflection principle, 289 
region, see domain 
regular branch point, 329 
regular path, 230 
regular point 

of analytic function, 114 
of path, 230 

relief, see analytic landscape 
removable singularity, 179 
residue, 183, 185 
logarithmic, 190 
theorem, 186 
Riemann 

hypothesis, 215, 249 
mapping theorem, 278 
sphere, 21 

Zeta function, 214, 246 
Riemann surface 
abstract, 331 
classification, 337 
concrete, 314 
equivalent, 335 
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extended, 329 

global analytic function, 314 
sheet, 317, 341 
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Riemann surface of 
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logarithm, 317 
power function, 318 
square root, 311 
root function, 324, 333 
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rotostretch, 25 
Rouche theorem, 105 

saddle point, 36, 98, 114, 149 
schlicht function, 206 
Schwarz 

lemma, 108 

reflection principle, 289 
Schwarz-Christoffel 
formula, 304 
parameter problem, 306 
toolbox, 308 
segment, 47 
sequence, 42 
series, 44 

binomial, 76 
cosine, 81 
cotangent, 91 
Dirichlet, 214 
doubly infinite, 215 
exponential, 77 
Fourier, 211 
geometric, 73 
Hadamard gap, 178 
harmonic, 74 
Lambert, 212 
Laurent, 175, 210 
Leibniz, 74 
logarithm, 77 
power, 73 
Puiseux, 329 
sine, 81 
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Taylor, 80 
sheet, 314, 317, 341 
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sine function, 81, 139, 265 
singular integral, 237 
sink, 200 
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source, 200 
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square root 

analytic continuation, 120 
branch of, 130 
global analytic, 313 
multiple valued, 129 
principal value, 130 
Riemann surface, 311 
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stream function, 199 
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symmetric set, 289, 293 
Szego curve, 79 
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Taylor 

coefficients, 80, 151, 153 
series, 80, 163 
terminal point, 46 
topological equivalence, 282 
trace of path, 46 
transformation, see function 
transition mapping, 330 
triangle, 57 
triangle inequality, 19 

uniform continuity, 43 
uniformization theorem, 337 
unimodular number, 19 
uniqueness principle, 80, 99, 115 
unit 

circle, 18, 22 
disk, 18 
imaginary, 15 
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sphere, 332 
square, 61 
univalent 

conformal mapping, 259 
function, 206 
upper half-plane, 46 

velocity potential, 199 
vortex, 200 

Weierstrass 

M- Test, 45 

disk chain method, 117 
double series theorem, 44 
rearrangement theorem, 94 
winding number, 55, 101, 153, 170 
Wirtinger derivatives, 145, 256 
Wronski formula, 92 

zero, 24, 114 

multiplicity, 60, 64, 69, 114 
order, see multiplicity 
splitting, 107 


